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The input equations describing the electromagnetic field interaction with the substance are
suggested. By means of the methods of the similarity and dimensional theory, the system of
equations of magnetomechanothermodiffusion and mechanics is reduced to a dimensionless
form. Quantitative analysis of dimensionless criteria for the case of hydrogen diffusion in
ferrum is carried out for three different meanings of initial temperature. The phenomena,
for which dimensionless parameters are much less than a unit are not considered. A
reduced coupled system of equations of the model for determination the concentration
and temperature is written.
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1. Introduction

Mathematical models of magnetomechanothermodiffusion: macroscopic electrodynamics of moving
media [1, 2|, magnetothermoelasticity of ferromagnetic bodies [3|, mechanothermodiffusion in multi-
component solid solutions |4, 5| etc. are cumbersome and unsuitable for practical investigation. The
equations of these models contain a number of terms, which when considering these specific processes
make little contribution when compared with other. Depending on the type of external action of
the test material, separate terms of the system of equations can be neglected, i.e. to simplify the
model essentially. For example, in [6, 7| the mathematical models that describe the processes of
magnetothermodiffusion in ferromagnetic (both electroconducting and nonelectroconducting) bodies
under the influence of an external time-periodic magnetic field are reduced to a system of equations of
magnetothermomechanics.

In the present work the same procedure for ferromagnetic body, which is influenced by diffusing
substance, the concentration ¢ of which is given on the body surface ¥ is carriedout:

C(r()vt)’Z =1, (1)

where rq is the radius-vector of the considered surface point, ¢ is time.

2. The initial system of equations of magnetothermomechanodiffusion

Perform the analysis of the mathematical model describing the relationship of electromagnetic, ther-
mal, mechanical and diffusion processes. To do this, write down the basic equations of magnetother-
momechanodiffusion. Let’s start with the basic formulas of electrodynamics of slowly moving media.
Thus, Maxwell’s equation, the law of conservation of electric charge and material relations of electro-
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dynamics for ferromagnetic bodies are |3, §]

. . d
VxH=D+j, VxE=-B, V-B=0, V-D=ygq, pd—(tl—i-V-J:O. 2)

B=BH-vxD), D=cgy(E+vxB). (3)

Here E and H are the vectors of stresses and D and B are the vectors of induction of electric and
magnetic fields; j and J = j — pgv are the densities of total electric current and conduction current;
d/dt = 0/0t + v - V is the total time derivative; u and v = du/dt are the vectors of displacement
and velocity of the center of mass of the body element; p is the mass density; ¢ is the specific electric
charge. The symbols “V x” and “V-” mark the rotor and divergence operations, and the dot over the
value is the partial time derivative; € and p are the relative dielectric and magnetic permeability of
the medium; g and g are the electric and magnetic constant.

Balance relations for the mass density p, concentration ¢, momentum pv, and the definition of
deformation tensor € according to Cauchy are

d d
d—’t)+pv-v:o, pd—§+v-JC:0, é = (Vu+uV + Vu-uV) /2,
dv . .
pE:V-a+pqE+JxB+F. (4)
Here & is the stress tensor, J. is the concentration flow where
1 /B(H
P (P57 ot V) )

is a part of ponderomotive force resulting due to magnetization.

Based on the general relations of Onsager theory [9] and the specific results of the kinetic theory
for the case of weak interaction of diffusant with the skeleton [10]|, we write the expressions for the
thermal Jg, diffusion J. flows and conduction current density J:

T 2T, 1-2
Jo=—kVT+ 22 (E+vxB)- 220 [Vc - wchU} + 1 gV, (6)
¥1 Cn E,
J.=—poD (Vc+ B vy A4 v @vq) . J=\E.. (7)
2T He He
Here
2 1-2
E,=E+vxB- -2 (Ve 3c,arVT — ——2¢,Vo ). (8)
3¢y, E,

All definitions and notations in formulas (6)—(8) in the sequel, are such as in [6, 7|.
Write the generalized Hooke’s law

E. E.

A

&zl_gyp [1ipype—aT(T—T0)+?c}f+1+19ypé—fr (9)
and the heat conduction equations
%‘%:AT+%(Q—M%>, (10)
where
Q:—V-I’Q+AE§—MCIC-V<c—“—TT—&a>—vxF (11)
e e
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are the total heat releases and

slza—TJ+’yq+dlc, Jo=Jg +rVT (12)
Po

is a part of entropy and heat flux not directly related to the thermal process [3].

To the system of equations of magnetothermomechanodiffusion (1)—(12) it is necessary to add the
relevant thermal, mechanical and diffusion, initial, boundary and contact conditions corresponding to
the particular case.

3. The system of equations of magnetothermomechanodiffusion in dimensionless form

The aim is to simplify the system (2)—(12) under the external action (1). Therefore, just as in [6, 7],
using the methods of the theory of dimensions and similarity [11, 12|, we introduce the corresponding
characteristic values for the magnitudes under consideration and we reduce the system of equations
(1)-(12) to a dimensionless form. All dimensionless values are denoted by a subscript “*” (except time
T = t/t1, where t; is a characteristic diffusion time).

Let [ be a typical body size. Then for the dimensionless radius-vector and operators V, A, and the
time operator 9/0t as well we will have

r.=r/l, V=V,/I, A=A/ 0/ot=t;'0/0r. (13)
Dimensionless functions (scalar, vector and tensor), we introduce in the following way:
Z,=2]7y, (14)

where Z = {q,p,T,W,Q,H,B,D,E,F,v,u,J,Jq,J., 6, 7} All values Z;, except density p (po is
initial density of the body) we normalize on concentration c;:

t1=0/D, e1=pic1, wi=el, vi=eiD/l, q=picr/B, Bi=ppoHi, Dy =ceeokbn,
Ji =AEy, Jic=poDer/l, sy =dici, Ti=Teci, Fy=uwpci/l, Hy=ecoDuger/l?,
Q1 = poDpccr /12, o1 =Eper/(1 — 2v,), Jig = 2kTpcr/ (3enl) . (15)

Here ey = AppoD, ug = 2e) v1/(3¢y), Te = poD p/k is characteristic temperature of diffusion process.
Given the range of definitions (13)—(15), we rewrite the system of equations of magnetothermo-

mechanodiffusion (2)—(12) in a dimensionless values:

— Mazwell equations (2):

In\” oD\ . _ [l1\? 0H. B
(T) (V*XH*_ 8T>_J*a V*XE*—_(T) 87" V*B*—O,

In\> dg. .
(TD> Vi Dy = pigs, 5qp*d—z_ + Vi -Jie =0, Jix=]s— e1p:qsVs; (16)

— material relations of macroscopic electrodynamics (3):

B, =B,(H, —e;v, xE,), D, =D,(E, +e(l./])*v. x B,); (17)

— balance relations (4):

dps de,
p +elp*V*'V*:0’ p* ¢ +V*'J*C:0’
dr dr
. d 0
é.=Viu,+u.Vi+eViu, -uV,) /2, —=—+e1v. -V, (18)
dr Ot
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L,\> dv . P\ . I\’
£ p*—*:v*’0*+5Fclp*Q*E*+ £ c1 |j« X By + L F.|,
l dr l l
where B.(H.) }
R |2 | v (19)
—expressions for thermodynamic flows (6)—(7):
I\’ ]
J*Q:_EJTV*T*+€,\ E,+e 7 Ve X B, —V*C*—FEJJV*J—FEJQV*(]*,
EcT C1 Cx
Jie = Ve, — « L «*Ox — *Qxy J*:E*, 20
c Ve 20+ eur 1 T*)v + €co Va0 EcqV+q s (20)
— expression (8) for Eys:
E..=E,+¢e (lc/l)z v, X By — 5;1 [V*C* —&T ViT —€jo V*U*] ; (21)
— generalized Hooke’s law (9):
. Vp Cx|l s 11— 21/p . R
o 1—|—upe €T —|—3 +1—|—1/p (6 — Try) (22)
— heat conduction equation (10):
dT. ds’
€D P*d—: = AT+ Qu —ers (1 +ecr a1 1) d:; (23)
— total heat releases (11):
2
Q« = —€QgVi - J;Q +c [5QEE35 —e (lvlC/ZQ) Vi X Fy —Jue - Vi (ex —eQrTi —eco04) |5 (24)
— expressions (12) for s" and J;, :
5, = Cy + 5504 + E€sq s J;Q =J.o + V. 1y /eqq.
In equations (16)—(24) the following notation are introduced:
leeg D D eeg Bug
lD = ) le = \/6 T lg = 5
A ‘ Hor \ po B
(1—21,) po (1 —=21p) exceo €eo
lp=D\|——, lr=mw s lh=mwuo )
p Ep Ep /31 ! £0 e
_3’ilﬂqﬂ1€n _PODﬂl _ (1_2yp) Po Uo NJEpﬁl
€EJq= @ o » 2 Eq¢T , EF = y Ceo = T o N
25Ty B ABug BE, (1—2vp) pec
g B1 3e, T, 2kTy )\u%
€cq = y EJT = v EQQ = g EQE = )
e 2T, T 3 Dpecn T poDpe
arEyf v B
€So (1 — 27/p) ,Oodl’ 5sq ,Bdl’ €D /CL, Ecr C/ 0,
€10 = Picn, gir=3arcy Ty, eqr = prTe/te, eor =arT:/B1, ers = Todipic. (25)
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We perform quantitative analysis of specific criteria (25) for the case of hydrogen diffusion in iron
for three values of temperature. Characteristics of the material and diffusant we take as [13-16]:

e=1, M; =1.00794-103kg/mol, My = 55.847 - 10 3kg/mol,

1o = 20.6213 - 103J/ (kg - K), 0pp = 1.2 103N /m?,

the rest of characteristics whose values depend on the temperature are given in Table 1.

Table 1.
To, K B, T 1 ar, 10Kt | &, V/(m x K) | po, 103kg/m?
300 2.07 250 1.22 74 7.87
600 1.77 197 1.55 55 777
900 0.92 28 1.60 37 7.66
To, K | ca0, 1033 /(kg - K) | A, 107A/(V x m) | E,, 10"'N/m? v D, 10" m?/s
300 0.46 1.02 2.10 0.28 1.0
600 0.57 0.35 1.94 0.25 2.8
900 0.68 0.21 1.78 0.23 5.2

For the examine case the values of specific criteria (25), shown in Table 2, are calculated.

Table 2.
To, K | Ip, 107%m | 1., 107¥m | l;, 107Bm | I,, 107m | Ip, 107°m | [,, 107 ®¥m
300 2.9463 5.2742 1.2958 1.2841 2.0945 1.7391
600 8.4162 14.7676 0.8253 3.9626 1.0405 1.2266
900 14.8068 27.4256 0.2717 7.9271 0.1758 0.1755
To, K | wg, 1075V | T, 10°K | ecr, 1073 | ep, 1076 | eyp, 1072 | &, 107°
300 8.1993 0.2680 0.8933 0.4892 1.6710 1.7999
600 6.1697 1.1403 1.9005 2.2548 3.5647 9.7113
900 0.9694 2.7950 3.1056 7.3209 5.7327 24.5177
To, K | ex, 1078 | 4, 1072 | ep, 1077 | 0o, 1073 | £4g, 1073 | €7, 1073 | £, 1077
300 3.2044 0.0517 8.1565 1.5879 3.9743 2.4589 0.1288
600 2.4261 1.0399 6.5518 2.9321 6.1140 5.2211 1.3887
900 0.3842 29.6942 | 1.0895 3.8164 6.94404 | 8.5131 6.1733
To, K | eor, 1073 | e7s, 1073 | e, | com, 1078 | egr,107% | €55, 1074 | €44, 1076
300 3.5906 1.1258 | 406.6777 | 34.5763 1.1775 7.1240 2.1577
600 9.0809 3.9254 | 191.5236 | 2.1242 8.2675 7.9852 3.8726
900 | 14.2561 7.1603 | 86.5127 | 0.0141 23.8858 7.1033 5.5311

The orders of the values, given in Table2, are from —14 to +7. Thus, the system (16)—(24) can
be simplified (condition) if we neglect the terms that contain characteristic dimensionless parameters
smaller than 1073, That is, for the case of magnetomechanothermodiffusion in the ferromagnetic body
at given concentration of diffusing substance on the surface all dimensionless parameters (equation (25))
(except egT, €4, €1, EcT, £¢) can always be neglected since they are much smaller than a unity. Since
the real characteristic macroscopic body sizes [ are always larger than the characteristic sizes Ip, [,
l,, we will always neglect all terms that contain these values.
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This means that in this approximation we can take: ¢, = 0, j. = J, = 0, and, therefore Hy = 0,
B.=0,E., =0, D,=0.

Also we neglect the parameter e; = f31¢1, since for concentrations ¢; < 1% we obtain e; ~ 9-107%.
Then from equations (18) follows that p, =1 (p = po), i.e. the density of the mass distribution can be
considered constant always. Disappears the difference between the substantial and local derivatives,
that is d/dt = 0/0t. The relationship between the strain tensor and displacement vector we take linear.
In the heat conduction equation (23) the parameter ep is neglected (dynamics of the process of heat
conduction in this case is several orders of magnitude faster than diffusion).

If you disregard the above-mentioned criteria, the initial system of equations of magnetomechan-
othermodiffusion (2)—(12) will be of simplified form.

Write down it:

— balance relation (4):

Oc

P +V-Jo=0, é=(Vutuv)/2, V.5=0; (26)

— expressions (6)—(7) for the flows

2KT; 1-2
Jg =20 <Vc— VpchJ> ,
3¢, D
J.=—poD (Ve+ —vr - E2vs ), (27)
c pO 2T MC I
— expression (8) for:
2 1-2
E, = — 22 (Ve - 3charVT — —2¢.Vo ) ; (28)
3¢, E,
— heat conduction equation (10):
1 Oc
AT + — —podiT—| =0 29
+ 2l wat| —o (20)
where 0T -
K1ip — 4lUp Ho
= Z20A e —pede -V (e—ts). 30
N 3cn [C Ep CHU} fede (C He U) (30)

Note that the generalized Hooke’s law (9) in this approximation remains unchanged.

4. A simplified mathematical model of mechanothermodiffusion

A simplified system of equations (26)—(30) was obtained under the condition when the parameters
g; were neglected (i a set of lower indices of parameters in Table2) and the terms standing next to
them as well, if the dimensionless parameters are one ten thousand part of a unit. Note that on the
parameters g; can be imposed more strict conditions. For example, if you reject those characteristic
parameters ¢; and terms standing next to them which make less than one percent compared to the
unit (g; < 1072), you can obtain even more simplified system of equations. In this case the system of
equations (26)—(30) can be written in a closed form for the concentration and temperature

Oc c
= =DV (vC+ ﬁVT) , -

C 2T0
AT + T, (vc+ ﬁv:r) Ve =CAc =0,

Cn,

Mathematical Modeling and Computing, Vol.2, No. 1, pp. 99-106 (2015)



Investigation of magnetomechanothermodiffusive processes in ferromagnetic body 105

and the influence of diffusion process on the mechanical stresses to consider by Hooke’s law

E . E
G =" Yooy Prliy B s (32)
1-2v, [1+v, 3 1+,

5. Conclusions

Thus, the process of mechanothermodiffusion in ferromagnetic bodies at a given concentration of
diffusing substance on the surface depends only on thermal, diffusion and atomic characteristics of
diffusant and skeleton and practically does not depend neither on magnetic for electric properties of
the material.

The system of equations (31), (32) can serve as a working system of equations in describing the
thermal diffusion phenomena, which are used in industrial processes of applying different types of
coatings on steel parts of machines and mechanisms.

Further research is necessary for magnetomechanothermodiffusion processes in ferromagnetic bodies
under simultaneous action of two external factors: the time periodic electromagnetic field and given
concentration of diffusant on the surface.
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Hocnip)xeHnHs martiTomexaHotepmoamndysiinHux npouecis y
chepomardiTHomMy Tini 3a 3agaHOI HA NOBEPXHI KOHLEHTpau il
AndyHOYH04HOT pevyoBnHun

Comnongax M. 1.

Incmumy npukasadhuz npobaiem mexarixu i mamemamury im. . C. Ilidempueawa HAH Yxpainu
eya. Hayxosa, 36, 79060, Jlveis, Ykpaina

3anponoHOBAHO BUXIJIHI PIBHSHHS, MO OMUCYIOTH IPOIECH B3AEMO/IIIl €JIeKTPOMATHITHO-
IO TOJIsT 3 PEYOBUHOIO. 3 BUKOPHCTAHHSAM METOJIB Teopil momibHOCTI Ta po3mipHOCTE
cucTeMy PiBHsSIHb MarHiToMexaHoTepMmoudy3il 3BesieHo 10 6e3po3mipHol (popmu. Buxko-
HAaHO KiJbKICHUH aHaJ/i3 XapaKTepHUX KPUTEpilB y BUNAIKY Judy3il BOIHIO B 3aJ1i30 115
TPHOX 3HAYEHDb [MOYATKOBOI TeMIlepaTypu. ¥ BUXIIHII MOe/i HEXTYEThCsI epeKTaMu, JIJist
KX XapaKTepHi 6e3po3MipHi mapaMeTpu € HabaraTo MEHIIUMHU Bif, OJWHUIN. 3alrCaHO
CITPOITIEHY B3AE€MO3B’SI3aHY CUCTEMY PIBHSIHD MOJE/I J/IsT 3HAXOMKEHHSI KOHIIEHTPAIIl Ta
TeMIIepaTyPH.

Knto4voBi cnoBa: eaekmpomazrimme noae, mazhimomexaromepmooudysis, dhepomazii-
MHE MIN0, KOHUEHMPAULs JuPYHOY0wol pewosunu, memodu meopii nodibHocmi ma pos-
MipHocmet
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