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In this paper mathematical model of spreading any number of information types with
external influences is considered. The model takes the form of n (number of information
channels) non-linear Tto stochastic differential equations. Conditions for asymptotic sta-
bility in quadratic average in first-approximation of the special points are considered for
general stationary model and special case with non-stationary parameters. The results of
example are presented for the special case of the base model with stationary parameters.
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1. Introduction

In the last century opportunities of information for influence on members of social communities are
begun to research. Scientists from different countries (USA, Great Britain, Russia and other) define
the information spreading process as leading factor of internal and external socio-political processes.
Since then work about information spreading process, its features, the possibility of using the process
in own interests are showed up.

These researches have caused to need mathematical models of information spreading process one
of the way to solve this problem is systems of ordinary differential equations.

Consider the basic model of spreading of any number of information messages in the society.

Let there be a certain social community of N people, potentially subject n information flows. At
time moment ¢y = 0 community falls under influence one of the N information channels. zj(t) are
numbers of people who have accepted the information from the k-th information flow (k = 1,n).
This value depends on external influences (media etc.) and interpersonal communication (internal
influences).

There are bg, k = 1,n — the intensity of communication, u are external influences. In this case we
get

Zp(t) = br(t)z(t) <N - Z%’(t)) +ug(t), zx(0) =z, k=1n. (1)
i=1

Works [1-3| are devoted to analysis of solution oh this model (1) with stationary parameters and
the special type of wug(t). Properties of solution of the system with the special type of wuy(t) are
analyzed in work [4]. Conditions of existence of range of first-approximation stability of the solutions
are considered in [5]. Problems of building estimations of parameters of model (1) are investigated
in [6-10].
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2. Stochastic stability in the first approximation of general model of information con-
frontation

Consider the case where the parameters are non-stationary and the external influences are simulated
us

Za;ﬂxl )+, k=1,n.

Then model (1) has the following form:

E(t) = by (t ( sz ) + Zamwz ) tek, 2k(0) =z0k, k=1n. (2)

We assume that the parameters of the intensity of communication by, k = 1,n are exposed disturb-
ing influence. Them the model can be written as the system of Ito stochastic differential equations

dxk( ) [bkxk ( Z xz > + Z akzxz + Ck
+ grar(t < sz ) dwg(t), k

dt

Il
—

S
—
w
~—

with the initial conditions
xk(o) = X0k, k= L—na

where wy(t) are Wiener processes, dxy(t) and dwy are stochastic differentials of processes xy(t) and
wg(t), k =1,n (in the sense of Ito).
Find the special point (x1,...,zno) for deterministic case of the system (3) from conditions

n
=) g =0,
i=1

n
Zakixio 4+ =0, k=1,n.
=1

Let us rewrite the system of linear equations (4) in a matrix form

1 1 o1 L

Z10
ail a2 ... Qln _ —C1 (5)

Tno

an1  An2 .o+ Qnn —Cn
The sufficient condition of non-negative elements of the vector (z1q, ..., Zno) is the existence of the
matrix .
1 1 o1

ail ar2 oo Q1p (6)

anl  Qn2 <o Onn
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On the basis of the Kronecker-Capelli theorem the linear system (5) has the unique solution if and
only if the next condition is fulfilled

1 1 | 1 1 o1 L
all al2 AT ) allp a2 AT —C1
rang = rang =n. (7)
anp1 Aap2 co. Qpn an1 Qp2 oo Qpn —Cp

Let us consider the linear approximation of the system (3) in neighbourhood of the special point
(Z105 -+ Tno)

dxk(t) = [bk (N — Zn:xzo> (xk(t) — .%'ko) + Zn: (aki — bkxko)(.%'l(t) — 1‘10)] dt

i=1

+ gk

(N — leo> (xk(t) — xko) — Tko Z (.%'Z(t) — 1‘10)] dwk.(t), k= 1,n. (8)

Taking into account (4) from the system (8) we get

n

dxk(t) = Z (aki - bkxko)(.%'l(t) — xz‘o)dt — JkTko Z (.%'Z(t) — xio)dwk(t), k= 1, n.

i=1 i=1

After replacement Ty (t) = xx(t) — 1o, k = 1,n we get the system of linear Ito stochastic differential

equations
n n

Az (t) = Y (ari — bearo)Ti(H)dt — grzwo Y Ti(t)dwy(t), k=T n. (9)
=1 =1

Let T(t) = (T1(t),...,Zn)T, w(t) = (wi(t),...,wa(t))", T is the symbol of transpose than we
can write the system (9) in matrix form

dE(t) = AT(t)dt + Y Ti(t) Bdw(t), (10)
=1
where
all — blxlo e alnp — blxlo —3gi1T10 e O
A - s B =
apl — bpTpo ... Gnp — bnTpo 0 e —OnTno

Theorem 1. Let the condition of existence matrix (6) and condition (7) for system (3) are satisfied.
The solutions of the system (3) are asymptotic stable in quadratic average in the first approximation
in the area of special point (x1g,...,ZTno) if and only if maximal eigenvalue of the matrix C,, have
negative real parts, where

C,=A+ AT +SpB'BE,,

and

E, =

is matrix of dimension n X n.
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Proof. By definition the zero solutions Z(t) = 0 of the system (9) is asymptotic stability in quadratic
average if the next consider is fulfilled

E @(t),7(t)) — 0,

t—o00

where F the symbol of expected value.
On the basis of the Ito‘s lemma we obtain system of differential equations in matrix form

B _ 2
wzw(ﬂ() T(t)) + 25 Lp (Zx )SpBTB , (11)

with initial conditions

Equation (11) we can be represented in the form

dE (2(1). 7(1) _

yr E([A+ AT +SpB'BE,| %(t),7(t)) . (12)

Here is an estimate for equation (12)

)\min(Cn)E (E(t)’j(t)) < < )\max(Cn)E (E(t)’f(t)) )

/
&

where Apin(Cr) and Apax(Ch) are minimal and maximal eigenvalues of the matrix C),.
On the basis of Gronwall-Bellman inequality we obtain

exp { /0 t Amm(cn)} E ((0),0(t)) < E (Z(t), 7(t)) < exp { /0 t Amax(cn)} E (%(0),0(t)) .

Because the parameters of the system (3) are stationary we have inequalities
n n
exp {Amin(Cn)t} Y (wor — w0)” < B (T(1), Z(8)) < exp {Amax(Cu)t} Y (wor — z40)*.  (13)
i=1 —

On the basis (13) the expression
E(z(t),z(t)) — 0

t—o00
is fulfilled if Apax(Ch) have negative real parts. Thus the zero solution Z(t) = 0 of the system (10) is
asymptotic stable in quadratic average. The solutions of system (3) are asymptotic stable in quadratic

average in the first approximation in the area of special point (x1g, ..., Zyo) if maximal eigenvalues of
the matrix C,, have negative real parts. ]

3. Stochastic stability in the first approximation of special case of model of information
confrontation

Consider the special case of the system (1)

L (t) = (ag(t) + bi(t)z < Z% ) + () (@ (t) —mEN),  24(0) = 2ok, k=1n,

where my, >0, >0, m; =1.
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And the parameters by (t), k = 1,n are exposed disturbing influence, thus we obtain the system of
Ito stochastic differential equations

d$k(t)=[( k(t) + bi(t)z ( Z% >+’Yk t)(x ()_mkN)]dt

+ gr(t)z ( Zx >dwk . k=T,n, (14)

2, (0) = o, k=T1,n.
The special point of system (14) is (mi N, ..
of the special point and replacement Ty (t)

with the initial conditions

S,mp N

). After linear approximation in neighbourhood
stochastic differential equations in matrix form

2(t) — miN, k = 1,n we get system of linear Ito

dz(t) = A(t)z(t)dt + Zn:fi(t)B(t)dw(t), (15)
i=1
where

Y1(t) — a1 (t) — bi(t)ymi N
A(t)

—al (t) — bl (t)mlN
—an(t) = b(t)maN nlt) — an(t) — bu(EmaN |
-0 (t)mlN . 0

B(t)
0 —gn(t)mp, N
Theorem 2.

The solutions of the system (14) are asymptotic stable in quadratic average in
the first approximation in the area of special point (miN
t

...,mpN) if and only if condition
%fo Amax(Dn (7))dT < —¢, ¢ > 0, Vit is satisfied, where Amax(Dp(t)) is maximal eigenvalue of the
matrix Dy(t),
1 *
Da(t) = 5 |[A(t) + AT () +Sp BT B + A™(1) + (A" (1)) + (Sp BT () B() E,) ] ,

where A*(t) is conjugate transpose of matrix A(t)

Proof. We need to find conditions of asymptotic stability in quadratic average of the zero solutions
Z(t) = 0 of the system (15).

On the basis of the Ito‘s lemma we obtain system of differential equations in matrix form
dE (Z(t), (¢

W = E ([A(t) + AT (t) + Sp BT (t) B(t) B, 7(t)
with initial conditions

3 (1)) (16)

n

E (2(0),%(0)) = > (zor — mxN)*.
i=1
In basis of Vazhevsky inequality [11] we obtain estimate for equation (16)

exp {/Ot Amm(Dn(t))} E (7(0),0(t)) < E (z(t),Z(t)) < exp {/Ot /\maX(Dn(t))} E (%(0),0(t)) .
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Thus the zero solution Z(t) = 0 of the system (15) is asymptotic stable in quadratic average if
condition & fo Amax (Dn (7))dT < —c, ¢ > 0, Vt is satisfied. The solutions of system (14) are asymptotic
stable in quadratlc average in the first approximation in the area of special point (m1N,...,m,N) if
condition fot Amax (D (7))dT < —c, ¢ > 0, Vt is satisfied. ]

4. Numerical experiment

We obtain the special case of the system (14) when n = 2 and parameters of model are stationary thus
we obtain the system of Ito stochastic differential equations

dxk(t) = [(ak + bk-xk(t)) (N — 1‘1(75) — 1‘2(75)) + ’yk(xk(t) — mkN)] dt
+ grag(t) (N — z1(t) — 22(t)) dwi(t), mi+me=1, myp =0, k=1,2. (17)

After linear approximation in neighbourhood of the special point (m;N,myN) and replacement
Tp(t) = o(t) — mpN, k = 1,2 we get system of linear Ito stochastic differential equations in matrix
form

dE(t) = AT(t)dt + (T1 + To) Bdw(t),

where

A= Y1 — a1 — blmlN al — blmlN B— —glmlN 0
ag — b2m2N Y2 — a2 — meQN 0 —QQTRQN )

On the basis of Theorem 1 the solutions of the system (17) are asymptotic stable in quadratic average
in the first approximation in the area of special point (m1 N, moN) if and only if all eigenvalues of the
matrix Cy have negative real parts, where

C, — 2(’}/1 —a; — blmlN) + Sp BTB Sp BT'B — a1 — bymiN — ag — boma N
2= Sp BTB — a1 — bymiN — a9 — bymoN 2(’)’2 — a9 — bgmgN) + SpBTB ’

SpBTB = (glmlN)2 + (ggmgN)z.

Thus the eigenvalues of the matrix Co have negative real parts if the next conditions are fulfilled

Y1492 — a1 — bymiN — ag — bamaN + Sp BTB < 0,
4(y1 — a1 — bymyN)(y2 — az — bamaN) — (a1 + bymiN + ag + bamaN)? +2Sp BTB(vy1 + v2) > 0.

As an example, we present the results of computer modeling of the dynamics of spreading two type
of information.

Let there be a certain social community of N = 100 people, potentially subject information flow.
And we analysis the mathematical model on the time interval (0, 10).

Let parameters of the model satisfy a; = 0.4, by = 0.003, a2 = 0.2, by = 0.004, vy = —0.1,
vo = —0.4, g1 = 0.001, go = 0.008, m; = 0.3, my = 0.7 and initial conditions are z1(0) = 40,
1‘2(0) = 20.
Then the system (17) takes the form
dx1(t) = [(0.4 4+ 0.003z1(t)) (100 — z1(t) — xo(t)) — 0.1(x1 (t) — 30)] dt
+0001SC1 (t) (100 - xl( ) - .Tg(t)) dwl(t),
dxa(t) = [(0.2 4+ 0.004z2(t)) (100 — z1(t) — xa(t)) — 0.4(x2(t) — 70)] dt (18)
+0.008z1 (t) (100 — x1(t) — z2(t)) dwa(t),
mi+me =1, mp >0, k=1,2.
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The solutions of the system (18) are asymptotic stable in quadratic average in the first approxima-
tion in the area of special point (30,70) because the conditions are fulfilled

Y1+ 2 — a1 — bymiN — ag — boma N + SpBTB = —1.156 <0,
4(y1 — a1 — bymaN)(y2 — ag — bamaN) — (a1 + bymi N + ag + bamaN)?
+2Sp BYB(y1 + 72) = 0.821 > 0.

Results of numerical experiment for system (18) are presented in Fig. 1.

55

50 60+

451

xo(t

(1) 2(1)

40 40+

35}

30 t 20

0 2 4 6 8 10

a b

Fig.1. The dynamics of the mathematical model (18); a) dynamic of first equation of the model (18) where

solid curve is for x4 (t), dotted curve is for dynamics of spreading first type of information without disturbing

influence; b) dynamic of second equation of the model (18) where full line is z2(t), dotted curve is for dynamics
of spreading second type of information without disturbing influence.

5. Conclusions

We have considered the mathematical models of information spreading process with a disturbing in-
fluence to the parameters of the system. The analysis is conducted using the first approximation in
neighbourhood of the special point. This approach makes it possible to have conditions of asymptotic
stable in quadratic average in the area of special point. The numerical experiment demonstrates the
practical meaning of the offered results. These results can be used to choosing strategy, to select values
of parameters (characteristic of actions) and to achieve desirable results.
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Crinkictb I'II,EI. H4acC CTOXAaCTUN4YHHUMX 36ypeHb pO3B $I3KIB y MaTeMaTn4Hmx

MoaensAaAx po3noBCrOg>XeHHA |chopmau,u 3i 30BHILUWHIMW BNaMBamMm

Haxoneunwuit O., [lesuayx FO.

Kuiscokut nayionarvhut ynisepcumem imeni Tapaca Illesuenka,
sya. Boaodumupcwvka, 64/13, 01601, Kuis, Yxpaina

Hageneno 3aranpay cxemy anajidy CTOXaCTHYHOI CTIMKOCTI 3a IepIIUM HAOJMKEHHSIM B
OKOJIi TOYOK CTIKOCTI MOJIeJ1i pO3IOBCIO/IXKEHHST JIOBLIBLHOT KLJIBKOCTI TUIIB iH(pOpMAIIl Ha
MIPUKJIAJIAX Y3araJbHEHOT MOJIEi 3 CTAIIOHAPHUMHY [TapaAMETPAMU Ta, MOJIEJI 3 HeCTaIlioHap-
HUMU [TapaMeTPaMU Ta, CHEMiaJbHUM ITPEJICTABICHHSIM 30BHINIHHOTO BILIUBY. Pe3yabraTrn
YUCJIOBOTO EKCIEPUMEHTY JIEMOHCTPYIOTH MPAKTUIHI MOXKJIUBOCTI 1€l cxemu. Orpumani
pe3y/IbTaTh [1aju 3MOTYy BHU3HAYATH JIJIs IIapaMeTpiB Mozesi JomycTuMi 00J1acTi, 3HAYUEH-
He 3 SAKUX Oy/ILyTh rapaHTyBaTH aCHMITOTHYHY CTIfKICTH y CepelIHbOKBAIPATHIHOMY 33
IepIM HAOJIMZKEHHSAM B OKOJII CTAIlIOHAPHUX TOYOK.
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