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There are formulated the key systems of equation describing structurally nonhomogeneous
two-component solid solutions. As the key functions there are chosen the stress tensor
(displacement vector) and the densities of admixture and skeleton. On this basis the near-
surface nonhomogeneity densities of skeleton and admixture, stresses and size effects of
surface tension and intensity of the power load causing the thin film fracture are studied.
The attention is paid to the admixture influence on size effects.
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1. Induction

It is known that admixtures can significantly change the material properties and thus affect the pa-
rameters of reliability and strength of specific structural elements and devices [1-3]. Therefore it is
important to construct and study the mathematical models describing the interrelated fields in solid
solutions in particular taking into account the effects of structural and near-surface non-homogeneities.
The latter are important to model and predict the behavior of nano elements that are widely used in
modern engineering [4, 5].

One of effective approaches used to describe interrelated fields in the nano elements is local gradient
approach in thermomechanics [6-8]. The approach is based on the main principles of irreversible
thermodynamics and nonlinear mechanics. Within the approach into the space of state parameters
along with usually accepted parameters additionally there are introduced the chemical potential and
the density; also the mass balance equation is expanded on local non-homogeneous systems. Herewith
the density and chemical potential are conjugated state parameters. According to this approach, there
have been built a number of models [9] and a wide range of studies has been conducted concerning
near-surface non-homogeneity and related size effects, including the ones of surface stress, strength,
surface tension and so on. While formulating boundary value problems the value of the chemical
potential was usually stated at the body surface. It was considered that this value can be determined
using the comparison of body mass at the initial and actual times. Further studies have shown that
such assumption does not allow to correctly identify the surface value of chemical potential. In [10]
the formulation of boundary condition for the density is reasoned. The density value at the surface is
related to the roughness (geometric non-homogeneity) of the real body surface. It is also shown that
the value of the chemical potential, which is set up at the surface of the body is uniquely determined
by its physical and geometrical characteristics and parameters of the environment.
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To modeling admixtures influence on the size effects in a thin film 13

In this paper for two-component locally non-homogeneous solid solution there is presented the key
system of equations in terms of displacement vector (stress tensor), the densities of the skeleton and
admixture. The influence of admixtures on the near-surface non-homogeneity in the thin film as well
as the effects caused by local non-homogeneity are studied.

2. Basic relations

We consider a deformable two-component solid with basic processes of thermal conductivity, deforma-
tion and diffusion taking place in it. Neglecting the convective component of fluxes the total energy F
balance equation in the local form can be written as

Z_f:V'(O-'v_Tjs_HijO_Hljml)7 (1)
where o is the Cauchy stress tensor, v is the velocity vector, T', Hy, Hy are the absolute temperature
and chemical potentials of skeleton and admixture, j, 7,,0,Jm1 are vectors of entropy flux and fluxes
of skeleton and admixture masses, 7 denotes the time, V is the del operator.

Considering in the equation (1) representation of the total energy E as the sum of internal U
and kinetic K energies and the balance equations of momentum, entropy, mass balance equations for
subsystems of skeleton and admixture in the form

ok,
or =V-o
8—S:—V Jst+os, 0520,
or
api .
= — =0.1 2
87_ V sz? 1 07 ) ( )

along with relation for the kinetic energy increase
dK = v - dk,,

we obtain the following equation of the internal energy balance

ou Oe oS dpo op1
8_7'_0-' 8T+T87' + Ho or +H or
—Tos—3,-VT —3,0-VHy—3,,1 - VHi, (3)

where k, is the momentum of mechanical motion, S is the entropy, pg and p; are the densities of
skeleton and admixtures, e is the strain tensor, o, is the entropy production.

We suppose that the thermodynamic fluxes jg, 7,,0,7m1 dependences on the forces are functional.
In the linear case for isotropic solids we can write

where .
0 .
Gijx o = /Gz’j(T, f)%dﬁ, i,j = {s,m0,m1},
0

and G;;(7,§) are influence functions.
For the local gradient approach in thermomechanics the influence function in relations (4) should
reflect the formation of the material structure of the skeleton subsystem. Therefore, in the case of
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14 Bozhenko B., Nahirnyj T., Tchervinka K.

considered two-component solid solution for influence functions we accept such a form

oy = [ 9mmd (T = &) 4 gmomo(7,0), i =j =m0,
Gilm8) = { 9i3(7,0), otherwise, (5)

where 0(+) is Dirac delta-function.
From (4), (5) we obtain the following expression of the fluxes

js = _gssVT - gsmOVHO - gsmIVHla

. 0 (VH,
Imo = gmm% - ngSVT - ngmOVHO - gm0m1VHl7
Jm1 = —9m1s VT = gmimoVHo — gmim1V Hi. (6)

The coefficients in the formula (6) may depend on parameters of the state. Thereafter we take the
following representation of the coefficients in (6)

_ D _ 2o _
Jss T 9Im0OmO T Imiml T

) g st _ _ Ao
9sm0 = Im0s T gsml = gmls T 9ImOm1 Im1imo T

Presentation (4), (5) allows to write the balance equations of entropy and masses in the form

or VIt
v,
5 2 (0)
g (pO +gmmv HO) =-V “Im (7)
where
. VT | VH, . VH
Js = )\ss T )\80 T )\slT7
vT V H, VH
-(0) _ . 0 _ 1
Im As0 T A0o T Aot T
vT V H, VH
-(1) _ . 0 _ 1
Im As1 T Aot T A1 T
1
05 =~ (4. VT +3) - VHo+ 3 - VHL) (®)

The presentation along with (8) modifies the balance equation (3) to the form

0G _ 5.9 795, g, %0 b,

dp1
or or or or 9)

or’
where

1
G=U-+ §gmm (VH()) . (VH(]) .

While studying the solid solutions along with systems of skeleton and admixture one considers a
continuum of mass centers for which the mass flux is zero. Accepting

G =i + 35
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To modeling admixtures influence on the size effects in a thin film 15

the third equation of (7) can be replaced with such equation of mass balance of mass centers continuum

0
E (,00 +p1+ gmmvzHO) =0. (10)

For potential description it could be argued that energy G is defined in the space of entropy S,
densities of skeleton and admixture subsystems pg, p1 and strain tensor e,

G = G(S7 pOaplue)
and for the energy increase dG the equation is held
dG =TdS + Hy dpy + Hy dp1 + o : de. (11)

The parameters conjugated to S, pg, p1,€ are respectively temperature 7', chemical potentials Hy, Hy
and stress tensor o.
Introducing energy F with Legendre transformation

F=G-TS
from (11) we write the following state equations

OF OF OF _ OF

S:_a_Ta Oza—po7 1_8—/)17 U_%

(12)

Thus the energy F' is defined in the state parameter space consisting of temperature 7', chemical
potentials Hy, H; and strain tensor e

F=F(T, po, p1,e).
We accept as a reference state the state of isotropic body free of force load with parameters
T =1, S:S*v Hy = Hox, Hy= Hix, po = pox, pP1=pP1x, €=0, o=0.

Further we take energy F' as a quadratic function in the space of basic parameter disturbances from
the reference state

0=T-T,, PO — Poxs  P1— Plx, €=e—0,
in the form

1 1
F=F,—5.0-+ H(]* (po — po*) + Hi. (p1 — pl*) + Qee€ i €+ 5616662 — §att02 — aeteH

— Aemo€ (Po — pox) — Gemi€ (P1 — pix) — atmob (Po — Pox) — arm16 (p1 — pis)

1 1
+ amom1 (Po — pox) (p1 — p1x) + 5 @momo (po — pos)” + 5 @mim1 (p1— p1s)?, (13)

where e, a;j are the characteristics of material (i, j = {e,m0,m1,t}); e = e : I, Iis identity tensor.
Based on (13) using (12) we write down such explicit form of state equations for o, S, Hy, Hy

0 = 20¢c€ + [aec — Aetl) — Aemo (Po — Pox) — Gem1 (P1 — p14)] T,
S — Sy = aere + ayb + agmo (Po — pox) + awm1 (P1 — P1x) 5
Ho — Hox = —@emo€ — @m0 + @momo (Po — pox) + amom1 (p1 — p1x) ,
Hy — Hiy = —@em1€ — gm10 + amom1 (Po — pox) + @mim1 (P1 — p1+) - (14)

Note that balance and constitutive equations are the basis for formulating of the solving system of
equations.

Mathematical Modeling and Computing, Vol.3, No. 1, pp. 12-22 (2016)



16 Bozhenko B., Nahirnyj T., Tchervinka K.

3. The solving system of equations

On the base of formulated above equations we write the solving equations system for various key
functions.

Choosing as the key functions the displacement vector w, the disturbances of skeleton and admixture
densities pg — pox, p1 — p1+ and disturbance of temperature 6, the key linearized system of the model
we write in the form

2
OéeeV2u + (aee + Oéee) \% (V : u) — et VO — aemoVpo — Gem1Vp1 = p*g%v

00 0(V-u dpo 0
attT or +CLetT % +CLthT or + atmlT apl
= CSSV20 - Csev2 (V : u) + CSOV2PO + Cslv2p17
dp1

E = Cmsv29 - Cmev2 (V ' u) + Cm0V2P0 + Cm1V2P1=

gmmamOmovzpo + 9mmGmom1 V2p1 - gmmatmov29
- gmmaem0v2 (V : u) + po — pox +p1 — p1x =0, (15)
where Px = Pox + P1x,
Cos = Ags — Asoatmm Cse = As0Gem0 + /\slaemly Cs0 = As00momo + )\slamlm07

Cs1 = As0@mom1 + /\slamlmly Cms = ()\sl — A01Gtmo — Allatml) /T*7 Cme = ()\OlaemO + Allaeml) /T*7
cmo = (A01@momo + AM1@mom1) /Te,  cm1 = (Ao1@mom1 + A18mim1) /T

Here have been taken into account the smallness of the temperature disturbance 6 compared to the
initial temperature T}, the classical expression for translational momentum and the Cauchy relation

1
=3 <V®u+(V®u)T>
for strain tensor (® denotes tensor product, superscript 7' denotes transposition).

3.1. Quasi-static and stationary states

To describe the quasi-static processes the following system of equations is used

aeev2u + (aee + aee) \% (V : u) —aet VO — Aermo V po — Gem1Vp1 =0,

26 2(V - ) 9o op1
/ / /
attT or + aetT T + atm()T or + tmlT or = CSSV29 + Csovzp() + Cslv2p1,
apl ! V20 / v2 / v2
or = Cms + Cno V' P0 + Cpy1 P1s
/ 2 l 2 ! 2
Imm@momo VY P0 + GmmGmom1 V- P1 — GmmAymoV 0 + po — pox + p1 — p1x = 0,
where
C/ — ¢ Cselet C/ —©c Cselem0 C/ —©c Cseleml
=Css — — 5 0=6Cs0 — ——(7 1=6Cs1 — ——5
5 Qee + 200 ’ s Qee + 20[66’ s Qee + 20[66’
o —c Cmelet d o —c Cmelem0 J c Cmeleml
e Gee + 200’ " Qe + 20’ " ee +20tee”
2
a/ — mo a/ — Aem0Geml a/ a Aem0Qet
- om0 — — & - oml — — & tm0 - 4
momo e Qee + 2a66’ moml e Qee + 2a66’ tm0 " ce T 2000¢
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To modeling admixtures influence on the size effects in a thin film 17

The system of equations describing the steady state of binary solid solutions for the isothermal
approximation written in terms of w, pg, p1 has the form

aeev2u + (aee + aee) v (V . u) - aemOVpO - aemlvpl - 07

aV2po + Vp1 =0,

—E72V2%pg + po — pox + p1 — p1x = 0, (16)
where
-2 ImmQAem0 Cm0 — CmeaemO/(aee + 2aee)
= a —a a)+ ——— (Aem1a — a , a= .
5 Imm ( m0OmO0 mOm1 ) oo n 204@@ ( eml emO) Cml — Cmeaemo/(aee T 204@@)

If the densities pg, p1 and the stress tensor are chosen as the key functions then the solving system of
equations has the form
av2p0 + V2p1 =0,

—£72V%pg + po — posx + p1 — p1x = 0,

2000 Qee T
: - em em I = U. 17
V.-o=0, V x {V X [a Ba. T 2., <2 eea emoPo — @ 1p1> }} =0 (17)

We see that the study of stationary mechanic-diffusion fields is reduced to a consistent determination
of skeleton and admixture densities with the following determination of the motion vector and the
tensors of stress and strain.

While formulating boundary value problems the system of equations (17) has to be supplied with
appropriate boundary conditions. For mechanical fields we accept conventional conditions for stresses
or displacements [15], and for the density of the skeleton we use the idea of geometric heterogeneity of
actual body surface [10].

4. Stationary state of two-component layer

We consider an elastic layer that in Cartesian coordinate system {z,y, z} occupies domain |z| < I. Let
suppose that the layer is stretched with effort F' = {0,20,l,0} at infinity y — oo and at the free of
mechanical load surfaces x = [, x = —I the constant nonzero values of skeleton pg, and admixture pi4
densities are set.

Under considered external action the one-dimensional over x coordinate situation is realized

o=o(), po=po(x),  p1=pi(x)

Choosing the nonzero stress tensor components and the densities of solid solution components as
solving functions the system (17) we write as

d*po
— 3 — & (00— poc+p1 = 1) =0,
d2po d2p1
S TR,
a2 + dx?
do gy d20yy dzo'zz d2p0 d2p1
0 _ _ gt 4 18
dz ’ dz? dz2 Wz g2 (18)
where
a; = M, i=1,2.
Gee + 200ce
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18 Bozhenko B., Nahirnyj T., Tchervinka K.

The problem of determination of equilibrium density distributions pg, p1 and principal components

of stress tensor ogg(f = {z,y, z}) is reduced to solving the system of equations (18) under the condi-
tions

PO = POa, P1 = Pla, Oze =0 (19)
at surfaces x = [, x = —I of the layer and conditions for the main vectors of efforts and moments

l l l l

/ 0 (1) d = 2041, / 0on(z) dz = 0, / 20y, () dz = 0, / 202 (x) dz = 0, (20)

—1 —1 -1 —1

in arbitrary cross-sections y = const, z = const.
The solution of formulated problem is

pO(:L') = Poa t+

Poa = Pos + p1a (cosh(dz)
l1—a cosh (V1) ’

p1(T) = p1a —a

Poa — Pox + Pla <cosh(19x) B 1>

l—a cosh(9)
Poa — Pox + P1a [cosh(Pz)  tanh(d)
Oy () = 00+ (a01 = ao) l1—a < cosh(Wl) ol ’
022(x) = oyy(x) — 0q, Oze(x) =0, (21)
where
¥P=v1—-ak.

It is accepted in this case that the density of admixtures in the reference state is equal to zero.
For the admixture density at the middle surface of a thick layer from (21) we write

a(poa — pox) + Pla

Accounting that pp, — po« < 0 and densities are positive, we conclude that

a < 0.

1 0.026

0.9 ? //_ _\} ? r =\
o 2 /1 AN 0.024 ] _“\1>

o % \ . N
N / / \“ 0.022

PPy
Pyl Dy

0.02 ¢
-1 -0.5 0 0.5 -1 -0.5 0 0.5 1
x/l x/1
Fig. 1. Skeleton density in the layer. Fig. 2. Admixture density in the layer.

Results of numerical analysis of mechanic-diffusive fields under force load absence (o, = 0) are
shown in Fig. 1-6. In the first figure the skeleton density po/po« is plotted for £ = 3;10;30 (graphs
1-3 respectively), poa/pox = 0.5, p14/pox = 0.02,a = —0.01. One can see that the distribution of
the skeleton density is similar to the density distribution in the layer without admixtures [7]. The
magnitude of the admixtures influence on the skeleton density is mainly determined by the parameter a.
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To modeling admixtures influence on the size effects in a thin film 19

Depending on this value the admixtures presence in the body can lead to significant changes in the
skeletal density in the inner regions of the body.

In the Fig. 2 the admixture density p1/po« is plotted in the layer for {I = 3;10;30 (graphs 1-3
respectively), poa/pos = 0.5, p1a/pox = 0.02, a = —0.01. One can see that the distribution of the
admixture is analogous to the distribution of the skeleton density.

Figs. 3 and 4 show skeleton pg/po« and admixtures p1/po« densities at the middle surface of the
layer dependence of parameter a for £l = 3,5 (curves 1, 2), p14/p0o« = 0.02.

0.95 // \&2

* TS
< o9 ,/ < 0.08 AN
< / & \
0.85 //// 1 \

e N
04 03 02  -01 0 04 03 02  -01 0

d a !
Fig. 3. Skeleton density dependence on a at z =0. Fig.4. Admixture density dependence on a at x = 0.

Fig.5 shows stresses oy, /00 (00 = agpos) distribution in the layer for £ = 3,10,30 (graphs 1-3
respectively), poa/pos = 0.5, p1a/pox = 0.02,a = —0.01, a1 /ag = 0.1. The largest stretching stresses in
the body are the stresses o, = 0., at the outer surface of the layer.

0.45 0.45
1 L ——] 2.
0.3 )ﬁ/"—___
- 0.35 e
3 —
=y 0.15 ) 3
(o} 1 bi:-
0.25
0 S A —
3 2
-0.15 0.15
-1 05 0 05 1 2 9.5 17 24.5 32
x/1 &l
Fig. 5. Stress distribution in the layer. Fig.6. Surface stresses dependence on layer thick-
ness.

The size effect (dependence on layer thickness) is inherent to surface stresses. This is illustrated
in Fig. 6, which shows the dependence of oy, (+l)/og on the parameter {I when a = —0.1,-0.2,-0.3
(curves 1-3), poa/pos = 0.5, p1a/posx = 0.02, a1 /ag = 0.1.

4.1. Size effect of strength

Let us use the obtained above relations to study the effect admixtures on the value of the power load
leading to the layer fracture. We suppose that the layer fractures immediately if the main principal
stresses reach its critical value o, at least in one point of the layer. The largest of stretching stresses
is the stress o, at surfaces = £, which according to (21) is described by formula

Poa — Pox t Pla <1 B tanh(z?l))

O'yy(:]:l) :aa+(aa1 —CL()) 1—a 91

(22)
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According to the first classical theory of strength [13|, the intensity of the power load leading to
the layer fracture is

oy =op— (aa; — ap)

Poa — Pox + Pla B tanh ()
B <1 — ) (23)

Taking for the intensity of the power load, leading to fracture of a thick layer without admixture,
the expression

04+ = 0p + ao(poa — pox)

formula (23) takes the form

cr

a — Pox T+ Pla tanh (Y
0% = o — aol(po — por) — (aas — ag)Pe L0t Pla (1 - ﬁ) . (24)

1—a )

This formula can be interpreted as the one that describes the size effect of tensile strength and impact
of admixture on it.
Fig. 7 shows dependence of 0"/ (appo«) on the layer thickness for a = —0.1, —0.2, —0.3 (graphs 1-3

respectively), o4/ (agpox) = 0.3, poa/pox = 0.5, p1a/pox = 0.02, a3 /ag = 0.1.

0.6 1
_ 958 0.8 //
I \ 5 = 1
5 2 [~
b“ \ \\Q /
0.4 ~——] 0.6 //
1 /
0.3 0.4
2 9.5 17 24.5 32 -0.4 -0.3 -0.2 -0.1 0
gl ‘ a
Fig. 7. Size effect of strength. Fig. 8. Surface tension in halfspace dependence on a.

4.2. Surface tension

Surface tension f, in the body free from the power load is an integral characteristic of nearsurface
stretching stresses [14]. From the condition oy, (x,) = 0 we find the point z, of transition of stretching
nearsurface stresses into compressive ones in the layers with thickness 91 such that exp(dl) > 09I

Za :z<1— 1“5;;”).

Considering this relation in the formula

_ Poa — Pox + p1a Lsinh(Vz,) — x4 sinh(91)
fp = —(aa1 = ao) l1—a Yl cosh (V1)

for surface tension we obtain

fp = (aa; — ao)%o_*:)pm <1 - % (1+ ln(ﬁl))) .
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With layer thickness increase the surface tension increases, heading for the value of the surface tension
in half-space saturated with admixtures

Poa — Pox + Pla

17 = (am — ag) P e,

that is it shows the size effect.

Fig. 8 shows dependence on the parameter a of the ratio surface tension in saturated half-space
to surface tension in half-space without admixtures pog/pox = 0.5, p1a/pox = 0.02,0.1 (graphs 1-2
respectively), a1/ag = 0.1.

Further research is needed to study the impact of the geometric non-homogeneity of the body
surface on the revealed effects.

5. Conclusions

Using the methods of irreversible thermodynamics the key systems of equations describing the me-
chanic, thermal and diffusive processes in two-component solid solution are formulated. The systems
take account of structural nonhomogeneity of the skeleton subsystem. As key functions the skeleton
and admixture densities as well as displacement vector (strain tensor) are chosen. The boundary
conditions of corresponding boundary value problems include classical conditions for mechanical com-
ponents (stresses, displacements) and the boundary condition for skeleton subsystem density accounts
for the roughness of real body surface. Methods of steady state studying are consistent determining of
skeleton and admixture densities and the following search for mechanical fields.

The presence of admixture in the body leads to a change in the characteristic size of the nearsurface
nonhomogeneity, and thus to change of the scale of size effects of thin film strength, surface tension
and so on.

In the free of power load layer the greatest stress is the stretching stress at the layer surface. When
moving away from the body surface the stress reduces and became compressive near the middle surface
of the thin film. The presence of admixture in the body does not change the picture of the stresses
distribution however leads to changes in the values of stresses. The presence of admixture does not
change the picture of size effects in thin film.
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eyn Jowc. Jlydaesa, 15, 79005, Jlveis, Yxpaina
2 Mexamixo-mawunobydisnuti daryrvmem, Ynisepcumem micma 3eaena Typa
eyn. npop. Ilapparna 4, 65-516, Seaena Iypa, Hoavwa
3 Texnonozivnuti ynisepcumem micma Onoae
eya. Jhobowuuyvka 3, 45-036, Onoae, Hoavwa
4 JTvsiecorut nayionarvrut yrisepcumem imeni Isana Pparka
eys. Ymieepcumemcovka, 1, JIveie 79000, Yxpaina

CdopMy/IbOBaHO KJIFOYOBI CUCTEMH PiBHSIHB, IO ONUCYIOTH IIOBEIIHKY Ta CTAI[IOHAPHUIA
CTaH CTPYKTYPHO HEOTHOPIIHUX JTBOKOMITOHEHTHUX TBEPIUX PO3YUHIB. 3a KIIFOUOBI DyHK-
i1 UPUAHATO IYCTUHU CKEJIETY Ta JOMIIIOK, & TAKOXK TEH30D HAIPYKeHHs (BEKTOD IIepe-
mimennst). Ha 1iif 0CHOBI BUBY€HO NPUIIOBEPXHEBY HEOMHODIAHICTH Ta po3MipHi edexTn
[IOBEPXHEBUX HAIIPY?KEHb Ta IHTEHCHBHOCTI CHJIOBOTO HaBaHTAXKEHHS, 1[0 IPUBOIUTH IO
py#iHyBaHHS TOHKOI ILIIBKH.

Knw4osi cnoBa: meepdi posuumu, npuno6eprresa Heodnopionicms, morks NAieKu, po3-
MIpHT epermu.
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