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The effect of additional off-diagonal disorder of interionic interaction
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In this work, we report sub-nanoporous carbon which is synthesized for the first time
by means of supramolecular engineering methods for efficient energy storage at the elec-
trode/electrolyte interface. The achieved value of the differential capacitance more than
twice exceeds the corresponding value for the known carbon structures. Based on the
constructed impedance model and microscopic theory, the physical mechanisms of the
investigated processes are suggested.
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1. Introduction

The rapid development of electric vehicles and alternative energy, telecommunication and computer
technology actualizes the task of radically improving of the operating parameters of existing devices
for the electrical energy storage and the creation of new ones — the so-called supercapacitors, whose
capacitance is provided by the electrical double layer (EDL) on the boundary of the porous solid phase
and electrolyte. However, despite the considerable efforts, the successes achieved in this way cannot
yet be regarded as spectacular: the differential capacitance value Cgig for known classes of activated
carbon structures and electrolyte systems does not exceed 15 = 17 uF cm™2 [1]. This value is far from
the highest value (~ 50 uF cm~? [2]) inherent to the surface of liquid mercury, in which the length of the
Thomas-Fermi screening is significantly less than that of nanoporous carbonates. It is gratifying that
the analysis of the latest references (see for example, [3—7]) finally shows the correct trend in relevant
studies: the transition from the unsystematic involvement of more and more new materials (which in
structure, price and etc. is more likely to be “amusing”, without any reasoned broad-based chance of
taking into account tough market demands regarding the price of one Farad and environmental safety)
towards deeper understanding of the physical mechanisms of energy and charge storage in the EDL.
It becomes clear that trying to succeed in a given perspective makes no sense without finding answers
to a number of the following important issues:

— the algorithm of conjugation of the optimal porous structure of carbon with its corresponding
electronic structure, which would ensure the release of a Helmholtz capacitance by the capacitance
of the space charge region in a solid;

— interconnection of the structure of the electron energy spectrum with the decrease of the repulsive
interaction of surface-sorbed ions;

— limitation of the differential capacitance by various factors, in particular quantum capacitance and
the Coulomb blockade of EDL formation;

— the influence of the fractal geometry of nanoporous carbon on the kinetics of electric current and
on the rapid diffusion of ions in sub-nanometer pores.

(© 2018 Lviv Polytechnic National University 147
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The latter problem is well focused in the work [8]. The authors found a significant increase in
the capacitance of carbon pores of diameter (d), less than 1 nm: with decreasing d from 1.5nm to
0.8 nm, the differential capacitance increases from 4 to 14 uF cm™2. Despite the fact that the achieved
value of Cg;g is not something extraordinary, and the nature of such growth, as well as the mechanism
of diffusion of ions in this case are not clearly understood, these results can be extremely useful for
constructing theoretical mechanisms of energy storage in nanoporous environments, giving a powerful
tool for technologists and experimenters to radically improve the performance of supercapacitors.
This paper highlights the importance of both theoretical and experimental contribution to solve this
problem.

2. Basic concepts and methods of experiment

The stated goal was achieved using in the processes of energy storage the third basic type of the
organization of substances, i. e. clathrate (or supramolecular) due to its structural and energy pecu-
liarities [9,10|. This can lead not only to fundamentally new regularities of interphase charge transfer,
but also to highly efficient capacitive energy storage. Therefore, taking into account the needs of eco-
logical safety and low cost, 8-cyclodextrin was chosen as a precursor for activation carbonization; its
structure is schematically depicted in Fig. 1.

It contains intramolecular cavities, in which
guest components can be accommodated by molec-
ular recognition based on the principle of “lock—
key” [10]. Moreover, due to their self-organization
the cyclodextrins can form so-called molecular
beads with an internal hollow channel of sub-
nanometer sizes, which can be changed by differ-
ent modes of pyrolysis. The formation of sub-
nanoporous carbon was carried out under the fol-
lowing regimes: heating of the initial precursor at a
rate of 1°C/ min to 100 °C and endurance for water
removal for 2 hours, stabilization at a temperature
of 500 °C for 5 hours, carbonization at 800 °C for 4
hours. X-ray spectral analysis showed almost pure
amorphous carbon phase of the obtained product.

The porous structure of the carbon obtained

Fig. 1. Image of S-cyclodextrin molecules [11]. was determined by precision porosimetry methods
using a porometer ASAP 2000 M.

Electrochemical measurements in two- and three-electrode circuits with a silver chloride electrode
comparison were carried out. As an electrolyte, 30% aqueous KOH solution was used. Electrode
potentials E are listed in relation to the standard hydrogen electrode comparison.

Impedance spectra (in the frequency range 5 x 1072 — 10° Hz with amplitude of 5mV) in poten-
tiostatic conditions and galvanostatic charge — discharge cycles were recorded using the measuring
complex “AUTOLAB” of the company “ECO CHEMIE” (the Netherlands), complete with computer
programs FRA-2 and GPES. Deletion of questionable points was done by the Dirichlet filter [11,12].
Frequency dependences of complex impedance Z were analyzed by graphical and analytical method
in the software package environment ZView 2.3 (Scribner Associates). Errors of approximation did
not exceed 4%. The adequacy of the built impedance models of the experimental data package was
confirmed by the completely random nature of the frequency dependencies of the residual first-order
differences [11,12]. The values of the capacitances for the construction of the capacitance-voltage de-
pendencies were determined with an accuracy of 2—8% (Kramers—Kronig test was within 1076 —107?).
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3. Results and discussion

3.1. Experimental results

The data of precision measurements, elaborated by DFT method, indicate the bimodal porous structure
of the synthesized carbon with maxima in pore distribution at their diameters less than 1nm and at
4nm (Fig.2).

In a symmetric configuration of a supercapacitor’s cell, the specific capacitance reaches 158 F /g,
and in the negative potential region 203 F /g with practically “ideal” galvanostatic “charge—discharge”
cycles, the Coulomb efficiency of which is ~ 99.8% (insert to Fig. 2). Taking into account the values of
the area of the active surface, we calculate the differential capacitance, which was ~ 22 uF cm ™2, which
is higher than the corresponding parameter of known types of activated carbon. A further increase of
the Cgig up to 38 uF cm™2 was achieved due to an increase in the density of states at the Fermi level
by doping the original precursor with a ferrum.

Nyquist diagram of synthesized cavitate car- 1000 10
bon is shown in Fig.3. It certifies the ca- 100 08
pacitive mechanism of energy storage at the
electrode-electrolyte boundary, i. e., the ab-
sence of diffusion control inherent in the pseudo-
capacitors. At the same time, the presence of
high-frequency arcs on the hodograph of the
impedance (indicated by an arrow) is usually
treated by the presence of cylindrical pores
closed on one side [12]. The constructed Nyquist 1E-3
diagram corresponds to the de Levy circuit di-
agram, which was modified according to the S L S L L

. . 0 2 4 6 8 10 12 14 16 18 20 22
Woitte approach by sequentially joining the par- .

. . . Pore width, nm

allel Rgc Cse link (insert to Fig. 3). Here Rsco ’

and Cgco are resistance and capacitance of the
spatial charge area, respectively. It is obvious
that the kinetics of capacitive charge storage
improves (in particular, the tangent of the angle
of electrical losses decreases) both in the case of
the growth of the density of states at the Fermi
level, and in the case of imposing a negative (in
relation to equilibrium) potential. Taking into
account that the specific capacitance increases
in the indicated potential region, we can pur-
posefully “construct” active supercapacitor sys-
tems by attracting so-called “positive” carbon.

Whereas the experimental results are ex-
traordinarily, namely, the colossal growth of
the differential capacitance in comparison with
known carbons, the improvement of the kinet-
ics of capacitive charge storage, their correlation
with the density of states at the Fermi level,

—
=]
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Fig. 2. Distribution of pore space by their S-cyclodext-
rin carbon diameter. On the insert is galvanostatic cy-
cles “charge-discharge”.

ReZ

then appears the need for their theoretical ex- Fig.3. Nyquist diagrams for S-cyclodextrin carbon in

the case of non doping (1,2) and doping with a ferrum

(3,4) at equilibrium potential (1,3) and with negative

polarization (2, 4). On the insert is a forward electrical
circuit.

planation. We need to develop the theory of
investigated processes that will promote their
deeper understanding, and hence the further in-
crease in the efficiency of energy storage at the
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boundary of nanoporous carbon with electrolyte. Obviously, first of all, it is necessary to understand
the mechanisms of possible release of Helmholtz capacitance by the capacitance of the spatial space
charge and/or to reduce the repulsive interaction of superficially sorbed ions in subnanopores and how
this will be affected by diffusion processes in spaces with nano-bound geometry. Proceeding from the
stated tasks of constructing a microscopic theory, we were based on the following principles.

3.2. Theoretical approaches

Previous theoretical approaches have focused on the concept of superionic state that has been suggested
in [13], and further explored and generalized in statistical mechanics theories [14] and computer sim-
ulations [15] to explain high capacitance in sub-nanometer pores. Using a matrix operator formalism
and 1D lattice model, including ion correlation screened by ion-image interaction analytical expres-
sion were obtained for the accumulated charge and capacitance as a function of voltage [16]. Cation
and anions of comparable size were lined up the single chain (along the axis of the cylindrical narrow
pore). One-dimensional model of the EDL was generalized in the framework of statistical-mechanical
theory [17]| based on the Ising model, and the differential capacitance and energy per unit area of the
pore surface were obtained. The graphic dependencies of the calculated capacitance and the average
spin as a function of voltage show the fact that the smaller the ions charging the pore, the higher the
voltages at which the peaks of the capacitance appear. The peak of capacitance is higher when the
ions that charge pore are smaller.

To elucidate the mechanism of charge storage in sub-nanometer pores we use an exactly solvable 1D
lattice model where the interaction between ions take place via nearest neighbor hopping. We calculate
the density of the electronic states of the system with impurities in low concentration. Furthermore,
we investigate the effect of the additional off-diagonal disorder of the interionic interaction on the
electronic spectrum, and analyze their significance for the processes of charge storage in such systems.
We study the localization effects in the considerable case of disordered 1D system where disorder is
applied in form of randomly distributed realistic ions, leading to partly periodic Hamiltonian matrices.

3.3. Hamiltonian of the system

In the representation of the secondary quantization, the Hamiltonian of the electronic system in the
chain (does not involve the spin variables) can be written as:

H= ZV r; —rj)a; aj—f—EZa ai, (1)

where aj and a; are the fermion creation and annihilation operators at site r; for the electronic system.
Also F is an onsite energy which do not depend on site number and the interaction V is a function
of radius-vector difference on cell ¢ and j. Specifically, we start with the equation-of-motion (EOM)
method in standard form:

€k, H] = er&e- (2)
Let us introduce the operators &g, §,j in the following way &, = >, uirai, §,j, = ju;fk,aj in

order to satisfy the residual relations {5;@,5,‘:,} = dr and normalization condition Zj ujk.u;fk, = Oppr-
Using (2), it leads to

Z Wik Z Vi(ri —rj)a; + Z Eajoij o = ek Z Ujkds-
i J J J
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By equating the coefficients for a;, we get the following relationship:

D (Vi =) + (B = ei)diy) s = 0.

The energy spectrum of the system can be calculated from equation

det |V(Tz — T‘j) + (E — ek)(sij| =0.

3)

We come to calculate N x N dimensional secular problem. This approach needs a computationally
expensive inversion, whose complexity scales with the second power of the number of involved ions.

However, the recursive algorithm can combine accuracy and relatively low numerical cost.

3.4. Recursive algorithm. Case of nearest neighbors

We set the matrix elements V' in (3) in this way: V; ;11 =V, Vi; = Ep, the rest of them are Vj; = 0,
which correspond to the case of nearest neighbors. The probability of a transition of an electron
through a site is assumed to be zero. In other words, the wave function of the electron is strongly
localized on the site and does not overlap with the wave function of the next neighbors. Thus, it is

sufficient to employ a matrix representation of (3):

Eo+ E — &4 1% 0 o 0
\% Ey+ E — ¢y, \%
0 |4 Ey+ E — ¢
ANEdet(Mk):
0 . . . . . Ey+E—¢

A tridiagonal matrix technique for det(Mj}) calculation have been considered in the general case in
the work [18]. Let us introduce new variable x = (¢ — E — Ep)/V and rewrite determinant Ay as

follows:

—x 1 o . . . 0

1 -z 1

1 —=x

Ay = . =0

0
. o1
0 . . .01 —x

or the corresponding expression can be deduced from above in the recurrent form:
AN = —2AN_1 — AN_2.
Given recurrent formula originates the Chebyshev polynomials

Ag=1, A;=-—z, A2:x2_1’ Agz—x3+2x,...

For x = —2cos ©, we obtain
_ sin[(N +1)0]
N sin © )
The condition Ay = 0 gives © = Nk—ll (k=1,2,...,N), thus, x = —2cos Nk—ll
levels in an explicit form we find: ¢, = Ey + F — 2V cos Nk—ll
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3.5. Calculation of the energy spectrum for a local impurity

Let us consider 1D case (let’s have N sites). The electronic properties of the system can be modified
by the doped atoms. The impurity is characterized by new matrix elements of the Hamiltonian, which
differ from the values inherent to the ideal case, only in the impurity’s confinement. Let the impurity
site have energy FE71, the rest of them are chosen to be equal F;~¢g = Ejy and interaction V is the same
around impurity site. We can consider both the non-diagonal disorder of matrix elements Vj;» and the
diagonal disorder of energy levels ¢;.
Such a disorder can be due to two reasons:
— there may be a physical or chemical difference between components of periodically placed sites;
— possible fluctuations in the relative distance between the atomic centers in the chain, and the
disorder is obtained as a result of these fluctuations.

Thus, the Hamiltonian has the form

N-1
H=V Z (af ajp1 +afa;i—1) + Z Eoa} a; + Eraf ag.
i=1 i#0

Analogically for the case of the nearest neighbors we obtain the determinant

EO — & \% 0 . . . 0
v Egy—e V . . . 0
Ay =
0 . . .V Ey—c¢ v
0 . . . . Vv E1 — &
Using dimensionless values x = E*VEO, T = E*VEI and expanding Ay by its last row, we obtain two

additions, the latter one we expand by its last column. Finally, we get the determinant as follows

An = (—z1)AY_; =AYy,

where 2 1 0 . . 0
1 —x 1
0 ) ) sin[(N +1)0)]
A — S A ML A 5
N ) ) 0 sin © (5)
1 —x 1
0 1 —z

Thus, we get the equation of the order N:
AN = (—z1)sin(N arccos(—z/2)) — sin[(N — 1) arccos(—z/2)] = 0.

By introducing the disturbance A = (Ep — E1)/V and rewriting x; = (¢ — E1)/V =z + A, we

have

Ay =sin((N + 1) arccos(—z/2) — Asin(N arccos(—z/2)) = 0.
In representation of © variables we obtain a periodical function f(©) = sin((N+1)©)—Asin(N©) =0
with N roots at |z| < 2 taking into account the condition x = —2cos ©.

To get solutions at |x| > 2 we need to make the transition to complex variables ©® — i. Then from
equation sin((N + 1)a) — Asin(Na) = 0 we have (N — 1) roots, and impurity induces one decoupled
level whose position depends on the impurity strength. The condition for the emergence of such a level
is following: A > (N + 1)/N. Since the impurity changes the energy structure of the porous carbon,
it has a great influence on the charge storage in the system.
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3.6. Effect of additional off-diagonal disorder

It is interesting to consider the energy spectrum in the case when the potential of the impurity V3, that
is, the matrix elements V;; differ in the nearest neighbors of the defect, i. e. to study the influence of
additional impurity potential on the energy spectrum. In this case, the Hamiltonian has the following

structure N_1

H=V Z (ajaiﬂ + a;rai_l) + VlaaLal + Z an;_az‘ + ElaaLao

i=1 i#0
and the determinant becomes
E1 — & Vi 0
V1 Eo — & Vv
Ay = Vv Ey—e¢ V
0 \% EO — &
Using notations (E) —¢)/V = —z1, 1 = x — A, and
defining V1 /V = ¢/b as a parameter relating to the mod- A
ification of the hopping integral around impurity site, we - 2(8)
. . 47 » z2(A), c/b=14
obtain the equation s ’
AN:Sin(N+1)@+ASinN@ 27 gg%ggggggggggg‘x;:%g%%g
2\ o . S S T T R R
+(1—(V1/V)?)sin(N —1)©. (6) Ao tiiiasssseenazrizazs
5 sesespocaarfifiiiiiiy
We now show some numerical results to examine the prees sk : : sroitearae ;
role of onsite energy. In Fig.4, the energy plots in the D
special case where V;/V = 4, compared to the latter, as Laanrtt
discussed earlier. A nonzero value for V7 leads to a shift 4
either to the left (when V; > 0) or to the right (when
T T T T T T
Vi1 <0). 4 2 0 2 4
In the case of the repulsion potential the inclusion A

of the additional ratio Vi /V leads to stronger electronic
binding to the impurity when the impurity hopping pa-
rameter is large. In other words, it leads to a greater
decoupling of impurity level.

3.7. Calculation of the energy spectrum for many im-
purities

Fig.4. The effect of additional hopping pa-
rameter at energy spectrum, taking V1 /V = 4.

Let us generalize previous results for the case of | randomly distributing impurity centers at the

VK.

positions k1, ...

In contrast to Anderson disorder, which randomizes the Hamiltonian matrix of

the whole system, here we have ideal ones of the periodic system:

MY 1
1 —X1 1
1 Mgg—kl—l 1
1
0

0
1 =0,
1
1 —X1 1
1My,
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where the matrices M? correspond to determinant (4) of ideal sub-systems with respective sizes. To
find the energy spectrum, we need to solve a secular problem of N x N size. One of the disadvantages
of one-electron approximation is the numerical complexity of machine calculations of such systems.
Therefore, the problem is to reduce the secular problem of size N x N to only the equation of the
order N. In consistently conducting calculations, similar to previous, we obtain the formula:

I

k‘l«klfl )

AT =) il —m)
i=0

Ao(kl+1—1)

where a;1 = 111 ,

-1
a = ZAO(/WH—kl_j_1)A?£k;z-j—1)’
i=0

This formula is more convenient in recurrent representation. Let us expand the determinant by k;
column; after some simple algebra, we have

AQ =AY + (@ - e Ay, ALY (7)

We succeeded in transformation the secular problem to an equation (7) of the order N, which can
be solved numerically. Seeking energies can be found as €, = Ep + Vz, x = —2cos ©. The results are
convenient to present by constructing a configurative averaged density of states.

3.8. Configuration averaged density of states

By definition, the density of energy states is defined as relations p(E) = AN(E)/N, where AN(E) is
a number of energy states in (E, E 4+ dE) interval. Density of states is the main characteristic for the
study of energy spectra. We construct a configuration averaged density of states for all combinations

of impurities at k1, ..., k; positions in the following
] . . form:
100 ) = AN (z)
] p\r) = )
80 - Neons kiyk A
. where k1 =1,...,. N -1, ko =k +1,...,N, ...,
%60__ ki=k_1+1,...,N,
40 A L ; N! (N—-1+1)...N
° N = =
: A\ ) / conf = (N =) Il ’
920 - .\A’"\.f\./'\. AL /.v.v.,.,./ 4
here AN (x) is a number of the roots in the interval
0 — — — . of dimensionless energies Az. Configuration aver-

-2 -1 0 1 2
x

aged density of states of an ideal chain of ions and
at the disturbance A = 0.4 are shown in Fig.5 and
Fig. 6, respectively. The spread of values is due to
the finiteness of the chain.

Results for larger disturbance A which leads to the emergence of decoupled levels (in order to the
condition A > (N + 1)/N) are shown in Fig.7. An impurity, such as substitutional ion or a vacancy
in the porous carbon can lead to a quasi-bound state near the Fermi level. A small concentration of

Fig.5. Configuration averaged density of states of
an ideal chain of ions (N = 100, A = 0).
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Fig.6. Configuration averaged density of states Fig.7. Configuration averaged density of states
(N =100, 2 impurities, the disturbance A = 0.4). (N = 60, 2 impurities, the disturbance A = 2).

impurities can induce decoupled levels. As seen from Fig.7, one new resonant state appears above
the Fermi level. An impurity with negative strength has similar effects as the one with positive
strength, except that the resonant state induced by the impurity is below the Fermi energy. The
resonant state associated with positive or negative energy is analogous to the acceptor or donor state
in semiconductors, which lead to a resonant state below or above the Fermi level, respectively. It has
a great influence on conductance: the stronger the impurity, the larger the conductance.

Thus, our theoretical approaches focused on 1D lattice model of N ions, confined in cylindrical sub-
nanometer pores, are completely correspond to obtained experimental data which reveal the presence
of cylindrical pores closed on one side. We have also shown that the effect of additional off-diagonal
disorder of interionic interaction leads to the following consequences:

— increasing of density of states on and above the Fermi level caused by impurities (i. e. increasing of
concentration of delocalized carriers) which directly leads to a decrease in the degree of releasing
of Helmholtz capacitance by the capacitance of spatial space charge, thus providing as a result of
the growth of the differential capacitance;

— the emergence of localized levels in order to the condition A > (N + 1)/N;

— although the Coulomb potential in free space is long-ranged, electrostatic interactions are strongly
screened in a cylindrical pore, thus enables a denser packing of ions, providing correspondingly the
growth of differential capacitance;

— improvement of parameters of kinetics of ions, which not only increases the growth of differential
capacities, but also increases the power of the corresponding supercapacitors.

Extensions of this work may include the analysis of differential capacitance of systems in which
larger clusters of impurities may occur. These phenomena could be analyzed using the same matrix
techniques as employed here.

4. Conclusion

In this paper, we have focused on both experimental and theoretical approaches for studying the pro-
cesses of charge storage and the electronic structure of synthesized sub-nanometer porous carbon. The
achieved high values of the differential capacitance can be explained within the constructed impedance
model by presence of sub-nanometer cylindrical pores when essentially only one row of ions can fit
into the pore. 1D lattice model where the interactions between ions take place via nearest neighbors
has given us an excellent opportunity to analyze charging processes analytically. It was presented a
recursion formula method to compute the energy spectrum for a local defect and for the [ randomly
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distributing impurity centers at the positions k1, ..., k;. There is a role of the additional off-diagonal
disorder, an effect of the additional hopping parameter in the energy spectrum is included in the ana-
lytic result given in the equation (6). We reduce the secular problem of the N x N size to the single
equation (7) of the order of N. The main characteristic of the electron spectrum — the density of
states is constructed to study the mechanism of the charge storage, its dependence on the interaction
between ions, the effect of impurities on energy spectrum.
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Bnnune popatkosoro nosapiaroHanbHoro 6esnafy mMi>kioHHOI
B3aemMopii Ha 3bepiraHHa 3apsaay y cybHaHonopax
CynpamMoJsieKysipHOro KapoboHy cynepkoHaeHcaTopiB

Knamayk M., I'puropuax I.

Hauionarvrut ynisepcumem “/Ivsiscora nosimexwixa”,
eya. C. Bandepu, 12, 79013, Jlveis, Yxpaina

B pobori meromamu cympamosiekyssipHOl iH2KeHepil BIlepIlie CHHTE30BaHO CyOHAHOIIOPH-
cruit KapOoH st epeKTUBHOIO HAKOIMYEHHsI eHepril Ha MexKi #oro po3iiLly 3 ejek-
TposiToM. Jlocaruyre 3HadeHHst JudepeHIiaabHol €MHOCTI OLIBIN K BJBIYI TEpeBUIILYE
BIJITOBiTHY BeJUYUUHY 1T BiJIoMUX KapOOHOBUX cTPyKTyp. Ha ocHoBi mobymoBanol imre-
JAHCHOI MOJIEJI Ta MiKPOCKOIIYHOI T€OPii 3aIrpooHOBAHO (i3WaHI MEXAHI3ZMU TOCITI IZKEHUX
IIPOTIECIB.

Knwo4oBi cnoBa: cynpamosekysapti ancambai, Hanonopucmull Kapbon, nopucma
cmpykmypa, imnedaHcHa cnexkmpockonis, diaepama Hatxsicma, 1D modeav modsitinozo
ENEKTNPUYHO20 ULAPY, MEMOO DIBHAHD PYTY.
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