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Aim. The widespread use of global navigation satellite systems (GNSS) has led to the development of new
methods designed to determine and accumulate the index of ionosphere ionization (VTEC). Using these data it is
possibl e to significantly improve the accuracy and reliability of determining the coordinates of the observation point.
Therefore, the task of constructing a model of ionization index isrelevant. M ethod. To construct a spatial model, we
used the spherical Legendre functions of the first kind of real order with integer degree as a basic system of functions.
We found the magnitude of order using the Sturm-Liouville theory since it depended on the size of the investigated
region. Such system of functions form two orthogona systems of functions in the region under study (the sphere
segment), but does not have recurrence relations between functions, therefore, it is necessary to use function
expansion in a hypergeometric series to find them. Also in order to find unknown coefficients of the modd it is
necessary to use the Tikhonov regularization parameter, since the matrix of normal equations will not be stable. For
calculating the time model of the ionosphere the coefficients of different spatial models were expanded in series of
power polynomials. Results. Based on the data of the ionization parameter values obtained of 19 permanent stations
of the ZAKPOS network using the Trimble Pivot Platform software, the spatial-temporal model of this parameter was
constructed using the Legendre spherica functions up to the 3rd order as well as with power polynomials up to 3rd
order. The standard deviation between the measured and moded values of the VTEC parameter does not exceed
1TECU. The scientific novelty and practical significance. We developed algorithm for construction of the space-
time model of the ionosphere parameter. A ionosphere model of high resolution is obtained, which can be used to
solve geodetic tasks in order to provide the necessary accuracy in determining the coordinates of the point, as well as
to study and forecast the space wesather.

Key words: ionosphere parameters, TEC, VTEC, spatia-temporal model, Legendre spherical functions,
ionization index, system of functions.

Introduction ionosphere have been constructed [Abdelazeem M.

et al., 2017; Gao Y. et a., 2002; Schaer S., 1999].
Since all the data of the TEC ionization index are
reduced to the sphere, for constructing such model
we used the Legendre spherical functions and
imposed boundary conditions on them in

At present times the monitoring of the Earth’'s
atmosphere has moved to a new methodological
and technological level. This is due to the
widespread use of GNSS as wel as ther
modernization and development of new methods

for determining the parameters of the Earth's
ionosphere. During the work of active reference,
the GNSS-station results are accumulated for the
definition of the ionization index TEC (Tota
Electron Content). These data not only reflect the
state of the ionosphere at the time of observation
but also are an essential tool for improving the
accuracy and reiability of deermining the
coordinates of the observation place [Yankiv-
Vitkovska L. M., 2013].

For analyzing and using the data of the
ionization index TEC we needed to creste a
regional model of this parameter of the ionosphere
which reflected it with the necessary precision
[Yankiv-Vitkovska L. M., 2014; Yankiv-Vitkovs-
kalL. M. e d., 2015]. Many regional models of the

accordance with the form of part of the sphere in
which they are located [Dzhuman B. B., 2013].

Aim

The aim of this work is to construct a high-
precision regional spatio-temporal model of the
mean integral value of electron concentration in the
ionosphere to improve the accuracy of geodetic
measurements by introducing an appropriate
correction in them. To calculate such a mode we
chose the Legendre spherical functions of the real
order with the integer degree as the basic system of
functions [Hobson E. W., 1931], which form the
non-orthogonal system of functions on the sphere
segment.
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Initial data

As a result of processing the geodetic
measurements data, namely pseudo-distances from
permanent stations to satellites, we can find the
parameter of the ionosphere TEC. It enables not
only to improve the accuracy of geodesic
measurements by introducing an appropriate
correction in them, but aso to study the
ionosphere itself [Yankiv-Vitkovska L. M., 2013;
Yankiv-Vitkovska L. M. et al., 2015]. In order to
study and operate the values of the parameters
of the ionosphere we propose to construct a model

based on the known vertical values of the
ionosphere parameter — VTEC. Such values are
obtained after processing geodetic measurements
from the network of permanent stations ZAKPOS
using the Trimble Pivot Platform software at
19 dtations [Yankiv-Vitkovska L. M. et al., 2016]
for four epochs:. 0, 6, 12 at 18 hour intervals
from January 16, 2017. Table 1 shows the name
and coordinates of these stations in the 1Gb08
system.

The scheme of stations placement is shown in

Fig. 1.

Table 1

Name and coor dinates of per manent stations

Name X, m Y, m Z,m

SULP 3765296.774 | 1677559.389 | 4851297.523
JRSL 3789362.976 | 1582622.631 | 4864201.687
MIZ1 3881155.006 | 1687860.780 | 4756281.930
RAH1 3895973.878 | 1751354.220 | 4721320.921
WLDW 3643581.000 | 1588599.400 | 4971661.200
HMEL 3706268.952 | 1885665.826 | 4820450.263
CRNI 3824750.141 | 1860009.032 | 4737620.488
MUKA 3909873.985 | 1637331.318 | 4750029.398
SKON 3673288.267 | 1884882.203 | 4845675.670
SARN 3569794.434 | 1788894.752 | 4957203.650
CHTK 3773817572 | 1823744.106 | 4791846.472
FRAN 3815148.231 | 1755911.792 | 4784539.637
VRHV 3871108919 | 1787573.460 | 4728428.526
STRY 3812850.798 | 1687385.965 | 4810814.650
SHPT 3645297.429 | 1863387.523 | 4874829.701
DUNA 3748012.720 | 1898753.736 | 4783151.029
RIVN 3635935.526 | 1794403.437 | 4907317.994
HUS1 3912065.379 | 1686037.865 | 4731343.980
TER? 3737869.749 | 1791704.220 | 4831815.981
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Fig. 1. The scheme of stations placement
Method where y is a function of the variable x. In (2)

L egendr e spherical functions
with real eigenvalues

Wereceived a daily solution of VTEC values
at the above-mentioned stations. To calculate the
model of the VTEC we decided to use the spherical
cap harmonic analisys method (SCHA) [Hai-
nes G. V., 1985; Dzhuman B. B., 2014]. This
method involves finding the eigenvalues n and m of
Legendre spherical functions for the segment of

sphere (q £q,,r =1) using the Sturm-Liouville
problem [Ohashi M., 2015]. As well known, in the

spherical coordinate system the Laplace operator
has the following form

p-Lagle, L dg, 1,
Tré Trg r’sngfaé Toe

| 1 T
,—_ 1
+rzsin2q‘ﬂlz @

wherer,q ,4 is the spherical coordinate. According
to the Sturm-Liouville theory any differential
equation of the second order can be reduced to the
form[Haines G.V., 1988]

dyu

SD(X) o H+Q(X)y w(x)y, (2

functions p(x) > 0, q(x) i w(x) > 0 are considered to
be known. In the simplest cases all coefficients are
continuous on a finite closed interval [a,b], and p
has continuous derivatives. Function y is called the
solution of the equation (2), and y is differentiated
into the intercept [a, b] and satisfies equation (2) at
each point [a, b]. An unknown function y usualy
satisfies some boundary conditions at points a and
b. Function w(X) is called the weight function or

the density function.

Thus, finding the eigenvalues v for which there
is a nontrivial solution of the equation (2), that
satisfies the boundary conditions, is part of the
Sturm-Liouville problem. The Sturm-Liouville
problem is called regular if p(x), w(x) > 0 and also
p), p'(x), q(x) and w(x) are continuous functions
on a finite interval [a,b] and have separated
boundary conditions [Kdvin L., 1896]

(@7 +a; >0), (3)
(b +b; >0).(4)

a,y(a)+a,y%a) =0
b,y(b) +b,y¢b) =0

It is easy to see that the differential equation of
the L egendre spherical functions according to form
(2) which are:

(m) u
é(l mZ) H+

dme
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where Im = cosq .

The boundary conditions of the equation (1)
along the longitude for the whole sphere are of the
form

Vi (r,d,1) =V, (r,q,1 +2p); (6)
NVam(r.a.1) _ Vo (r.a.1 +2p) @
1 ql '

Conditions (6) and (7) are the limit value of m
to thereal and integer.

However, for q,# = the function V in g, as

well as its derivative in q must be arbitrary
[Schmidt M., 2007]:

V(r,q,,1)=f(r.l); (8)
WD o). @
fiq

Condition (8) is satisfied only if the eigenvalue
n(m) (k is index) assumes a value that the
derivative from V in the zenith is equal to zero at
the boundary of the segment

dPnk (m)m (Cosqo )
dq
Condition (9) is performed when the eigenvalue

N, assumes such value that the function V is equal
to zero at the boundary of the segment

Pnk(m)m(cosqo) =0.

=0.

(10)

(11)

Such Legendre spherical functions of real
degree and integer order form two orthogonal
systems of functions on a sphere segment.

Modeling of theionospher e parameter

To use the above-described modeling method
we first we recalculated the coordinates of the
stations into a spherical coordinate system and
transformed them into a sphere segment. After such
atransformation it is found that the optimal size of
the spherical segment is q, =2.5°. For finding
eigenvalues n, (M) it is necessary to find zeros of
functions [Marchenko A., 2015]

IE'(nk ,mmy)=0; (12
n M F (N, mm)-
- (ny - m)lpf(nk -1mmy)=0; (13)

where m, =co0s2.5°, and F is a symbol of the
hypergeometric series, namely

IE(n,m,m) =F(m- n,m+n+],m+],1'7”),
(14)

where Im = cosq .

Results

In order to compare the above-described
algorithm with other methods first we constructed
the spatial model of the ionosphere using the power
polynomials to the 1st order in the epoch 18th hour
on January 16, 2017. In this case the equation of the
model has the following form

VTEC,, =aB+bL +c, (15)

where a, b, ¢ are unknown coefficients. Finding the
coefficients a, b, ¢ using the least squares method
we constructed respective map of model values of
the ionosphere index VTEC. This map is shown in
Fig. 2. Also the differences between the input
VTEC values and the model values were found.
These differences are shown in Fig. 3. The average
square error of these differences reaches 1.201
TECu. The average square error of model reaches
1.324 TECu. The obtained accuracy is absolutely
not sufficient to solve the problems posed in this
paper. In addition, from the functional analysisit is
well known that the power polynomials are at least
closed, but are not a basic function system.
Therefore, it is obviously necessary to use a
different algorithm that would allow us to obtain a
model with an average square error less than 1
TECu. We use for this a technique built on the
using of spherical Legendre functions with real
eigenvalues.

Since we have measurements at 19 stations it is
advisable to compute a model up to 3 degree/order.
Therefore we found the zeros of functions (12) and
(13) up to thethird order (see Table 2).
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Fig. 2. Map of model values of the VTEC ionosphere index,
constructed using power functions
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Fig. 3. Differences between input VTEC values and model values

Table2 where a,, and b, are unknown coefficients, and
Eigenvalues n, (m) for the segment P, can befound from the hypergeometric series

of thesphere g, = 2.5°

Pnkm(m) = (1_ mz)g XF?T‘I-
e

k/m 0 1 2 3
1- mo
0 | 0.0000 “nn +m+11+m Mo (17)
1 |54.6138 | 41.7054 2 g
2 | 873177 | 87.3177 | 69.5111 Since the number of measurements is greater
3 |126.0105 | 121.6901 | 117.2051 | 95.8028 than the number of unknown coefficients, we solve

the equation (16) using the least squares method
The model equation will look like[Liu J., 2014]  introducing the Tikhonov regularization parameter
[Tykhonov A.N., 1979]

8 P, oy (0SQ) X V'V +axX"X ® min, (18)
om=0 where V is the correction vector, vector X is the
(16) vector of unknown coefficients, and a is Tikhonov

regularization parameter.

VTEC(q,l ) =

3
o
k=

Xa,,cosm +b, snml):
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Fig. 4. Model of values of the VTEC parameter
ata—0o0'clock, b—6 0'clock, c—12 o'clock, d — 18 o' clock

Using the above algorithm we constructed four
modds of the vaues of parameter VTEC for four
epochs respectively. These modds are shownin Fig. 4.

The found coefficients @, and b, were

expanded in series by power polynomials up to the
3-rd order for completely restoring the time model
of the state of theionosphere:

3

—_ [o] i
an(t)=a amt’

i=0

6km(t) = 5 bkniti .

It is easy to see from formula (18) that by
finding the coefficients of the model a,,; and b,

it is possible to completely recreate the spatial-
temporal modd of the ionosphere parameter VTEC
during the studied time period.

We also calculated the difference between the
measured and modd values of VTEC. The maps of
these differences are shownin Fig. 5.

The standard deviation of the measured and mo-
dd values of the VTEC parameter, as wel as their

19 . .
(19 differences, was calculated and shown in Table 3.
Table 3
Standard deviation of the measured and model values of the VTEC parameter and their differences
Epoch, Standard deviation of the Standard deviation of the model values, | Standard deviation of the
hours measured values, TECU TECU differences, TECU
0 0.785 0.624 0.385
6 1.688 1.388 0.778
12 1.838 1.466 0.840
18 2.376 1.996 0.988
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Fig. 5. The differences between the measured and model values of VTEC
ata—0o0'clock; b—60'clock; c—12 o’'clock; d— 18 o'clock

The scientific novelty
and practical significance

In this paper we propose to construct a space-
time model of the VTEC parameter using a
combination of Legendre spherical functions of real
order and powe polynomials. The above
mentioned methodology can be recommended for
the development of technology for determining the
gpatial-temporal distribution of VTEC, the unstable
state of the ionosphere and the construction of a
dynamic map of changes of its parameters in redl
time over the network of active reference stations.
This made it possible to obtain a high resolution
model of ionosphere which can be used for research
and forecasting space weather as well as for
geodetic tasks to provide the necessary accuracy in
determining the coordinates of the point, including
single-frequency receivers, the use of which in
Ukraine today reaches more than 50%. Accordingly
in the future we plan to develop an algorithm for

finding the correction in the coordinates of the
defined point using such models of theionosphere.

Conclusions

After analyzing the results of the research we
can make the following conclusions:

— different systems of functions is suggested
for the gpatial-temporal modeling of the regional
field of the VTEC parametr;

— we developed an algorithm for constructing
the model of the VTEC parametr. For spatial
modeling we used Legendre's spherical functions
of real order, but of integer degree; in turn, for time
modeling we used power polynomials;

— a spatial-temporal modd of the VTEC para-
meter of ionosphere was constructed, and a standard
deviation between the measured and modd values
was computing, which did not exceed 1 TECU;

— in compared to the input data the model
constructed on the Legendre spherical functions
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keeps accuracy of at least 80 %, while the model
based on linear interpolation keeps accuracy 55 %.
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[MOBYJIOBA TTPOCTOPOBO-YACOBOI MOJIEJII ITAPAMETPA IOHOC®EPHU VTEC

Mera. lllupoke 3acTocyBaHHs MIOOANTFHUX HABITalliHHUX CYMYTHUKOBHX CHCTEM CHPHYMHUIIO PO3BUTOK HOBHX
METOJIiB, MPU3HAYCHHUX JJI1 BU3HAYCHHS | HAKOMWYCHHS IOKa3HWKA ioHi3aIii ioHochepu. OCKIIBKH 3a JOIOMOIO0
LUX JaHUX MOXXJIHMBO CYTTEBO MiJBUIIUTH TOYHICTH Ta HAJIHHICTh BU3HAYEHHS KOOPIMHAT ITYHKTY CIIOCTEPEKEHB,
aKTyaJbHOIO € CTBOPCHHS MOJIENi MOKa3HHWKa ioHizallil. Meromuka. [y moOymoBU MpoCTOPOBOI MOAENT sIK 0a30BYy
cucreMy (QyHKIIH BukopucraHo cdepuuni (yskuii Jlexkxanapa mnepuioro poay MIMCHOTO IMOPSAKY, ajie LiJoro
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cTyneHs. Benmuuuny nopsiaxy 3Haxoawnu 3 BUKopuctaHHsaM teopii LlTypma—JliyBisuis, OCKIIBKM BOHA 3aJISKUTh BiJl
PO3MIpIB perioHy, IO MOCHipKyeThesi. Taka cucreMa (yHKIIH popMye ABI OpTOroHanbHI cucTeMU (YHKIIH Ha
JOCII/PKYBaHOMY perioHi (cermeHTi cdepu), MpoTe He MAE€ PEKYPEHTHUX 3B’ A3KiB MiK (DYHKIIAMH, TOMY Ui iX
3HAXO/DKEHHSI HEOOXIJJHO BUKOPHUCTATH PO3KJIAJ y TillepreoMeTpuuHuid psia. Takoxk Uit 3HaXOMKEHHS HEBiIOMHX
Koe(illieHTIB MOJIeNli HEOOX1THO BUKOPUCTATH Mapamerp perymsipusanii TiXoHOBa, OCKUIBKH MaTpPHUIS HOPMAaIbHHX
PiBHsHB He Oyne critikoro. J[s o0uncIIeHHs YacoBoi Mozaei i0HOchepH KoedilieHTH Pi3HUX MPOCTOPOBHUX MOJEIEH
PO3KJIaJIEeHO B Psiji 3a CTElIEHEBUMH IoiiHOMaMmu. Pe3yiabraTtn. Ha ocHOBI naHuMX 3Ha4YeHb MapaMerpy ioHi3allii,
orpuMaHuX Ha 19 mepmaHeHTHHX cTaHIigx Mepexi ZAKPOS 3a gomomororo mporpamHoro 3abesmeuenss Trimble
Pivot Platform, mo6ymoBana mpocTOpOBO-4acoBa MOJIENb I[LOTO MapaMeTpa 3 BUKOPHUCTAHHIM ChepHuHUX (BYHKILi
Jlexxanapa no 3-ro MOpSIKY, a TaKOXX 3 BHKOPUCTAHHSAM CTEIIEHEBHX MOJNIHOMIB 10 3-ro mopsaky. CraHmapTHe
BIIXWJICHHS MK BHUMIPSHMM Ta MOJCTBHUM 3HadeHHsAMH napamerpa ioHochepu VTEC nHe mepesumye 1 TECU.
HaykoBa HoBH3HA i mpakTH4YHA 3HAYYMicTh. Po3po0ieHo anroput™ s moOyJ0BH MIPOCTOPOBO-4aCOBOI MOJIEII
ioHoc(epu. OTpUMaHO MOJIENb 10HOC(EpH BUCOKOI PO3PI3HIOBAIBHOI 37[aTHOCTI, SIKY MOXXHa BUKOPHUCTOBYBATU JIJIS
PO3B’sI3aHHS T€OJE3MYHMX 3a/au 100 3a0e3MeueHHs HeoOXiJHOI TOYHOCTI y BHU3HAUEHHI KOOPJHMHAT ITYHKTY, a
TAKOX IS IOCHI/PKEHHS 1 IIPOrHO3YBaHHS KOCMIYHOI MTOTO/IH.

Kniouosi cnosa: mapamerpu ioHocdepu, TEC, VTEC, npocropoBo-yacoBa Mmomenb, chepudni ¢GyHKIil
Jlexxanzpa, Moka3HUK 10HI3alil, cucTeMa (yHKIIH.
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