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A variational method of homogeneous solutions for axisymmetric elasticity problems for
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developed. As examples of application of the proposed approach the problem of bending
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1. Introduction

The method of homogeneous solutions was applied, in particular, to plane elasticity problems for rect-
angular domains [1,2]. According to this method the solution is represented as a series expansion in the
eigenfunctions of some homogeneous problem (so called Papkovich’s homogeneous solutions [2]). The
homogeneous solutions do not form an orthonormal functional basis. That substantially complicates
the numerical realization of the method. Just for mixed problems, when the normal displacements and
tangential tractions or normal traction and tangential displacements are given, it is becomes possible
to obtain analytical relations expressing the coefficients of the solution via the functions of boundary
conditions.

Variational method of homogeneous solutions for plane problems was suggested in papers [3,4].
Under this method the solution in form of the eigenfunction expansion is subordinated to the boundary
conditions due to the quadratic functional norm. This reduces the problem to an infinite system of
algebraic equations for the expansion coefficients, which have being solved by the reduction method [3].
Four types of boundary problems have been considered with the use of this method: two ones with
boundary conditions in stresses or displacements prescribed on the opposite sides of the rectangle,
and two other with mixed boundary conditions, given on these sides. The problems for piecewise
homogeneous strip have been also considered [5]. The convergence of the method was studied for some
specific cases in [3,4].

A system of homogeneous solutions for an axisymmetric elasticity problem for a cylinder with
homogeneous conditions in stresses on the lateral cylindrical surface is presented in the monograph [6].
System is obtained with the use the Papkovich-Neuber’s representation. An example of application
of the method for solving the axisymmetric problem for a semi-infinite cylinder with traction-free
lateral surface and loaded end face is considered in [6]. The expansion coefficients for this problem
were determined by minimization of a quadratic functional. The functional specifies the deviation of
the sought-for solution from the given functions of boundary conditions in stresses prescribed on the
cylinder’s end face. In the presented numeric examples the solution containing two expansion terms
had been used.
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A variational method of homogeneous solutions for axisymmetric elasticity problems for cylinder 129

In this paper the solution of the axisymmetric elasticity problem for cylinder is represented with the
use of Love function. That reduces the problem to biharmonic equation. Basing on this representation,
the systems of homogeneous solutions in cylindrical coordinates have been obtained. These systems
have been used for variational formulation and solving of axisymmetric elasticity problems for semi-
infinite and finite cylinders with traction-free lateral surface and different types of boundary conditions
given on their end faces.

2. Systems of homogeneous solutions of the biharmonic equation in cylindrical coordi-
nates

Consider the class of axisymmetric elasticity problems for a semi-infinite cylinder 0 < r < a,
0<6<2m0<2< 00 (r,0,z— cylindrical coordinates). Let the lateral surface of the cylinder r = a
be free of traction:

Urr’£=1 =0, Urz,£=1 =0 (1)

and on the end surface z = 0 one pair of boundary conditions (2)—(5) are given (problems I-IV
correspondingly):

Jzz’(:O = 0—(5)7 Jrz‘(=0 = 7—(5)7 (2)

Uzle=0 = u(§),  urfe=0 =v(§), (3)

Uzz’(=0 = 0(5)7 ur‘(=0 = U(&)v (4)

(©)- (5)

ot

Here, £ = r/a, ( = z/a are dimensionless coordinates, (&), 7(£), u(§), v(§) are given functions.
1

Function (&) satisfies the condition [ o(£)&d¢ = 0.
0

With the use the Love function x the axisymmetric elasticity problem can be reduced to biharmonic
equation |7]:
ViV2x =0, (6)

where V? = 59;2 + 5 (% +3 ;2 is the axisymmetric Laplace operator.
The components of the stress tensor o,,, 0., 0g9, 05, and displacement vector u,, u, can be
expressed via the function y as follows:

19 . O 10, P
ﬂazz = aC <(2 V)v X 842> ) 2H0-rr = aC <Vv X — 852 s
Lo 9 (,er, -1 R R
217" " 3¢ < VX £6£>’ 217" T 5 ((1 VX~ 5 )
o2 02 ,
Ur =~ geac U = 5e2 +2(1 - v)V7x.

Here, v and p stand for Poisson and shear modulus.
Representing the solution of the equation (6) in the form

x = exp(—¢) f(£),

where 7 is a unknown constant, we come to the following equation for the unknown function f(§)

1A% g " 2_i " 1 1 4 —
Q) + 25 (§)+<2v 52)f <fs>+(2fy +§2>§f(§)+v £(©)

Mathematical Modeling and Computing, Vol.2, No.2, pp. 128-139 (2015)
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Its general solution is

f(&) = E(AT1 (7€) + BY1(7€) 4+ CYo(¥) (Jo(vE) Y1 (7€) — J1(v6) Yo (7€) +
+ D¢ (Y1(%6) (J5 (7€) — 1) = Jo(v€) 1 (7€) Yo (7€) - (7)

Here Jy, J1, Yo, Y1 are zero- and first-order Bessel and Neumann functions correspondingly, A, B, C,
D are unknown constants.

Function f(&) is singular at the point £ = 0, so presentation of the solution in form (7) can not be
used for solid cylinder. To avoid that, the solution are presented in [8,9] as a Fourier-Bessel expansion
in function Jy.

Unlike that, to ensure finiteness of the solution f(£) at the point £ = 0, we put in the formula (7)
C =0 and D = B. With this we obtain the presentation for the solution

(€)= E1 (1A - %JM)B, (8)

which is finite in the point £ = 0. Function (8) is depending on the two unknown constants A and B,
will what provides the possibility to subordinate the solution to two boundary conditions given on the
cylinder’s face end.

Substituting (8) into boundary conditions (1), we come to the following homogeneous system of
equations with respect the unknown constants A and B:

(1= 20)Jo(7) — 72 (M)A + %(’YJO(’Y) — h(3)B =0, o
9
(20~ 2)2(7) = 1h())A ~ Zh(1)B =0

Applying the compatibility condition to the system (9) we obtain the following transcendental equation
for parameter ~y:

V(5 + JE () +2(v = D) () = 0. (10)

Equation (10) is equivalent to those obtained with the use of the Papkovich-Neuber representation
for solution of axisymmetric elasticity problem [10].

Equation (10) has the only real root v = 0, hence instead we should can consider the infinite
sequences of complex roots v = ax + 18k, =Yk, T = ok — Pk and =7, (k =1,...,00), where i stands
for imaginary unit, oy, B; are real constants. To guarantee decaying the solution as { approaches to
infinity, we use only two sequences 7 and 7, with positive real parts.

The equation has being solved numerically by residual minimization. The values of the first 25
roots rounded to 5 decimal digits, calculated at v = 0.25, are presented in the Table 1.

Table 1. Roots of the transcendental equation.

ay, Bk k Qg B k Qg Bk
2.69765 | 1.36735 18.75905 | 2.16604 | 11 | 34.50379 | 2.46622

6.05122 | 1.63814 21.91184 | 2.24211 | 12 | 37.64928 | 2.50949
9.26127 | 1.82853 25.06203 | 2.30817 | 13 | 40.79422 | 2.54932
12.43844 | 1.96742 28.21044 | 2.36656 | 14 | 43.93871 | 2.58623
15.60220 | 2.07642 | 10 | 31.35758 | 2.41886 | 15 | 47.08284 | 2.62059

Nel ool N | He))

QU | W DN = &

So, the system (9) has infinity number of solutions Ay, By, such that Ay = ki By, where

L 2J1 ()
k 7 ((2v = 2)J1 (%) — WJo (k)
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As a result, we obtain two complete infinite systems of homogeneous complex solutions decaying

at infinity: the first one is

Ukzz(g ) = Ukzz(f) eXp(—’ka),
or00(&,C) = oreg(&) exp(—k(C),
ugr (€, C) = upr(§) exp(—ykC),

and the second one is

Ukrr( ) = Jkrr(&)
Ukrz( ) = Jkrz(g)
gz (€5 Q) = up2(§) exp(—vxC)

Ekrr(fv C) = Okrr 5) eXp(_ﬁkC%
Ekrz(fv C) = Okrz 5) eXp( ﬁkC)v

Uy (&, ¢) = Ur2 (&) exp(=7()-

exp(—x<),
exp(—x¢),

Here

1l€) = 20 (1 (20 = D) + HERORE) — 2 ().

2vi€Jo(W€) — N (’ka))
k€

)

G (€) = 2077 (nk (1= 20)Jo(08) — 1 (4E) +
koo (§) = 2k (

(1 = 2v)yernJo (W) + %Jl (%5)) :
o10e(€) =208 (20 = D3100) = nEI(0E) - 25 ).
€)= (s aln®) + 22008) )

k(€)= i (WET (E) + 41— ) Jo()) — ZeTo().

Following the approach proposed in [3,4], we represent the general solution of the problems I-IV
in the real domain as the linear combination of the homogeneous solutions:

0260 = 5 li (Brokz=(€.€) + Bre=(€.€)) - (11)
(6,0 = 3 3 (Beiel€ )+ Bu,0). (12)
090(&,¢) = %li(Bkakee(& () + Biowon(€,¢)) (13)
r6.0 = 5 3 (B0 + Birn6.), (14
(6.0 = ,i (Bitukr (§€) + Brtar (€, ) » (15)
6.0 = 53 (Bete(€.0) + Buie(6.0)) + . (16)

T
I

The real constant C' has been introduced to take into account the displacement of the cylinder as a
rigid body. The general solution (11)—(16) depends on the infinite sequence of undetermined complex
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constants By. We will determine them to subordinating the solution to the boundary conditions
imposed on the end faces of the cylinder applying the variational approach.

3. Variational method for a semiinfinite cylinder

We use the quadratic norm to subordinate of the solution to the boundary conditions (2)—(5) [3,4,10].
To do this we introduce for each problem I-IV the corresponding quadratic functional:

1
— [ [(eckemo = o(€)? + (0relcco = 7(€))*] (17)
0
Fir = [ [(uskemo = €))? + (arkemo — ()] &, (18)
01 -
Fitr = [ [(@zekemo = o(€)* + urkemo — ()] &, (19)
01 -
Fiv = [ [(askemo = u(€)* + (orekemo - 7(6))*] . (20)
0

Substituting the representation (11)—(16) into the functionals (17)-(20), and applying the necessary
minimum conditions
oF; 0 or; 0 OFrr

= —— = =0 j=1,11, 111, 1V =1,2,....
aBm ) aBm ) 80 ) .7 ) ) ) m =D

we come to the infinite system of linear algebraic equations

ZZCSP Bl = (21)

k=1 p=1

The coefficients CF,, K5, (s,p =1,2; m = 1,2,...) of system (21) for problems I-IV are defined

by the formulas (22)—(29) correspondingly:

O = % /1 (On22Okez + Oz Or) 08, (22)
10
K= [ (0€00%es + T(€)0h) (25)
) 1 1 1
Cot= 5 [ b+ ) e — [ utga [ ol ca, 24
10 0 X 0 X
K= [ (s + ol€)u) e — 2 [ u(@)gde [ uae. (25)
0 0 0
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1

c=3 / (0= T Ui ty,) 08, (26)
10
Ko = [ (0€)00es + 0(€)us) e @
’ 1 1 1
Cit =5 [ (e + ol ) s = [unusas [l cae, (25)
1O 01 0 )
K= [ (@t + 7@ €6 — 2 [ u(@)ede [ e (29)
0 0 0

The constant C' can be expressed via Bg as

C= / ZZBpukzﬁo +2u(€) | Ede. (30)

k=1 p=1

We used the following notation in the formulas (22)—-(30):

Ohoz = Ohz(), aizz = Tka:(6), Thrz = Thr=(£); Thrs = Thre(6),
Urlnzz = Oz (), U = Omz2(§), Urlnrz = Omrz (), U?nrz = Omrz(§),
Uy = Uper (€), = Ukr (§), Uy = Uz (€), Uiy = T (€),
u%nr = Umyr (), u%nr = Umr (§), u71nz = Umz(§), u%zz = Umz(§)-

4. Numerical study the convergence of the reduction method

The system (21) can be solved with the use of the reduction method. To do that we consider retain
a finite number of terms in the expansions (11)-(16). This brings to finite system of the algebraic
equations for B} = By, Bl% =B, k=1,2,....N

Z Z Ch BY = (31)

k=1p=1

To evaluate numerically the convergence of the reduction method for problems I-IV we consider
some examples, taking the functions of the right-hand sides for the boundary conditions (2)—(5) in
forms respectively

o(§) = oparctan(d(§ — &o)), 7(§) =0,
u(§) =0, v(§) = vo
o(§) = op arctan(d(§ — &), v(§) = 0
u(§) =0, 7(§) = To.

On the figures 1,2 some results obtained by solving the problem III at £ = 0.5, d = 40 are
presented. Fig.1 display the radial dependencies of the normalized stress o,,/0¢ and displacement
ur/ug (ug = aoo/p) on the coordinate £ for different N. As we can see the dependencies . (&, () |¢=o
and u,(&,() |¢=o are approaching to the given functions (&) and v(§) correspondingly, when number
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N is increasing: the curves 3 are practically coincided with the graphs of the given functions o(§) and
v(&) of this problem’s boundary conditions.

it} 0.5 £ 0 05 E

Fig. 1. Radial dependencies of stress component o,,(&,0)/0o (a) and displacement component u,(£,0)/ug (b)
for different N = 2,4,20 (curve 1, 2, 3 correspondingly)

Strain and stress components quickly decay with distance from the end surface. Fig.2 illustrates
the axial dependencies of the stress components o,,(&,() |¢=o and o4g(&, () |¢=1-

G,, (O G,, (O
Gﬂﬂ JJIIGU Gﬂﬂ JJIIGU

0 1 2 L 0 1 2 L
Fig. 2. Axial dependencies of normalized stresses Fig. 3. Decaying of the reduction error with growing
components o, (0, ) (curve 1) and ogg(1, () (curve 2). the number of retained terms in the solution repre-

sentation for problems I-IV.

So, if an end of finite cylinder is loaded by self-balanced traction and its height is equal or greater
of its diameter then we can consider it as a semi-infinite cylinder.

We estimate the error for each solution of the problems I-IV, obtained by solving the system (31),
through the value of the corresponding functional as:

1/2 1/2
go 2 ’ Vo 2 ’
; _i <FI]\I[I>1/2 _i <FI]\{/>1/2
Irr = — ) giv = o .
go 2 T0 2

Plots on Fig. 3 demonstrate how the errors 1, €17, €177, £7v are decaying with increasing N (curves
1-4 correspondingly). As we can see the convergence of the reduction method depends on the type
of boundary conditions and features of the given functions of boundary conditions. On the basis of
conducted numerical experiments we can conclude that reduction method’s accuracy, sufficient for
practical goals, can be achieved at N > 10.
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5. Variational method for a finite cylinder

Consider the class of axisymmetric problems of elasticity theory for a finite cylinder 0 < r < a,
0 <0 < 2m —b < z < b, with free lateral surface (conditions (1)) and four types of boundary
conditions on the ends { = +b of cylinder (problems V-VIII):

Ozzle=4p = 0 (&), Orzlc=tp = 7(£), (32)
Uz |c=p = u(§), Ur|c=tb = v(§), (33)
0zzle=+p = (&), Ur|c=xp = v(§), (34)
Uz lc=tp = u(§), Orzle=4b = T(&) (35)

Since the each solution of the problems V—VIII satisfies on the opposite cylinder’s ends ¢ = +b the
conditions of the same types, we can split each problem (32)—(35) on the symmetric and antisymmetric
parts with respect to the plane ¢ = 0.

To do that we take the solution in the forms:

1 o

X=3 (L fr (&) cosh(€) + Li f1(€) cosh(4())
k=

—

for symmetric part and

X:

N | —
NE

(Lifr (&) sinh(yxC) + Ly f1(€) sinh(7,¢))

k=1

for antisymmetric part, where fi(§) = £J1(V€) kK — W_'ka‘]o (,€), Ly are undetermined constants.
Using the variational method of homogeneous solutions [3,4] we represent the components w(&, () €

{o:2(£C), 00 (£,€), 000(& €), 072 (&, €), ur (€, Q) w2 (€, Q) } for symmetry and antisymmetry problems in
the form (36) and (37) correspondingly:

w(E,¢) = %Z (Lrwi(€) cosh(x¢) + Liwi(€) cosh(74()) (36)
k=1

0) = 33 (Lyun(€) cosh(3) + T4y (€) cosh(7,0)) ()
k=1

Here wi(§) € {0%22(€), Okrr (§); 0106 (§), Thrz (), wer (€), ukz(€) }-
To subordinate the solutions for problem V-VIII to the boundary conditions (32)—(35) in the

quadratic norm, we introduce corresponding quadratic functional:

Fy = /1 :(Uzz’(:ib —())® + (Oralemsp — T(f))Q] ¢dg, (38)
0

Py = /1 :(uzk:ib —u(€))? + (urle—sp — U(ﬁ))ﬂ &de, (39)
0

Fyis = / (@2slc—s = 7€) + (wrlemss = v(€))?] £, (40)
0

Fyrr = /1 :(uz’(:ib —w(€))® + (0rz|c=tp — T(f))ﬂ §dg. (41)
0
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Using the necessary condition of minimum of the functionals (38)—(41)

OF; _, OF; _ | OFv
oL,, OL,, oC

=0, j=V.VLVILVIII m=12,...

we obtain the infinite system of linear algebraic equations
Sy e - 2
k=1 p=1

Here, L} = Ly, L} = L.
The coefficients of system (42) are defined by the formulas (22)—(29) with following notation

wy, = wi(€) cosh(1C),  wi = wy(€) cosh(TxC)

for symmetric part and

w,l€ = wi (&) sinh(y%(), w,%

Wi (§) sinh(7%C)

: : 1 1 1 1 1 1,1 2 2 2 2 2 92 9
for antisymmetric part. Here wy, € {04, Tk Ohogs Ohrss Wir> ks b Wi € {0h00s Thirrs Oho0> Trn> Wier> Whs }-
The constant C can be calculated as

C= / ZZLkukz b) +2u(8) | &dt.

k=1 p=1

6. Axisymmetric bending of a thick disk

As an example of applying the variational approach we consider
the problem of bending of a round disk (Fig.4). The external
axisymmetric loadings F;(§) and F5(&) applying to opposite
disc’s surfaces, are concentrated in vicinities of the concentric
circles of radiuses r; and 19 correspondingly and satisfy the

conditions . .
/ F(€)de = / Fy(€)¢de.
0 0

Under such loading the boundary conditions for symmetric
and antisymmetric problems are as follows:

1
Oozlemtb = E(Fl(f) + F»(8)), Orzle=tp = 0,

1
Fig. 4. Axisymmetric bending of the Uzz’(:ib = B} (Fl (f) — Fy (f)) ) Urz’(:ib =0.
circular disk.

We solved the problem, taking the functions F (§) and F5(€)
in the form

RO =ovep (“REZE)  pg < popenp (—REZ12E,

1 . 1 .
where ¢ = [exp (M) &de / [ exp (M) &d€, oo and § are given parameters.
0 0
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The solution was obtained at N = 25. Some results obtaining for b = 0.2a, r1 = 0.5a, ro = 0.8a,

0 = 0.04a are shown on figures 5-7.

Gzz GJ! I',
L
i, 1.5 o, HEL
0 2 ] [
Ly
8-lin
0.25 g
Y
i
5 e .
I
0 0,5 £
a
Fig. 5. Radial dependence of the normalized stress component o, /og on the faces ( = b (curve 1) and { = —b

(curve 2) for symmetric (a) and antisymmetric (b) problems.

&)
s

Fy 1,2
(.25 =

=
-5k
|
5 d
a
Fig. 6. Radial dependence of the normalized stress component o,,./cg on the faces ( = b (curve 1) and { = —b

(curve 2) for symmetric (a) and antisymmetric (b) problems.

g

o :

025 1.2

(I M
-3 =05
i i
0 0.3 & 0 0.5 g
a b
Fig. 7. Radial dependence of the normalized stress component ogpg /oo on the faces ( = b (curve 1) and ( = —b

(curve 2) for symmetric (a) and antisymmetric (b) problems.
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On figure 5 the normalized axial stress component o,,/0g on surfaces £ = +b for symmetric (a)
and antisymmetric (b) problems as the function of radial coordinate are shown. As we can see the
calculated values of the stress component are practically coincide with the applied loading.

Graphs of distribution of normalized stress components o,,/0¢, ogg/0o for symmetric (a) and
antisymmetric (b) tasks are shown in Fig.6,7.

7. Conclusions

Variational method for solving of axisymmetric elasticity problems for semi-infinite and finite cylinders
is developed. According to this method the solution is represented as the series expansion in the
eigenfunctions of problem for a cylinder with an unloaded lateral surface. This reduces the problem to
an infinite system of algebraic equations for the coefficients of the expansion, which have being solved
by the reduction method. Four types of boundary problems have been considered for semi-infinite
and finite cylinders with the use of this method. Application of this method to study of the stressed
state of a circular disc under its transversal bending by normal forces applying to the disc’s faces has
been made. That allowed to obtain the analytical solution that reflects the volumetric character of the
stressed state. These results can be used in particular for optimizing the geometric parameters of the
samples and loading conditions for long-term strength statistical testing of brittle materials [11].
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Baplau,levm MeTo/ O,EI,HOpI,D,HI/IX po3B $|3KIB po3B $I3yBaHH$|
oceCMmMeETpNYHHUX 3aga4 Teopu I'Ipy)KHOCTI Ana LI,VIJ'IIH,EI,pa

Yexkypin B. @., Iloctomaki JI. I.

Incmumym npukasadnux npobaem mexaniru i mamemamury im. . C. ITidempuzavwa HAH Yrpainu
eyn. Hayxosa, 3-6, 79060, Jlveis, Ykpaina

PozBuneno BapiaritHuii MeTOI OMHOPIIHNX PO3B’A3KIB JJIsT PO3B’I3yBAHHS OCECHMETPUI-
HOX 33/1a9 TeOPil IPYKHOCTI /I mBOE3MEKHOTO Ta CKIHYEHOrO IIJIIHIPIB, HA TOPIEBUX
MIOBEPXHAX AKUX 33JIaHI YMOBU HABAHTAYKEHHS B HAIIPYKEHHSIX, IE€PEMINNEHHAX IU 3MillTa-
Hi. P0O3B’s130K 1O7aHO y BUIIsiII PO3BUHEHHSI 38 CHUCTEMAaMU BJIACHUX (DYHKIIH BiIIOBiI-
HOI OJTHOPiHOT HirapMOHIYHOI 33784l Y MWIIHAPUIHUX KoopauHaTax. I[lianopsakyBaHHs
PO3B’SI3KYy yMOBaM, 3aJJaHUM Ha TOPILX IUIIHIpPA, 3/IiHCHIOETHCA 3a KBAIPATHIHOIO HOP-
MOI0. 4IK TIpWKJIaT 3aCTOCYBAHHS ITHOTO METOLY PO3TJIAHYTa 3aJada 3TUHAHHSI TOBCTOTO
KPYTIJIOTO JINCKA 30CEPE/IXKEHUMY CUJIAMHU, ITPUKJIQIEHUMHI JI0 HOTO JIMIIOBUX TOBEPXOHb.

Knwo4voBi cnoBa: yuaindpuyute mMino, 0CECUMEMPUUHG 3a0a4a MEOPil NPYAHCHOCTNI,
Pynruia Jlasa, OizapmoniuHe Pi8HAHHA, 8aPIAUITHUT MEMOD 0OHOPIOHUT PO36 A3KI6
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