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1. Introduction

The process of mathematical modeling of modern scientific and technical problems such as heat trans-
fer problems, transport of pollutants and other problems often requires investigation of transfer of
substance in the environment with complex heterogeneous structure. A lot of investigating domains
are characterized by the availability of thin channels with properties that are different from the main
environment. These heterogeneities produce significant difficulties while using the known approaches
to solving given problems. Besides this, most of such problems involves differences in types of transfer
of substance in thin channels. The simplest of these is the existence of advective transfer together with
the diffusive one. It is known that solving the advection-diffusion problem by numerical methods, in
particular by the finite element method (FEM) [1], becomes highly complicated in the case of large
Peclet numbers because of the instability of computational process.

The multiscale finite element method (MsFEM) [2] was introduced as a modification of FEM for
diffusion problems in the heterogeneous environment. The main idea of MsFEM is that the multi-
scale structure of the solution is incorporated into the specific localized basis functions. Thereby the
multiscale features of the solution are captured, and thus better approximation with a small number
of finite elements takes place. It was shown [3, 4] that MsFEM is also efficient for solving advection-
diffusion problems in the heterogeneous environment. In this paper MsFEM is applied to solving the
advection-diffusion problems with large Peclet numbers in a thin curvilinear channel, that is in the
homogeneous environment.

2. Multiscale finite element method

Multiscale finite element method consists of two steps: construction of the multiscale basis functions
and coupling these multiscale basis functions into global numerical formulation. The basis functions
are designed to capture the specific features of the solution (important features of the solution are
incorporated into these localized basis functions). A global formulation couples these basis functions
to provide an accurate approximation of the solution.
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Let us consider the following one-dimensional problem

Lu = f in Ω, (1)

u = 0 on ∂Ω, (2)

where L is the differential operator of the problem (we will consider the advection-diffusion operator),
u is the unknown function, f is the given function, Ω = [a, b] ⊂ R.

At first, we consider the basis functions construction. Let Ph be a partition of the interval [a, b] into
finite elements by points xi, i = 0, n, x0 = a, xn = b. We call this partition the coarse grid and assume
that the coarse grid can be resolved via a finer resolution called the fine grid. Let ϕ0

i be the nodal
basis functions of FEM. For simplicity, one can assume that ϕ0

i are piecewise linear functions [1]. Let
us denote as Si the support of ϕ0

i and define MsFEM basis functions ϕi with support in Si as follows

Lϕi = 0 in K, ϕi = ϕ0
i on ∂K ∀K ∈ Ph, K ⊂ Si, i = 0, n; (3)

that is multiscale basis functions coincide with standard finite element basis functions on the boundaries
of a coarse-grid block K and capture the specific features of the solution in the interior of each coarse-
grid block. Throughout, K denotes a coarse-grid block.

Next, we consider the global formulation of MsFEM. Analogously to standard FEM we will look
for the solution in the form

ũ(x) =

n
∑

i=1

uiϕi(x). (4)

We introduce the space

Ṽ =
{

u(x) : u(x) ∈W
(1)
2 , u(a) = 0, u(b) = 0

}

.

After multiplying the equation (1) on the arbitrary function v ∈ Ṽ and integrating the result on Ω
we will obtain the variational formulation of the problem (1)–(2) that is as follows. Find such function
u(x) ∈ Ṽ that satisfies the condition

(Lu, v) = (f, v) ∀v ∈ Ṽ . (5)

In the case of advection-diffusion operator L we can get rid of second derivatives in (5) using integration
of (Lu, v) by parts.

We take in (5) v = ϕ0
j ∈ Ṽ , j = 1, n. Substituting (4) into (5) we obtain the following system of

equations
Au = b,

where A = (aij) is the matrix with elements aij =
∑n

r=1

∫

Kr
Lϕi(x)ϕ

0
j (x)dx, i, j = 1, n; u = (ui) is

the vector of unknown values of the function u in nodes xi ∈ Ph, i = 1, n; b = (bj) is the vector with

elements bj =
∫ b

a
f(x)ϕ0

j(x)dx, j = 1, n.
As a conclusion let us present the algorithm of MsFEM [2]

Algorithm 1. MsFEM Algorithm

1: For each coarse grid block Kr, r = 1, n do
2: – For each vertex i
3: – Solve for ϕr

i
satisfying L (ϕr

i
) = 0 and boundary conditions (see (3))

4: – End for
5: End do
6: Assemble matrix A and vector b on the coarse mesh
7: Solve the coarse formulation.
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3. Mathematical model of advection-diffusion in a thin curvilinear channel

Let some smooth curve is defined by the parametric equation

x1 = x1(α1), x2 = x2(α1). (6)

We construct the curvilinear coordinate system α1, α2, that is related to (6) so coordinate α1

corresponds to the direction of curve tangent and coordinate α2 corresponds to the direction of curve
normal.

Let us consider a thin curvilinear channel (see Fig. 1) in the coordinate system introduced above

Ω = {α1α2 : α
b
1 6 α1 6 αe

1, −h 6 α2 6 h}.

Fig. 1. Thin curvilinear
channel.

We denote by A the Lame coefficient of the curve (6) and by K — the
curvature of this curve [5]

A =
√

(x′21 + x′22 ), K =
x′′2x

′
1 − x′′1x

′
2

A3
.

The components gij of the metric tensor in orthogonal coordinate sys-
tem α1α2 can be represented as

g11 = H2, g22 = 1, g12 = g21 = 0; H = A(1 + α2K). (7)

Let us consider the advection-diffusion equation in Ω

κ
∂u

∂τ
+ κW gradu− div(λ grad u) = f, (8)

where u(τ, α1, α2) is the unknown function, W = {Pe, 0}, Pe is the Peclet number, κ = const > 0,
λ = const > 0 are the given coefficients, τ is the time, f(α1, α2) is the given function.

We take into account that the following equations will take place in orthogonal coordinate system
α1α2

div(λ grad u) =
1√
g

(

∂

∂α1

(√
g

g11
λ
∂u

∂α1

)

+
∂

∂α2

(√
g

g22
λ
∂u

∂α2

))

,

gradu =

{

1√
g11

∂u

∂α1
,

1√
g22

∂u

∂α2

}

,

g = det {gij} .
According to (7) we obtain

div(λ gradu) =
1

H

∂

∂α1

(

λ

H

∂u

∂α1

)

+
1

H

∂

∂α2

(

λH
∂u

∂α2

)

,

grad u =

{

1

H

∂u

∂α1
,
∂u

∂α2

}

,

√
g = H.

Thereby we can write equation (8) in the form

κ
∂u

∂τ
+ κ

Pe

H

∂u

∂α1
− 1

H

∂

∂α1

(

λ

H

∂u

∂α1

)

− 1

H

∂

∂α2

(

λH
∂u

∂α2

)

= f. (9)
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We consider the following boundary and initial conditions

u|α1=αb

1

= 0,

u|α1=αe

1
= 0,

(10)

−λ ∂u
∂α2

|α2=h = q+,

−λ ∂u
∂α2

|α2=−h = q−,

(11)

u(0, α1, α2) = u(0)(α1, α2), (12)

where q+(τ, α1, h), q
−(τ, α1,−h), u(0)(α1, α2) are the given functions.

We assume that the channel is thin, that is hK ≪ 1. Under this assumption we will look for the
solution in the form of linear distribution over the variable α2

u = u1(τ, α1) +
α2

h
u2(τ, α1), (13)

where u1(τ, α1), u2(τ, α1) are the unknown functions.
We consider the following space

V =
{

ψ (α1) |ψ(α1) ∈W (1)
2

(

αb
1, α

e
1

)

, ψ
(

αb
1

)

= 0, ψ (αe
1) = 0

}

.

Let us substitute (13) into (9) and orthogonalize residuals to arbitrary functions ψ(α1) ∈ V and
α2ψ(α1) ∈ V in terms of integrals over the variables α1, α2 in limits from αb

1 to αe
1 and from −h to h

respectively. We will obtain the following equations

m(u′, ψ) + a(u, ψ) + b(u, ψ) = l(ψ),

m(u′, α2ψ) + a(u, α2ψ) + b(u, α2ψ) = l(α2ψ),

where

m(u′, ψ) =

∫ αe

1

αb

1

∫ h

−h

κ

(

∂u1

∂τ
+
α2

h

∂u2

∂τ

)

ψA(1 + α2K) dα1dα2,

a(u, ψ) =

∫ αe

1

αb

1

∫ h

−h

κPe
1

H

(

∂u1

∂α1
+
α2

h

∂u2

∂α1

)

ψHdα1dα2,

b(u, ψ) = −
∫ αe

1

αb

1

∫ h

−h

(

∂

∂α1

(

λ

A

(

∂u1

∂α1
− α2K

∂u1

∂α1
+
α2

h

∂u2

∂α1
− α2

2K

h

∂u2

∂α1

)))

ψ dα1dα2

−
∫ αe

1

αb

1

∫ h

−h

(

∂

∂α2

(

λA(1 + α2K)
∂u

∂α2

))

ψ dα1dα2,

l(u, ψ) =

∫ αe

1

αb

1

∫ h

−h

fψA(1 + α2K) dα1dα2.

Let us integrate these components over the variable α2. Taking into account our assumption of
hK ≪ 1 we will neglect components that contain (α2K)2. After using (11) we obtain

m(u′, ψ) =

∫ αe

1

αb

1

2hκ

(

∂u1

∂τ
+
Kh

3

∂u2

∂τ

)

ψAdα1,
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m(u′, α2ψ) =

∫ αe

1

αb

1

2h2

3
κ

(

∂u2

∂τ
+Kh

∂u1

∂τ

)

ψAdα1,

a(u, ψ) =

∫ αe

1

αb

1

2hκPe
∂u1

∂α1
ψ dα1,

a(u, α2ψ) =

∫ αe

1

αb

1

2h2

3
κPe

∂u2

∂α1
ψ dα1,

b(u, ψ) = −
∫ αe

1

αb

1

(

∂

∂α1

(

2hλ

A

(

∂u1

∂α1
− Kh

3

∂u2

∂α1

)))

ψ dα1

−
∫ αe

1

αb

1

(

−A(1 +Kh)q+ +A(1−Kh)q−
)

ψ dα1,

b(u, α2ψ) = −
∫ αe

1

αb

1

(

∂

∂α1

(

2h2

3

λ

A

(

∂u2

∂α1
−Kh

∂u1

∂α1

))

− 2λAu2

)

ψ dα1

−
∫ αe

1

αb

1

(

−A(1 +Kh)hq+ −A(1−Kh)hq−
)

ψ dα1.

As ψ(α1) is arbitrary, we can write the basic equations for finding u1 and u2 [6]

κ

(

∂u1

∂τ
+
Kh

3

∂u2

∂τ

)

+
κPe

A

∂u1

∂α1
− 1

A

∂

∂α1

λ

A

(

∂u1

∂α1
− Kh

3

∂u2

∂α1

)

=
1

2h

(
∫ h

−h

f(1 + α2K)dα2 − (1 +Kh)q+ + (1−Kh)q−
)

, (14)

h

3
κ

(

∂u2

∂τ
+Kh

∂u1

∂τ

)

+
h

3

κPe

A

∂u2

∂α1
− h

3

1

A

∂

∂α1

λ

A

(

∂u2

∂α1
−Kh

∂u1

∂α1

)

+
λ

h
u2

=
1

2h

(
∫ h

−h

f(1 + α2K)α2dα2 − (1 +Kh)hq+ − (1−Kh)hq−
)

. (15)

Performing the same transformations as were used for obtaining (14), (15) we can write bound-
ary (10) and initial (12) conditions for functions u1(τ, α1), u2(τ, α1) in the form

u1|α1=αb

1

= 0,

u1|α1=αe

1
= 0,

u2|α1=αb

1

= 0,

u2|α1=αe

1
= 0,

(16)

u1(0, α1) =
1

2h

∫ h

−h

u(0)dα2,

u2(0, α1) =
3

2h2

∫ h

−h

u(0)(1 + α2K)

(

α2 −
Kh2

3

)

dα2.

(17)

Therefore, we reduced the initial problem (9)–(12) to one-dimensional case and obtained the system
of two linear differential equations for u1 and u2 (14), (15) with the corresponding boundary (16) and
initial (17) conditions in the case of initial-boundary value problem in a thin curvilinear channel under
the assumption of a linear distribution over the variable α2.
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For simplicity, let us rewrite the obtained initial-boundary value problem (14)–(17) to vector form [7]

κM
∂u

∂τ
+
κPe

A
L
∂u

∂α1
− 1

A

∂

∂α1

λ

A
N

∂u

∂α1
+ λPu = f , (18)

u|α1=αb

1

= (0, 0)T ,

u|α1=αe

1
= (0, 0)T ,

(19)

u|τ=0 = u0, (20)

where u = (u1, u2)
T ,

M =







1
Kh

3
Kh2

3

h

3






, L =

(

1 0

0
h

3

)

, N =







1 −Kh
3

−Kh
2

3

h

3






, P =

(

0 0

0
1

h

)

,

f =
1

2h









∫ h

−h

f(1 + α2K)dα2 − (1 +Kh)q+ + (1−Kh)q−

∫ h

−h

f(1 + α2K)α2 dα2 − (1 +Kh)hq+ − (1−Kh)hq−









, u|τ=0 =

(

u1(0, α1)
u2(0, α1)

)

,

u0 =
1

2h









∫ h

−h

u(0)dα2

∫ h

−h

u(0)(1 + α2K)

(

3

h
α2 −Kh

)

dα2









.

4. Numerical experiments

For comparison we solve the problem (18)–(20) using MsFEM and standard FEM methods. We present
the multiscale basis functions in vector form, so they can be found from (3)

ϕi = (ϕ1
i , ϕ

2
i )

T , i = 1, n,

where n — count of finite elements on coarse grid.
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Fig. 2. Multiscale basis functions obtained in rectilinear channel with 20 finite elements for coarse and fine
grids.
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In Fig. 2a multiscale basis functions for (14) are presented for Pe = 10 and Pe = 100 respectively.
Note that for low Peclet numbers multiscale basis functions are similar to piecewise linear basis func-
tions of FEM, so we expect that the solution obtained by MsFEM will behave in the same manner
as the FEM solution for low Peclet numbers. More interesting is the case of sufficiently large Peclet
numbers, where multiscale basis functions are completely different from the FEM basis.

We use the following values of parameters for numerical experiments: αb
1 = 0, αe

1 = 1, h = 0.15,
κ = 1, λ = 0.6, f = 1, q+ = q− = −1. At first we consider the rectilinear channel, that is when A = 1
and K = 0. In this case the analytical solution can be obtained for the stationary problem, so we can
compare MsFEM and FEM solutions with the analytical one and make conclusions about efficiency of
these methods.
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Fig. 3. Solutions obtained in rectilinear channel with Pe = 10 and n finite elements for coarse and fine grids.
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Fig. 4. Solutions obtained in rectilinear channel with Pe = 100 and n finite elements for coarse and fine grids.

As we can see from Figs. 3–4 the results obtained by MsFEM and FEM methods for Pe = 10 are
almost the same, while for Pe = 100 they are completely different (as was expected from the form of
constructed multiscale basis functions). For sufficiently large Peclet numbers the MsFEM solution is
much more accurate and stable, while the solution obtained by FEM contains unnatural oscillations.
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The absolute errors for FEM and MsFEM solutions (see Table 1) confirm that MsFEM is efficient even
for small amount of finite elements.

Table 1. Absolute errors of FEM and MsFEM solutions for Pe = 100, n = 10.

Node u1 FEM u1 MsFEM, 1.0e-03 * u2 FEM u2 MsFEM

0.1 0.0415 0.0000 0.1820 0.0008
0.2 0.0017 0.0000 0.0265 0.0015
0.3 0.0433 0.0000 0.1837 0.0021
0.4 0.0035 0.0000 0.0529 0.0027
0.5 0.0452 0.0000 0.1892 0.0032
0.6 0.0055 0.0000 0.0798 0.0037
0.7 0.0472 0.0010 0.1985 0.0042
0.8 0.0077 0.0222 0.1077 0.0043
0.9 0.0495 0.4712 0.2118 0.0116

Max 0.0495 0.4712 0.2118 0.0116

Next we consider a simple parabolic channel, the middle curve of which can be described by equation
y = x2. In this case A =

√
1 + 4x2 and K = 2

(
√
1+4x2)3

. The results obtained for this case are presented

in Figs. 5–6.
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Fig. 5. Solutions obtained in parabolic channel with Pe = 10 and n finite elements for coarse and fine grids.
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Fig. 6. Solutions obtained in parabolic channel with Pe = 100 and n finite elements for coarse and fine grids.

Mathematical Modeling and Computing, Vol. 4, No. 1, pp. 59–68 (2017)



Numerical analysis of the advection-diffusion problems in thin channel based on MsFEM 67

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

 

 

t=0.02

t=0.04

t=0.08

t=0.16

t=0.32

Fig. 7. MsFEM solutions in different time moments.

Now we can see that in the case of parabolic
channel both solutions obtained by MsFEM and
FEM converge and become more stable while in-
creasing the amount of finite elements. But in
the case when Peclet number is large the MsFEM
solution is stable even for small amount of finite
elements, while the solution obtained by FEM is
oscillating and unnatural. The obtained results
demonstrate the efficiency of MsFEM for large
Peclet numbers.

The Crank-Nicholson scheme is used for solv-
ing the non-stationary problem. In Fig. 7 we can
see MsFEM solutions in different points of time.
Here Pe = 100, n = 10 and step of time dis-
cretization is 0.01. Fig. 7 shows that the pre-
sented solutions converge.

5. Conclusions

The multiscale finite element method was applied to solving the advection-diffusion problem with large
Peclet numbers in a thin curvilinear channel. The solutions were also obtained by FEM and analytically
(in the case of stationary advection-diffusion problem) for comparison and verification of the results.
It was shown that the MsFEM solution is stable and matches the analytical solution in the case of
large Peclet numbers, while the FEM solution contains unnatural oscillations. Hence MsFEM allows
to solve the advection-diffusion problem with large Peclet numbers more accurately even with a small
number of finite elements.
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Розглянуто задачу адвекцiї-дифузiї у тонкому криволiнiйному каналi. До розв’язу-
вання цiєї задачi застовано рiзномасштабний метод скiнченних елементiв. Показано,
що цей метод є ефективним для достатньо великих чисел Пекле. Наведено та про-
аналiзовано результати обчислювальних експериментiв.

Ключовi слова: рiзномасштабний метод скiнченних елементiв, адвекцiя-дифузiя,

тонкий криволiнiйний канал.
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