odeling
MATHEMATICAL MODELING AND COMPUTING, Vol.5, No.1, pp.88-97 (2018) M @puting

athematical

Generalization and application of the Cauchy—Poisson method to
elastodynamics of a layer and the Timoshenko equation

Selezov 1.

Institute of Hydromechanics, NASU,
8/4 Zheliabov Str., 03680 Kyiv, Ukraine

(Received 21 March 2018)

The Cauchy—Poisson method is extended to n-dimensional Euclidean space so that to
obtain partial differential equations (PDEs) of a higher order. The application in the
construction of hyperbolic approximations is presented, generalizing and supplementing
the previous investigations. Restrictions on derivatives in Euclidean space are introduced.
The hyperbolic degeneracy by parameters and its realization in the form of necessary
and sufficient conditions are considered. As a particular case of 4-dimensional Euclidean
space, keeping operators up to the 6th order, we obtain a generalized hyperbolic equation
of transverse (bending) vibrations of plates with coefficients depending only on the Poisson
number. Numerical calculations are carried out and presented. This equation includes,
as special cases, all the known equations of Bernoulli-Euler, Kirchhoff, Rayleigh, Timo-
shenko. It should be noted that the refined equation of bending oscillations of a beam,
firstly presented by Timoshenko, must be considered as the development of Maxwell’s and
Einstein’s investigations on the perturbation propagation with finite velocity in media.
For the first time, the conformity with the Cosserat theory is noted.

Keywords: Cauchy—Poisson method, FEuclidean space, partial differential equation
(PDE), elastodynamics, layer, hyperbolic approzimations, Timoshenko equation.

2000 MSC: 74H10, 74J05, 74K20
UDC: 531.4 DOI: 10.23939/mmc2018.01.088

1. Introduction

Modeling wave processes in real systems leads to the need to investigate degenerate operators. This
problem has always been relevant in mathematics. Great interest is the modeling wave propagation in
degenerate hyperbolic systems so that the finite velocity of perturbation propagation is satisfied.

The construction of hyperbolic equations describing real phenomena of perturbation propagation
with finite velocity is an important problem. Such modeling is based on Maxwell’s research (Maxwell,
1864) [1]. After modeling electromagnetic field, using a deep analysis Maxwell showed the finite veloc-
ity of perturbation propagation in the gas, in contrast to the traditional Boltzmann model (Maxwell,
1867) [2]. The construction of hyperbolic models as the development of Maxwell’s investigations was
realized by Einstein (Einstein, 1950) [3] and in the study of gravitational waves developed by Weber
(1950) [4]. Over the years of research and at last experimental detection of the speed of propaga-
tion of gravitational waves, the Nobel Prize has been awarded to researchers in 2017: B. C. Barish,
K.S. Thorne, R. Weiss.

After Maxwell, generalized hyperbolic models describing the propagation of heat, diffusion, and
others have been developed, cited in (Selezov and Krivonos, 2015) |5]. We also note the latest study on
the injection of a medical preparation into tissue, where a new generalization of the diffusion equation
to a hyperbolic equation is presented (Selezov & Kryvonos, 2017) [6]. From the mathematical point
of view, in essence, a second-order parabolic operator (predicting the perturbation propagation with
infinite velocity) was generalized to a hyperbolic operator of the second order (but now describes the
perturbation propagation with finite velocity). The method of solving the problem of elastodynamics
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for a layer by expansion in a small thickness coordinate was proposed in 1828-29 in works (Cauchy,
1828) [7] and (Poisson, 1829) [8|. This reduces the dimensionality of the problem by one, i.e. reduces
the three-dimensional problem to a two-dimensional one which was essentially used in the construction
of the theory of plates and shells. The method was generalized to n-dimensional Euclidean space in
2000 by Selezov (Selezov, 2000) [9] and without assumptions was considered in (Selezov and Kryvonos,
2015) [5]. The study presented earlier in the n-dimensional Euclidean space requires the introduction
of additional restrictions on degeneracy with respect to small parameters.

In this paper we present a generalization of the Cauchy—Poisson method to n-dimensional Euclidean
space and introduce a restriction on the derivatives. We consider hyperbolic degeneracy and the
construction of hyperbolic approximations of higher order. In the particular case n = 4, the wave
hyperbolic equations for the elastic layer are obtained. This approximation is of a higher order,
in contrast to known studies. It is especially first noted that Timoshenko’s equation for flexural
oscillations of a beam is a non-trivial generalization of the classical theory.

2. Generalization of the Cauchy—Poisson method on n-dimensional Euclidean space R"

In Euclidean space R™ with coordinates 2%, ¢ = 1,n, we consider a mathematical model represented
by a finite system of PDEs, for which a boundary value problem is posed in a domain Q x [0, X™],
X™ > 0 bounded by hypersurfaces x® = +h®, h® > 0 (the index s is fixed):

0= {:CE]R": —oo< (zh, 2%, 25 Lt ") < oo, 2" 20, —h° < 2° < hs}.

We assume that the hypersurfaces x® = +h® are removed from the middle hypersurface x* = 0
and that the expansion is relative to x°* = 0. We consider the case when conditions are given on
hypersurfaces x°* = +h%. It is assumed that the model depends on a finite number v of parameters
ey, ¥ = 1,v. Formally, such a model can be defined as a system k of PDEs of the p-th order with k
unknowns u;, (i = 1, k) and n arguments (Dunford & Schwartz, 1969) [10]

1 n. . . . _ 1 n
Fz(ac e UL U UL e Uy e UL, 1] s e Uk, ,51,...,5,,) = P(x",...,2") € Q.
N <~
P times P times

The following system of boundary conditions on hypersurfaces x* = —h®, * = h® is given
fj(xla"'axn;ula"'auk‘;ul,l)'”)uk, n..n ;51)”’)51/) xSZihs: ]‘ia ]Zla(k:p) (2)

(P—1) times

Here the index after the “comma” denotes differentiation with respect to the corresponding coordi-
nate. In general case p # n. The function F; depends on all possible partial derivatives of the p-th order
inclusive, the position of the hypersurface can depend on u; and their derivatives. The solution of the
boundary value problem (1), (2) consists in the definition of functions u;, which transform equations (1)
into identities, and in the choice of the set of these functions such that they satisfy conditions (2).

The assumption of smallness of parameters. The parameters €, are assumed to be small,
€, < 1. As aresult, degeneration by parameters €1, ...,&, can be considered. In the case of parameter
degeneracy, the problem can be essentially simplified: a reduction in the order of the system of PDEs,
partial decomposition, etc. This problem can be considered as a mapping of a partial differential
operator from R” in R*~1.

Deviations of hypersurfaces x® = +h® from a hypersurface z° = 0 are also assumed to be small.
The change of functions along the hypersurface z® = 0 is characterized by the quantity [. Then
€0 = # < 1. The value 2h® is assumed to be finite positive, 2h® = finite > 0. If the value [ is equal
to the wavelength A, i.e. =)\, then in the hyperbolic operator this corresponds to the output to the
characteristic defined by the principal part of the operator.
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Restriction on derivatives. We introduce a restriction on the class of differential operators
in contrast to (Selezov, 2000) [9]. The derivative components parallel to the median surface of the
hyperlayer must be even uy ¢ when s = 2,4, ..., which narrows the class of problems under consider-
ation. In the case of odd derivatives uy, ,, when k = s, the field can penetrate into the layer and the
decomposition will not be suitable.

Expanding as a decrease in the dimension of the problem. Cauchy and Poisson, when
considering the problem of elastodynamics in dimensional form for a layer, assumed that the thickness
of the layer is small compared with the planar dimension. In the generalization to Euclidean space,
this condition was noted above as the change in the unknown functions along the hypersurface is much
larger than their change along the normal. The expansion of field functions in power series in terms of
the coordinate relative to the median hypersurface leads to a degenerate problem of determining the
coeflicients of the series, which now depend only on the coordinates

o0
ui(t,z?, ... a1 a") = Zuik(t,xQ, R S ,x”)(xs)k.
k=1

Thus, the dimension of the problem is reduced by 1.

In this case, the expansions are valid for any field characterized by smooth (infinitely differentiable
functions), so that there exist convergent expansions. In the formal construction of solutions, one can
construct expansions in power series along the normal to the coordinate line, assuming the desired
functions in the class C*°.

3. Hyperbolic degeneration and the finiteness of the velocity of disturbances propaga-
tion

We consider a special case when the differential equations (1) and the boundary conditions (2) are
represented as the sum of linear and nonlinear parts, where the linear operator L is of higher order p
than the order p; of the nonlinear operator (Courant & Hilbert, 1962) [11]

0
1 . l
g P S B fgntan)
- ou, ou 0%u oPly orluy
] 1 n. . 1 k. 1 X 1 k . _p
+F; <x RN ,ul,...,uk,—axl,...,axn,axlax2, S A Gntel) El &y =PF in Q

izl)ka l:la—k) q:al+a2+---+an) q:ma plzla(p_l)’ (3)

0y,
) 1 n, L
{bllq(l‘ ,...,:C ;51)"')5V)ax1(a1)...ax’n(an)

. oP2uy
1 k + .
—|—fi(x,...,x";u1,...;..., S Do :Qj in Q

a;pn(PQ) ZS=+ths

The system of equations (3), (4) when &, — 0 will be called a degenerate system. If the hyperbolic
system of differential equations (3) remains hyperbolic in parameter degeneracy, then such degeneration
will be called a hyperbolic degeneracy.

It is assumed that the coefficients of the partial derivatives of the operator, which depend on the
parameters €1, . ..,€,, do not change the signs and do not vanish.

With degeneracy, equations of various types can be obtained. There are three possible cases:
degeneracy to equations of hyperbolic, parabolic or mixed type. The question is — what is correct?
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According to the principle of hyperbolic degeneracy with respect to a small parameter, it is necessary
that the original hyperbolic system degenerate also into a hyperbolic system. For this reason, only the
limiting hyperbolic systems are of interest from the point of view of the finiteness of the velocity of
propagation of perturbations and symmetry (Selezov, 2000) [9).

Differential equations and boundary conditions can be written in the form (Kythe,1996) [12]

L‘ _ 6qul
1= Yilay an) | gnlan)

+F =P at Q t20,(i,))=1k g=a14+a2+...+an, ¢=1,p,

o (5)
) (9 ' At . T _TT
{b]lqaxl(al) 8:6”(&”) +f]}ms:|:hs - Qj 9 .] _p k:’ q 1a(p 1)5 l 1ak’ ( )

(=)

where (5) is a system of k equations of the p first order with k& unknown functions, which must be
defined as its solutions satisfying the boundary conditions (6) and the initial conditions in the case of
the initial-boundary value problem, so that the correct statement of the problem is guaranteed. The
first term in (5) is the main part of the operator, the second term remains as part of the operator. In (6),
the term f; is an operator of lower order than the first term. It is assumed that the coefficients a;;, and
bjiq are constants, but they can depend on a small parameter ¢, < 1. Unlike equations of the general
form (1), (2), the system of equations (5) can be classified by the type of partial differential equations.
If the system of equations (5) is of hyperbolic type, then in the case of the well-posed Cauchy problem
for (5), (6), solutions exist in the region in the form of weak propagating discontinuities (discontinuities
of derivatives of the highest order in the differential operator). This corresponds to reality in actual
physical media or systems, any perturbation propagates at a finite rate determined by the properties
of the medium or system. The mathematical formulation of the finite-speed principle says that the
solution of the Cauchy problem with completely defined initial data is finite with respect to spatial
derivatives for every fixed value of the time coordinate (Kalashnikov, 1979) [13]. It should be noted that
the main part of the operator is responsible for the solvability of the initial-boundary value problem
for the Cauchy-Kovalevskaya (Misokhata, 1965) [14].

It is necessary to obtain hyperbolic approximations, i.e. to construct a mapping of the original
space R"(e,) into a degenerate space R"(g,) — R"™ that satisfies the condition of limiting correctness
to be of hyperbolic type; the condition of finite velocity of perturbation propagation [5,16|. In this
case, new functions @(z) appear in the degenerate space instead of functions u(x).

In what follows we consider the case of coordinate degeneracy £y = 2h/l = finite. The expansion
of field functions in power series in a degenerate coordinate s relative to the mid-hypersurface leads
to a degenerate problem of determining the coefficients of series that now depend only on the n — 1
coordinates

o0
ui(t,z?, ... 2" ") = Zuik(t,xQ, R 1 € L (7)
k=1

The substitution of (7) into partial differential equations (5) and boundary conditions (6) yields re-
currence relations from equations (5) and the set of systems of differential equations of infinite order
from (6) in. Recurrence relations allow us to express all the coefficients in increasing approximations
in terms of several initial ones.

The next step is the truncation of these infinite systems, which is possible in different ways, while
preserving the terms corresponding to different rules. One can express all of the recurrence relations
in terms u;, of a minimal finite number of unknown functions corresponding to the number of systems
of differential equations. Substitution of these functions into truncated equations leads to resolving
equations, which makes it possible to obtain various approximations, i.e. simplified models. The rules
for preserving the terms must be of the form that this system is of the hyperbolic type.

The necessary condition. A necessary condition for the existence of a finite velocity of pertur-
bation propagation in the n-th approximation is the hyperbolicity of the operator of the n-th order.
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To construct the hyperbolic approximation of the n-th order, it is necessary to keep all spatiotem-
poral differential operators up to a given order n in infinite systems. The preservation of all the terms
of the operator up to a certain order gives the main part of the operator of hyperbolic type.

The sufficient condition for the existence of the finiteness of the velocity of perturbation prop-
agation is the correct formulation of the IBV problem (Misokhata, 1965) [14].

For example, the preservation of operators up to the order 4 in an n-dimensional Euclidean space
leads to a hyperbolic approximation corresponding to the Timoshenko equation, but not containing a
correction factor of the thickness-shear type. The keeping of operators up to the 6-th order gives a
new higher approximation — a generalized hyperbolic equation.

4. Generalized hyperbolic equation of propagation of bending waves in elastic layer

Following the foregoing, let us consider the construction of degenerate models for the case R*. This
is the problem of elastodynamics for a layer. The mathematical formulation of the corresponding
IBV-problem for an elastic isotropic medium in terms of displacements w1, uo, ug that depend on the
orthogonal coordinates x1, o2, x3 and the time t is represented as follows: find the vector function w
(z1,x2,x3,t) as a solution of the equations in Q x [0,T], T > 0

V2ug, + (1 + A G)oy(V - u) + P, = Opug, k=1,2,3, (8)
satisfying the boundary conditions
033 |agmeje = @ (21, 22,1) , 033 |pym—gjo = ¢ (v1,22,1)

03 |z3:§/2 = p;r(xl)xQ)t) ’ 03 |m3:—§/2 = p;(xl)xQ)t) ) (Z = 152) (9)

and the initial conditions
Ug |t=0 =0 ) atuk‘ |t=0 =0 ) k= 15 2)3 (10)

The components of the displacement vector are represented in the form of power series in x3

o0
wi(z1, 2, x3,t) = Zuw(xl,xz,t)x%, i=1,2,3. (11)
vr=0

The functions u;, are assumed to be differentiable as many times as required, all the derivatives
u;y, are continuous, and the series (11) converge uniformly.

Mass forces Py are not taken into account in the future. The values are equal £ = 2h, V =
8%161 + 8%262 + 8%363 is the gradient operator, ey, k = 1,2, 3 is the basis vector; {-} is the symbol of

scalar multiplication. The symbols 0y and J; are the partial derivatives with respect to the coordinate
xj and time ¢, V2 = V - V is the Laplacian. The expression for the components of the stress tensor
has the form

Tik = Min i + G (U g + U ) -

0, i#k,
1, i=k
of the Young’s modulus E and Poisson’s ratio v, G = E/2(1+v), A = Ev/(14+v)(1—2v). The
agreement on summation over repeated indices is meant, and indices after the comma denote the
partial differentiation with respect to the corresponding coordinate.

Dimensionless quantities are introduced using the formulas, taking as the characteristic thickness
2h (m), shear wave velocity cs (m/s), density p (kg/m)

is the Kronecker symbol, G and A are the Lame constants, expressed in terms

Here 9;, :{

1 1 c 1 1
UZ == ﬁulm (.’IJT’{I,;) - ﬁ (xlva)a t* - itv q* - EQ7 h* = 57 C? = G/p
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When investigating the propagation of waves, dimensionless variables are introduced [* = ﬁl is the
wavelength, ¢* = é is the phase velocity. The generalized differential equation with respect to the

transverse coordinate uz = wp has the form (the asterisk is omitted)

a—2+a AVEA VLR ) 6—2V2+a o — 1 V2V2V2 + b 6—2V2V2—b 6—4V2+b L w
arr BT Sott oy o1 W 1Ot f e
= { |:1 — d1V2 + d28—22:| + d3V2V2 — d48—22v2 + d58—1} (qJr - qi) . (12)
IE) ot At [

In (12) the following notations are accepted: wg(z1,t) is the transverse displacement (deflection), ¢ is
the time, (g1 — g2) is the lateral load, coefficients are equal to

1 2 —v 7—8v 1 5 4% — 16v + 1
@ = ——-, = _——, 3= —— = o = —eni1 2
T —y) P 6(1—v) P as1—v) ' 120(1—v) 7 480(1—v)2
. 16> — 3Ty 419 642 — 104y + 41 _ 2w ]
ST UBT60(1—v)2 Tt U 7680(1—v)2 0 ' 8(1—w) 2§
d _1/2—41/—|—3 _41/2—121/+7 1
PTB8(1— )2 YT Te8(1—v)2 T 0 384

The operator with index K corresponds to the Bernoulli-Euler equation (extended to plates by
Kirchhoff). The operator with the TM index corresponds to the Timoshenko equation (extended to
the plates by Ufland and developed by Mindlin). The Rayleigh equation enters into the operator TM
at ag = 0. The operator with the TMC index corresponds to the generalized equation (constructed by
Selezov). From the above analytical construction follows as a special case the Timoshenko equation,
but without introducing a correction parameter — the coefficient of shear.

5. Analysis of the solvability of Cauchy—Poisson approximations

After introducing the dimensionless quantities presented above, as well as carrying out cumbersome
and long calculations, the coefficients «yp, bynwere found, which, when introducing dimensionless
quantities dependent only on the Poisson ratio v. They were subsequently calculated with a Poisson’s
ratio v = 0.3 characterizing many materials. Their values are equal to a; = 0.238, as = 0.405,
asz = 0.137, by = 0.012, by = 0.028, b3 = 0.003, by = 0.004.

6 4 i 1.0
0 [ 0.661 | 0 | 0.900 R N
10701 ] 1 |0.847 0.8
2 10709 | 2 |0.744 ./.__..\
310646 | 3 | 0.643 06
4 10566 | 4 |0.557 _ AN
510495 | 5 | 0.487 0 N
6 | 0.436 | 6 | 0.430 ' T~
9.
7 10388 | 7 |0.383 ' ~
8 | 0.348 | 8 | 0.344 0.2
9 10315| 9 | 0.312 -
10 | 0.287 | 10 | 0.285 0.04—. . . . L
0 2 4 6 8 10 2h

Fig. 1. The solvability of hyperbolic approximations of the 6-th and 4-th orders of the propagation of bending
waves in a beam strip.
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The conditions for the solvability of hyperbolic approximations of the 6-th and 4-th orders are
obtained for the propagation of transverse (bending) waves in a beam strip. The results of the computer
calculations are shown in Fig. 1.

The solvability of the approximations was investigated by substituting in equation (12) a solution
of the traveling wave type exp [i(kx — wt)], where k = 27/l, w = 27/I.

It is shown that the 6-th order approximation has one real root in the wavelength interval [ € [0, 10)
(Fig. 1), and for [ > 10 it has one real and two complex-conjugated roots. The above construction
of hyperbolic approximations made it possible to obtain analytical expressions for the coefficients of
the expansions, in contrast to the indefinite correcting coefficient characterizing the thickness shear
entering in the Timoshenko equation.

6. The model of Timoshenko. A new insight

A new look at the refined equations of the Timoshenko type for rods, plates and shells is presented in
accordance with the fundamental studies of Maxwell, Einstein, and Landau on the propagation of per-
turbations with finite velocity. J. Maxwell after fundamental research in the field of electromagnetism
(Maxwell, 1864) [1] first introduced the hyperbolic equation of propagation of waves with finite velocity
in gases (Maxwell, 1867) [2| instead of the parabolic equation describing the perturbation propagation
with infinite velocity.

S. P. Timoshenko (1921) [15] first generalized the parabolic equation for the propagation of flexural
vibrations of a beam to a hyperbolic equation (1921), applying the phenomenological approach, so
that the normal does not remain normal to the middle surface under bending deformations of the
beam, which is not taken into account by the model continuous medium. In the classical models of
Bernoulli-Euler, Kirchhoff (1850) [16], Rayleigh (1889) [17], the normal remains normal. The effects
of Timoshenko appear locally in the presence of sharp inhomogeneities, in wave theory these are short
waves. In this case, it is necessary to apply a more general theory than the classical one, for example,
the theory of Cosserat (1909).

It is impossible to change the type of the differential operator by any correction factor; it is pos-
sible only by selecting this coefficient to approximate the description to the model predicted by the
continuous medium.

Timoshenko’s generalization is analogous to that which occurs in the construction of other hyper-
bolic models, when higher order effects are taken into account that go beyond the framework of classical
traditional theories. For example, the heat propagation model (Cattaneo, 1948) [18], in this case, the
difference from the classical theory was later explained by nonequilibrium thermodynamics (Lykov,
1967) [19], the diffusion model (Davydov, 1935) [21] takes into account the collision of particles in con-
trast to the classical theory. We also note the model of hyperbolic turbulence (Monin 1955) 20|, the
equation of Smoluchowski (Davies, 1954) [22|, the equation of statistical processes (Fock, 1926) 23],
the sedimentation equation (Selezov, 2014) [24].

Application of the Cosserat theory. In the classical theory of continuous media, it is assumed
that the forces acting collinearly act on an infinitesimal element (Fig.2).

In the presence of a moment field, this field

’ (Fig.2a), can be regarded as appearing due to the
T noncollinear forces (Fig.2b). Cosserat (1909) [18§]
o assumed the collinearity of forces and introduced

|0 the moment 6. However, in any case (Fig.2), this

L1 can be understood as a discontinuity. This is in
J accordance with Timoshenko’s equation, when the

b normal to the middle surface does not remain nor-
mal after deformation. Thus, the introduction of
moment stresses can be understood as the action

\
\
\
|
a
Fig. 2. Effects of forces on an infinitesimal element.
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of noncentral forces, and this is a violation of continuity, and when the beam is bent, the normal does
not remain a normal to the deformed middle surface. This situation is essentially postulated in the
derivation of the Tymoshenko equation: the slope of the tangent to the bending curve dw/0x = ¢+~
is represented in the form where 1 the bending deformation, v shear deformation. At high frequencies
or sharp inhomogeneities this will manifest itself.

We give the equations of the Cosserat theory. Without loss of generality, we can obtain a plane
problem from (8)—(11) by rotating about a vertical axis Ox3. In accordance with the dimensionless
quantities introduced above and supplemented by the Cosserat parameters (the asterisks are further
omitted) ,

* « * B * Y * €k -k Cs .
S R e S O N 2

The equations for the displacement vector w and the rotation vector 8 have the form
VV2u+ (1 + MGV (V -u) —aV x V x u+2aV x 0 = dyu,

(B+27)V(V-0) = (v+e1) V XV x0+2aV x u—4ab = jo,0.

Timoshenko’s generalization. From the point of view of the theory of differential operators,
Timoshenko’s generalization is essentially nontrivial, since in this case a parabolic operator of a higher
order (the fourth, not the second) is generalized, in contrast to all previous generalizations (diffusion,
heat, etc.).

For clarity, we give the equations describing the propagation of one-dimensional waves, which
follow from (12) under rotation with respect to the vertical axis normal to the middle surface. The
Bernoulli-Euler equation (1695, 1744), extended to plates by Kirchhoff (1850) [16]

0w D 0w
guw, Zov _y, 13
ot2 + ph Oz4 (13)
The Rayleigh equation taking into account the inertia of rotation (Rayleigh, 1889) [17]

2 4 4
0’w D 0*w <I> o0*w _o. (14)

92 T ohort  \n) oo

The Timoshenko equation taking into account the shift (Timoshenko, 1921) [15]

2 4 4 4
0w D 0*w <D I>88w pl 811):0. (15)

o " onoat  \iZan T h) ores T w2an o
Equation (15), including (13) and (14), was presented in a substantial article by S.P. Timoshenko in
1921 (Timoshenko, 1921) [15] and was widly distributed as Timoshenko’s equation.

7. Conclusion

A generalization of the Cauchy—Poisson method for the n-dimensional Euclidean space with restrictions
on differential operators and a small number of degeneracy parameters has been presented. Conditions
for the degeneracy of hyperbolic approximations and the finiteness of the propagation velocity of
perturbations are given. A generalized equation for the propagation of bending waves in a layer has
been obtained as a particular case when n = 4. The Timoshenko equation has been considered as a
non-trivial generalization of a parabolic operator of a higher order than in the previous study. From
our research that generalizes known parabolic models to hyperbolic it follows that the construction of
higher hyperbolic approximations does not improve the accuracy of describing physical phenomena.
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Generalization and application of the Cauchy—Poisson method to elastodynamics . ..

VY3aranbHeHHA Ta 3actocyBaHHsi meTtoaa Kowi—llyaccoHa go
eflacToguHaMIKUN LWapy Ta PIBHSAHHA T UMOLLEHKO

Ceunesos 1.

Inemumym zidpomexanivy HAH Yxpainu,
sya. 2Keasnbosa, 8/4, 03057, Kuis, Ykpaina

Meron Komi—Ilyaccona y3arajibHeHO Ha n-BUMIPHUN €BKJIIJIIB IPOCTIP TaK, II[00 OTpUMaTH
AdepeHItiaIbHi PIBHIHHS B YACTKOBUX MMOXITHUX BUIITOTO TMOpsiaKy. Hapeemno 3acTocyBaH-
He 10 TOOYIOBH TiTepOOTIIHNX alMPOKCAMAIIi, 0 y3araJbHIOIOTh Ta JOTOBHIOIOTDH IO~
pesHi ochikenns. B eBKIiIoBOMy IpocTOpi BBOIATE OOME2KeHHST Ha 1TOXiTHi. Po3risgayTo
rirepOoJTiviHe BUPOKEHHS 3a MapaMeTpaMy Ta WOro peasiisallis y BUIVIAI HeOOXiTHUX i
JOCTATHIX yMOB. fK oKpeMuii BUNaIOK 4-BUMIPHOTO €BKJIJIOBOTO IIPOCTOPY, 30epirarotn
omneparopu J10 6-T0 MOPSIKY, OTPUMAHO y3arajbHeHe rirnepOoJsiidne PiBHIHHS MOMEPETHIX
(3ruHHUX) KOJMBAHD ILUIACTHH 3 Koedimienramu, 3ajexkaumu TiabKu Bif gucsa [lyaccona.
Ile piBusnns MicTuTh K OKpewmi Bumajku Bci Bimomi piBasanns Bepmysi—Eitnepa, Kipx-
roca, Pestest, Tumornenko. 3a3HadyeHo, 1[0 yTOYHEHE PIBHSIHHS 3TMHHUX KOJIMBAHb OAJIKU,
BIIEpIIIE TIpeJicTaB/ieHe T UMOIIIEHKO, TOTPIOHO PO3TJISIIATH sIK PO3BUTOK JIOCJIIzKeHb Makc-
Besuta i Einmreiina mpo momwupentsi 30ypeHb 31 CKIHYEHOIO IMBUJKICTIO B CEPEIOBMUIIII.
Brueprrie Bimgnadeno BignmosinnicTs 3 Teopieio Koccepa.

Kntouosi cnosa: memod Kowi—Ilyaccona, eekaidie npocmip, dudepenuiarvre piehst-
HA 8 YACTMKOBUT MOTIOHUL, eAACTOOUHAMIKG, WaAD, 2iNepOoNIuHT ANPOKCUMAUTT, PIBHAHHA
Tumowenro.
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