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Abstract 
This is a review article and it presents the flowrate characteristics of throttle elements used for measuring 

diagrams of transducers of fluids parameters. The review includes a wide range of research on the characteristics of 
incompressible and compressible fluids, Newtonian and Non-Newtonian fluids at the conditions of laminar, transient 
and turbulent flow through the channels of different cross-sections. The article considers equations for macroscopic 
flows. The theoretical equations for calculating the pressure drop for fluid flow in microchannels are presented. The 
conditions and the range of their application are presented for these equations. The results of experimental research of 
friction factor for compressible and incompressible fluids in microchannels of various sizes and shapes with smooth 
and rough surfaces are considered. The obtained results can be used for computer research of static and metrological 
characteristics of gas-hydrodynamic measuring transducers of specific physical and mechanical parameters of fluids. 

Keywords: flowrate characteristic; capillary tube; constricting device; microchannel; measuring transducer; 
physical and mechanical parameters. 

1. Definition of the problem to be solved 
The automatic measuring and control systems of physical and mechanical parameters of fluids are used in many 

technological processes. The technical, economical and quality factors of production depend on them considerably. 
These parameters are density, dynamic and kinematic viscosity of gases and liquids, consistency index, plastic 
viscosity, yield stress, consistency index, flow behaviour index of Non-Newtonian fluid, volume and mass flowrates 
of fluid, etc. The primary measuring transducers and systems of continuous operation built on some sensing elements 
are used for their measuring [1], [2]. Particular attention should be paid to transducers with throttle sensing elements 
which have significant potential to solve measurement problems according to their constructive, working and 
economic characteristics [3]. 

The following throttle elements such as constricting devices or tubes of various configurations and shapes are 
often used for building the measuring transducers of physical and mechanical parameters of liquids and gases. The 
work of such sensing elements is based on the dynamic effects that arise during the gas or liquid flow through the 
throttle element. Such processes as flows throttling, jets interacting, vortex forming, transforming of laminar flow into 
turbulent one and vice versa, the effect of power, electric, magnetic fields on fluid flow and others are used to form 
primary signals. We offered to name the method of measuring the physical and mechanical parameters of liquids and 
gases based on the dynamic effects in the throttle elements as gas-hydrodynamic method. The measuring transducers 
are called gasdynamic if gas is the measuring fluid or hydrodynamic if liquid is the measuring fluid [3].  

Synthesis of gas-hydrodynamic throttle measuring transducers or systems is based on their mathematical models 
which always contain the flowrate characteristics of the throttle elements used in the diagram [4]-[6]. If the transducer 
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contains only one throttle element, then its model is based on the flowrate characteristic of this element. Usually, 
transducers contain several different throttle elements that are connected in different diagrams [7]. Each of these 
elements works in different conditions. In addition they can vary during the work of the measuring transducer. Gas-
hydrodynamic resistance of throttle elements, unlike the electric resistance, depends on many factors. Therefore, 
solving the problem of correct choice of the equations of the flowrate characteristics of each throttle element is very 
important for obtaining an adequate mathematical model of the measuring transducer of specific fluid parameter. 

2. Analysis of the recent publications and research works on the problem 
Mathematical models of gas-hydrodynamic measuring transducers are determined by lots of factors: the type and 

the number of throttle elements in the diagram, the way of their connection in the diagram [6]-[9], the type and the 
properties of the fluid (compressible, incompressible, Newtonian, non-Newtonian, etc.) [10], the power supply of the 
transducer (constant pressure, constant flowrate, constant pressure drop) [5], the type of output signal (pressure, 
pressure drop, flowrate). The mathematical model of the throttle measuring transducer depends on the values of these 
factors. Taking into account these factors each throttle element of the transducer is described by the flowrate 
characteristic that relates the fluid flowrate through the element with the upstream and downstream pressure. The 
flowrate characteristics of the throttle elements for a specific transducer also depend on the physical and mechanical 
parameters of the fluid, on fluid flow and the conditions for this flow, on the geometric and fitting dimensions of the 
throttles, on the material and quality of the throttle flowing surface, etc. [3]. Such a variety of throttle elements and 
their applications in gas-hydrodynamic measuring transducers has resulted in a large number of investigations into 
their flowrate characteristics at different working conditions. Especially great interest in the flow characteristics of 
liquids and gases in the throttling elements arose with the development of pneumatic and hydro-automatics. Thus, the 
problems of calculating the characteristics of pneumatic turbulent throttles are theoretically solved in [11], [13]. There 
are also considered the transient conditions from subsonic to supersonic flow in cylindrical tubes of a circular cross-
section, as well as the flow characteristics of air, gases and liquids through laminar and combined throttles of different 
configurations. 

The results of numerous theoretical and experimental studies of the flowrate characteristics of different types of 
throttles are presented in [14]-[17]. They are the basis for flowmeters of gases and liquids with different measuring 
ranges. The papers [18]-[21] are devoted to the analysis and experimental study of the flowrate characteristics of 
throttle elements of various types for different gases. Gas-dynamic throttle flowmeters of small- and micro- flowrates 
of gases were proposed and implemented on the basis of these characteristics, as well as analysers of gas mixtures 
composition. The paper [22] presents an approximate mathematical method for obtaining analytical relations between 
the pressure drop and the volumetric flowrate for the laminar flow regimes of Newtonian and power law fluids 
through symmetrically corrugated capillary fissures and tubes. The papers [23], [24] consider the flowrate 
characteristics of the circular tubes for the laminar flow of viscoplastic and pseudoplastic fluids with different 
rheological models.  

The Hagen-Poiseuille equation [25] is traditionally used in order to build the mathematical models of capillary 
viscometers of liquids. It should be corrected for insufficiently long cylindrical circular tubes with the help of Couet and 
Gagenbach corrections [26]. In the paper [27] the flowrate characteristics for the tubes of a circular cross-section of finite 
length and for the turbulent throttles for the transient flow are corrected by the modelling method. The mathematical 
models of throttle transducers of viscosity and density of fluids are built on the basis of these flowrate characteristics. 

During the last decades, study of the features of fluids flow in micro- and minichannels is of considerable 
interest. They are more often used in modern microfluidic devices and systems including measuring, as well as in 
technology, micro-chemical (MCS) and micro-electromechanical systems (MEMS) [25], [28]-[47]. Analytical and 
semi-analytical models [25]-[30], [40], [41], [43], [47] are developed to study the fluids flow in microchannels. 
Simulation methods and experimental methods for microflows are used in [31]-[36], [42], [45], [46]. In practice, 
mathematical modelling of measuring microdevices and systems is conveniently carried out with the help of 
engineering models. Thus, the hydrogasdynamics of laminar microchannels in micro-transducers of the fluids 
viscosity is usually described using the friction coefficient or the Poiseuille number. Many studies show that 
conventional laminar theory of incompressible and compressible fluids in ordinary-sized capillaries with smooth flow 
surfaces can predict single-phase flows in microchannels [32], [33], [37], [40], [46], [47]. According to another 
research of single-phase microfluids in circular channels and channels of the other cross-section shapes the friction 
factor and the Poiseuille number are higher or lower than those according to traditional theories [30], [34]-[36], [39]. 
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The effects of compressibility and rarefaction on the local flow resistance of isothermal gas flow in circular 
microchannels for a wide range of working conditions have been numerically studied in detail in [30]. It was found 
that the friction factor is a function of the inlet Mach number, the Reynolds number and the length-diameter ratio of 
the channel. According to many experimental studies of hydrogasdynamics in microchannels the friction factor 
significantly depends on the relative roughness. It also affects the value of the Reynolds number, at which laminar 
flow changes into turbulent [30], [45]. 

3. Formulation of the goal of the paper 
The goal of the paper is to analyse and to systematize the research of the flowrate characteristics of throttle 

elements as the main components of gas-hydrodynamic measuring transducers of physical and mechanical parameters 
of fluids – gases and liquids with different rheological behaviour. As a result it is necessary to determine the range of 
application of the equations for calculating the flow characteristics of Newtonian and non-Newtonian liquids and 
gases through the throttle elements of different configurations and sizes and to formulate the recommendations for 
their applying to build the measuring transducers of physical and mechanical parameters. 

4. Presentation and discussion of the research results 

4.1. Mathematical models of throttle elements 
The most common sensing elements of throttle measuring diagrams are cylindrical tubes (capillaries) of different 

lengths with a circular cross-section, slit elements with a rectangular cross-section, thin-walled orifice plates, nozzles, 
etc. [11], [12]. Throttle elements are divided into laminar, turbulent and combined depending on the fluid flow 
through the throttle elements and its construction. The pressure losses in laminar throttles are caused by the friction 
between the layers parallel to the fluid flow direction. The fluid flow in turbulent throttles is accompanied by the 
layers mixing, velocity and pressure pulsations. The pressure losses are caused by the local resistance at the throttle 
inlet and outlet. Combined throttles work at any flow – laminar, transient or turbulent. The pressure drop across such 
throttles is caused both by local losses and friction. A long cylindrical tube with a large ratio of length to diameter 
with a laminar fluid flow is an example of a laminar throttle. A bore in a thin wall with a developed turbulent flow is 
a turbulent throttle. A short cylinder tube with laminar or transient or turbulent fluid flow is a combined throttle. 
Table 1 shows some examples of throttle elements. 

Table 1. Examples of throttle elements. 
Type of throttle 

elements 
Name of throttle 

elements Fluid flow Graphic drawing 

Laminar Long capillary tube Laminar   

Turbulent Orifice plates, nozzles Transient or turbulent 

  

 

Combined Short capillary tube Laminar or transient 
or turbulent 

 
 

Throttle elements are described by the flowrate characteristic which relates the flowrate of the fluid through the 
element with upstream and downstream pressure (pressure drop across the element), as well as with its constructive 
characteristics and physical and mechanical parameters of the fluid. Each type of throttle element has its own flowrate 
characteristic. 

Let’s consider the mathematical models of the presented types of throttle elements. Experimental studies of the 
flowrate characteristic of a laminar throttle element in the form of ordinary-sized cylindrical capillary tube for 
incompressible Newtonian fluid are initiated by Hagen and Poiseuille [25], [29]. Theoretically the equation that 
relates the flowrate and the pressure drop is obtained by Stokes і Hagenbach [25]:  

  




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where Q is the mass flowrate through the tube; P1 and P2 is the upstream pressure and the downstream pressure of the 
throttle respectively; ΔP=P1-P2 is the pressure drop across the length of the tube; d is the diameter of the tube; L is the 
length of the tube; μ is the fluid dynamic viscosity; ρ is the fluid density. It should be noted that for the specific 
throttle design and mode parameters the flowrate characteristic (1) is linear.  

The flowrate characteristics of long capillary tubes for non-Newtonian fluids are obtained on the basis of a 
general equation [23] 

  







w

dfdQ
w 0

2
3

3

8
, (2) 

where τ is the tangential shear stress; τw=ΔPd/4L is the tangential shear stress on the wall;   f  is the  rheological 
model of the fluid that relates the shear rate   with the shear stress τ. 

Equation (2) is universal for liquids with various rheological behaviours (including the Newtonian liquid) [23]. 
For example, the equation of the flowrate characteristic of a long capillary tube for the non-Newtonian viscoplastic 
liquid which is described by the Bingham model      0f  can be written as 

 
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where η is the plastic viscosity of the liquid; 
wPd

Lc







 004
 is the ratio of yield stress τ0 to the tangential shear stress 

τw on the wall. The Bingham plastic flow in the tube occurs only when the shear stress τ0<τ<τw. The equation of the 
flowrate characteristic of a tube with a circular cross-section for a pseudoplastic liquid which is described by a power 
law rheological model   nK 1 can be written as 
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where K, n are the fluid rheological parameters: consistency index and flow behaviour index. The equation of the 
flowrate characteristic for liquid with a generalized rheological Herschel-Bulkley model    nK 1

0  can be 
written as [24] 
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For c=0, we obtain the equation (4) of the flowrate characteristic of the power law liquid, and for n=1 the equation (3) 
of the flowrate characteristic of Bingham plastic liquid. Many other rheological models of non-Newtonian fluids are 
used in addition to the presented above. For some of them the equation of flowrate characteristics of long capillary 
tubes can be obtained in analytical or numerical form [23], [24]. Usually, the flowrate characteristics of long capillary 
tubes for non-Newtonian fluids are nonlinear. 

It should be noted that equations (1)-(5) are derived taking into account many assumptions. The main of 
them are: the fluid flow is stable, laminar, axisymmetric; the tube is long enough and its end effects can be 
neglected; the fluid is incompressible; fluid properties (i.e. density and viscosity) don’t depend on pressure and 
don’t change in time; the fluid flow is isothermal; there is no slip at the wall of the tube and the velocity at the 
tube-liquid interaction is zero; the radial velocity and the radial pressure tube gradient equal zero. These 
assumptions are justified for many situations, such as the flow of water, organic and generally single-phase 
liquids in ordinary-sized capillaries and tubes [25]. 
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The mass flowrate of fluids through a rectangular slit with height h formed by flat parallel plates of width w is 
determined by the equations obtained for the most of assumptions as for a long capillary tube of circular cross-section 
[11], [23] 

for Newtonian fluid:  




L

PwhQ
12

3

, (6) 

for power law fluid:  
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for Bingham plastic fluid: 
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It should be noted that equations (6)-(8) are valid provided that the height-width ratio a=h/w<<1. 

The mass flowrate of the Newtonian liquid for a ring slit is described by the equation [11] 

 




L

PdhQ
6

3
, (9) 

where d=(d1+d2)/2 is the average diameter of the ring slit; d1 is the inner diameter of the outer tube; d2 is the outer 
diameter of the inner tube; h=(d1-d2)/2 is the dimension of the slit; L is the length of the slit. 

Let’s consider the equation of flowrate characteristics of a long capillary tube for compressed flow. The average 
density ρ in equation (1) is determined by the average value ρav which is calculated by the arithmetic mean absolute 
pressure P=(P1+P2)/2 at the inlet and outlet of the throttle: 

 
RT

PP
RT
P

av 2
21 , (10) 

where R is the gas constant; T is the average absolute temperature of gas in the throttle. Then the flowrate 
characteristic of long capillary tube for subsonic isothermal flow of compressible fluid is described by the equation 
[11], [12] 
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Equation (11) is used at low pressure drop across the throttle and relatively small throttle diameters when the gas 
density changes are insignificant and the gas density ρ is assumed to be constant and equal to the mean value ρav [13]. 
If the pressure drop across the throttle increases but the gas flow remains laminar then one can use the following 
equation for the flowrate characteristic [11]: 
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In practice, the state equation with compressibility factor Z is used to describe the deviation of a real gas from ideal 
gas behaviour. The compressibility factor is found experimentally for each gas. Then average gas density ρav is 
determined taking into account the compressibility factor Z 
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If the average gas density at working conditions is determined by equation (13) and reduced to the normal conditions, 
then a more accurate flowrate characteristic for a long capillary tube is obtained: 

 
 
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2
2

2
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4
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where NNN P,T,  are the density, absolute temperature and absolute pressure at normal conditions, respectively. The 
compressibility factor Z is taken as a constant at specified changes of pressure in capillary tube. The other equations 
of flowrate characteristics of capillary tubes for compressible fluids are also presented in [19]-[21]: 
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where γ is the specific heats ratio; ρ2 is the gas density at the outlet of the throttle. The errors of the flowrate defined 
by the equations (15)-(17) depend on the geometric dimensions of the tubes, the pressure drop across the tube and the 
absolute values of pressure. 

The mass flowrate Q of incompressible Newtonian fluid for another type of throttle elements – turbulent ones, 
such as orifice plates, nozzles, etc. is related with the pressure drop P across the throttle by the equation [14]-[16] 

   502 .PFQ  , (18) 

where  is the fluid density;  is the flowrate coefficient; F=πd2/4 is the area of the cross-section of throttle channel; 
d is the diameter of the cross-section of throttle channel. The flowrate coefficient  for a turbulent throttle is constant 
if the Reynolds number Re=4Q/πdμ varies in the range from the minimum to the maximum limit values, and depends 
on the design of the constricting device, in particular on the relative area 2)( Ddm  , where D is the diameter of a 
conduit, on the thickness of the orifice plate, on the profile of the cross-section of the throttle, on the inlet and the 
outlet edge of the throttle. In [27] the fluid flow was investigated through an orifice plate with a bore 0.5-1.5 mm and 
thickness 0.1-0.5 mm and the following equation was obtained: 

 2

2

2 F
Q

gP


 . (19) 

It is similar to the equation (18) obtained on the basis of the Bernoulli equation. The coefficient g with a confidence 
probability of 0.95 is equal to 1.100.062. The regression equation (19) can be used for the transient flow from 
laminar to turbulent at a number Re from 2000 to 10000. 

It should be noted that flow turbulence may occur even in sufficiently long capillary tubes if pressure drop across 
the throttle is significant. On the other hand the fluid flow is turbulent even at low pressure drops in the short channels 
and in the bores in the thin wall [13]. In these cases the mass flowrate through the hydraulic throttle is generally 
determined by the equation (18). The flowrate coefficient α in this equation depends on the throttle configuration as 
well as on Reynolds number Re. 

Let’s consider the flow of compressible fluid through a turbulent throttle – the orifice plate assuming the flow is 
adiabatic. For subsonic flow of gas when 
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the mass flowrate of gas through a bore is described by Saint-Venant and Wantzel equation [12], [13] 
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where the flowrate coefficient  characterizes the pressure loss on friction, on the narrowing (expansion) of the gas 
flow, heat transfer and other unconsidered factors; γ is the specific heats ratio; ρ1 is the gas density at the throttle inlet. 

For the supersonic gas flow when the condition is fulfilled 
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the mass flowrate of gas through a bore is described by an equation [12] 
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the symbols in (22), (23) corresponds to (21). 

For the stable subsonic turbulent gas flow through an orifice plate at low pressure drop when the gas 
compressibility can be neglected (ρ=const), the mass flowrate of gas is determined by the simplified formulas [11] 

   50
12 .PFQ  , (24) 

   50
22 .PFQ  , (25) 

where ΔP=P1-P2 is the difference of absolute pressures upstream and downstream the throttle; ρ1,  ρ2 are the gas 
densities upstream and downstream the throttle. 

For the supersonic gas flow through a throttle with a relatively short length the approximate equation of the 
flowrate characteristic is [47] 

   50
21 2 .RTFPQ  , (26) 

where T2 is the absolute gas temperature downstream the throttle. 

In practice of measuring the flow of compressed fluids with turbulent flow by means of pressure differential 
devices the following equation is used for standard constricting devices (orifice plates, nozzles, Venturi nozzles) [15], 
[16], [17]: 

 50
12 .)P(FQ  , (27) 

where  is the expansibility factor which takes into account the change in fluids density in the throttle element. In 
general, the factor  depends on the design of the constricting device, the pressure drop ΔP across it, as well as on the 
absolute pressure P1 and the specific heats ratio γ. 

It should be added that special standard constricting devices (orifice plates with tapered inlet, cylindrical nozzles, 
"quarter of a circle" nozzles, double orifice plates, wear-resistant orifice plates, segmental orifice plates) are also used 
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to measure the flow for a wide range of numbers Re from 40 to 300000. These constricting devices are allowed to 
measure the flow only in the range of Reynolds number Re for which the flowrate coefficient α is constant in equation 
(27) [49]. The value of the coefficient α depends on the type of constricting device as well as its relative area. 

Non-standard constricting devices are also used for constructing transducers measuring flowrate. So, the paper 
[50] presents the watch stones with a bore of a complex form made of synthetic corundum for measuring the 
microflow of gases. The research of stones with nominal diameters 0.08 mm, 0.09 mm and 0.11 mm for air, helium 
and carbon dioxide showed that the following equation is adequate to describe their flowrate characteristics: 
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where the subscripts 1 and 2 correspond to the parameters at the throttle inlet and outlet as for the previous formulas. 
It has been found experimentally that the flowrate coefficient α in equation (28) depends on the inner diameter of the 
stone, the measured gas as well as the Reynolds number. However, the flowrate coefficient α is constant for a 
particular gas and type of stone in a certain range of Reynolds number Re. For example, for a stone with inner 
diameter 0.093 mm for the air for the number Re from 800 to 2000 the flowrate coefficient is 0.73 with an error 
±0.8%, for a diameter of 0.113 mm and the number Re from 800 to 2700 the flowrate coefficient is 0.77 with an error 
± 1.3%. The dependences of flowrate coefficient α on the number Re and the expansibility factor ε=f(m,ΔP/P1, γ) for 
the other non-standard constricting devices are presented in [14]. 

The flowrate characteristic of short capillary tubes belonging to combined throttle elements takes into account 
additional entrance and exit pressure losses and pressure losses for the forming a parabolic profile of velocities which 
is typical for the stable laminar flow. The dependence of the pressure drop across a short cylindrical tube on the mass 
flowrate of the Newtonian incompressible fluid is described by the Poiseuille equation with the corrections of Couette 
and Hagenbach [26]: 
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where n is the Couette correction; m is the Hagenbach correction. The exact experimental determination of the values 
of m and n is rather complicated and the known data is very contradictory. According to various researchers the 

coefficient m varies from 21  to 3.31 and the coefficient n varies from 0 to 6 [27]. The imperfection of the model 
(29) is one of the reasons for such uncertainty of the coefficients m and n, since the coefficient n depends on the 
number Re. In turn, the uncertainty of the coefficients m and n is one of the main reasons for the low accuracy of 
mathematical models of throttle measuring transducers of dynamic viscosity [26], [27]. 

The following formulas are also used to describe the flowrate characteristic of capillary tubes of finite length 
[15]: 
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where k is the empirical coefficient which depends on the capillary design, particularly on its ends, as well as the 
design of chambers between which the capillary is fixed. The coefficient k also depends on the Reynolds number 
particularly due to the dependence of the entrance length on the number Re. This is the reason for the fact that 
according to various authors the coefficient k in equation (30) varies widely [14], [27]. The other modifications of 
equation (30) are known too. Thus, in [27] for the tubes with a diameter of 0.5-2.5 mm, length greater than 150 mm 
for the number Re from 100 to 2000, the proposed equation is as follows: 
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where a=34.39±0.83 and b=0.92±0.0084 are the regression coefficients with the confidence probability of 0.95. The 
results of calculating the pressure drop across the hydrodynamic throttles with typical dimensions for measuring 
transducers by equation (31) were compared with the calculation ΔP by the Hagen-Poiseuille equation (29) with the 
Hagenbach and Couette corrections. The relative error of calculating ΔP by equation (31) is less by 1-5% than by the 
formula (30) [27]. 

The equations for non-Newtonian fluids flow in tubes of finite length also contain a term 42

216
d

Q
k


 which takes 

into account additional pressure losses for the formation of a velocity profile of the stabilized motion, the change in 
the fluid kinetic energy at the inlet and the outlet of the tube and the other factors in the same way as for the 
Newtonian fluid. Taking into account the equation (4) the flow of a power law liquid through a short capillary tube is 
described by the equation 
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The coefficient k decreases with smaller values of the flow behaviour index for a laminar flow of a power law 
liquid. Entrance losses for Bingham plastic fluids decrease with increasing values of the yield stress when the wall 
shear stress is constant. According to the research the entrance pressure losses for non-Newtonian fluids are usually 
higher that observed for Newtonian fluids [23]. 

The flowrate characteristic for laminar flow of real gas through a short capillary tube is described by the 
equation 
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where the symbols correspond to the above equations (10)-(14). The adequacy of the model (33) was experimentally 
tested for glass capillary tubes with cylindrical channels of length 10...300 mm and diameter 0.09...0.3 mm. The 
studies were carried out for the air within the pressure drop across a capillary tube from 10 to 160 kPa at atmospheric 
pressure at the outlet of the tube [19]. The error of the flowrate determination by the equation (33) does not exceed 
0.8%, particularly for a tube of a diameter 0.1 mm, a length 170.5 mm and the experimental coefficient k. The other 
research [14] shows that the error of the model (33) is within the range of 2-5 % if the corrections for the entrance 
losses are taken into account. 

4.2. Equations of fluid flow in microchannels 
Recently, much attention has been paid to the development of a variety of microdevices and microsystems with 

microchannel as the most important components. According to [42], tubes/channels of normal size have a diameter 
d>3mm, minichannels – 200μm<d <3mm. Microchannels can be defined as the tubes with a diameter in the range of 
10μm<d<200μm. Transient microchannels have a diameter in the range of 1μm<d<10μm, the transient nanochannels 
have a diameter in the range of 0.1μm<d<1μm; the nanochannels have a diameter d<0.1μm. According to [29], [38], 
microchannels can be defined as tubes/channels whose hydraulic diameters are less than 1 mm, but more than 1 μm. 
Microchannels offer the advantages due to their high surface-to-volume ratio and their small volumes [29]. 

The unique feature of microchannels is the existence of mostly laminar flow [38]. Experimental studies of the 
laminar flow of fluids in sufficiently long smooth microchannels of various shapes have shown that the pressure drop 
across them can be determined by the equations obtained for ordinary-sized capillaries in [31]. For single-phase fluid 
flow in smooth microchannels of hydraulic diameter from 15μm to 4010μm, in the range of Reynolds number 
Re<Recr the Poiseuille number Po is independent of the Reynolds number Re. Experimental friction factor in laminar 
flow regime is in good agreement with the Hagen-Poiseuille theory for Reynolds number below 800-1000. For higher 
values of Reynolds number, experimental data depart from the Hagen-Poiseuille law to the side of higher values 
Poiseuille number [33]. The deviation within 10-20% can be explained by the discrepancy between the actual 
conditions of a given experiment and the assumptions used in deriving the theoretical value as well as the error in 
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measurements [31]. According to experiments the critical Reynolds number Recr is 1500-3800 for the circular, 
rectangular, trapezoidal, square microchannels made of glass and silicon, plexiglass, stainless steel [31], [33]. 

Similar results are also obtained for high viscosity liquids [32]. The study of flow of glycerol aqueous solution in 
rectangular microchannel at 0.4<Re<40 showed that the experimental friction factor is agreed with the value predicted 
by the conventional theory with consideration of the measurement uncertainty. So, for incompressible liquid in the 
isothermal conditions and fully developed laminar flow the Darcy friction factor fD calculated based on the Navier-
Stokes equation is expressed as follows: 

  5432 2537095640701219467135531196 a.a.a.a.a.
Re

f D  , (34) 

where a=h/w is the ratio of the dimension for the short side h to that of the long side w of the rectangular channel; 

 hw
QRe



2  is the Reynolds number for the rectangular channel. The Darcy friction factor fD  for the laminar flow 

in a circular channel is given by 

 
Re

f D
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 . (35) 

Theoretical studies of gas flow in microchannels [25, 41] have shown that the flow behaviour for them cannot be 
described only using the assumptions adopted for describing the flow in ordinary-sized capillaries. The main 
differences between fluid mechanics at micro scales and in the macro domain can be broadly classified into four 
areas: Non-continuum effects, surface-dominated effects, low Reynolds number effects, and multi-scale and multi 
physics effects. Papers [28], [29] specify these differences and show that the small scale makes molecular effects such 
as wall slip more important and it amplifies the magnitudes of certain ordinary continuum effects to extreme levels. 
Accordingly, they take into account the non-zero velocity of sliding on the wall, the change in the temperature of the 
gas, and as a consequence of the change in viscosity, a significant change in density, and a number of other effects 
that vary in different ways on the flow characteristics. In particular for gas microflows pressure gradient becomes 
especially large in small cross-section channels and compressibility effects are very important because of relatively 
large density gradients, although the Mach number is typically low [28]. Fluids that are Newtonian at ordinary rates 
of shear and extension can become non-Newtonian at very high rates. Electrokinetic effects occur at the interface 
between liquids and solids such as glass due to chemical interaction [29]. 

In the works [25], [41] а two-dimensional solution for laminar flow of compressible Newtonian fluids in 
capillaries are theoretically obtained 
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where a=(d/2)/L is the ratio of the radius to the length of the circular channel; Re=2Q/πdμ is one-half the 

conventional definition of Reynolds number; 

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 4
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128
d
LQ  is the compressibility parameter; β is the 

compressibility; χ is the bulk-to-shear viscosity ratio.  

If we neglect terms a2 and a2(χ+1/3) in equation (36) then it will take the form 
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The equation (37) predicts both a non-zero radial velocity and non-zero radial pressure gradient. Fluid inertia is 
responsible for the radial velocity. Bulk viscosity leads to a radial pressure gradient [25]. The first term in (37) form 
of the Hagen-Poiseuille equation, and the terms that follow give corrections due to fluid compressibility.  

For sufficiently long microchannels the pressure drop calculated by the equation (37) for slow gas flows (aRe<1, 
Ma>0.1) is less than the pressure drop for a incompressible fluid. The smaller the capillary diameter and the greater 
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the number Re, the more predictable decrease in the pressure drop is. For the subsonic high-speed flows (aRe>1, 
0.1<Ма<1) compressibility leads to a significant increase in the pressure drop compared with the incompressible 
flow. These trends are consistent with a large number of experimental studies on flows of compressed fluids in 
smooth microtubules and channels [25]. 

In the theoretical research [30] an equation is obtained for analysing the influence of the effects of 
compressibility and rarefaction on the local flow resistance of isothermal gas flow in circular microchannels: 
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where fF is the local Fanning friction factor along the microchannel;
Re
MaA

2
28 

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  is the dimensionless 

coefficient; 
RT
uMa


  is the inlet Mach number; u is the inlet axial average velocity, Re=4Q/πdμ is the inlet 

Reynolds number; x x/L is the axial dimensionless coordinate; L is the length of the channel; γ is the specific heats 
ratio; σ is the coefficient that indicates the influence of rarefaction and fluid-surface interaction, it is thought to vary 
between 0 and 1 depending on the surface roughness, temperature and gas type.  

The equation (38) shows that the local Fanning friction factor across the microchannel is a function of the inlet 
Mach number, the Reynolds number and the length-diameter ratio of the channel. Calculations of the nitrogen flow in 
the microchannel carried out by the formula (38) showed that for a higher Reynolds number and a larger inlet Mach 
number the friction coefficient is higher than the value in macrotubes, the gas flow in the microchannel is dominated 
only by compressibility; while for a lower Reynolds number and a smaller inlet Mach number, the Fanning friction 
factor of gas flow in the microchannel is smaller than that in a circular tube with conventional size due to slip flow at 
the microchannel wall, clarifying that rarefaction has a significant effect on fluid flow characteristics. Model (38) 
agrees with the experimental data obtained in [35].  

According to (38), the pressure drop in a circular microchannel can be determined by the formula 
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The effects of molecular structure are quite different in gases and liquids. If the Knudsen number (defined as 
Kn= λ/Ls, where λ is the mean free path in a gas and Ls is the characteristic channel dimension) is greater than 10-3, 
non-equilibrium effects may start to occur. Molecular effects in liquids are difficult to predict because the transport 
theory is less well developed than the kinetic theory of gases. For this reason, studies of liquid microflows in which 
molecular effects may play a role are much more convincing if done experimentally [29]. 

In [31] particular, for single-phase gas flow in microchannels of hydraulic diameter from 101 to 4010 μm, in the 
range of Reynolds number Re<Recr, Knudsen number 0.001<Kn<0.38, Mach number 0.07<Ma<0.84, the 
experimental friction factor agrees quite well with the theoretical one predicted for fully developed laminar flow. The 
frictional resistance of gas flow in microtubes of diameter ranging 5 to 100 μm was observed to be smaller than that 
in conventional sized tubes [34]. The reduced frictional resistance in microtubes seems to be caused by the 
compressibility effect due to a significant pressure drop along relatively short flow passages and rarefaction effect due 
to extremely small dimensions of flow passages. 

As the diameter of microtubes decreases, the surface to volume ratio increases rapidly. As a result, the surface 
phenomena, including the effect of roughness, become more significant. In [44] a model was proposed for calculating 
the pressure drop in long microtubes with rough walls for the laminar flow of an incompressible fluid: 
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where e=σ/R is the relative roughness defined as the root mean square wall roughness σ over the radius R of the 
microtube. According to the model (40) effect of roughness can be neglected if relative roughness is less than 3%. 
The pressure drop increases with an increase in relative roughness compared with smooth microtubes. This fact is 
confirmed by simulation and experimental data [44]. It was found experimentally that the conventional laminar 
prediction is applied for gaseous flow in microchannels with a relative surface roughness less than 1%. The friction 
factors in stainless steel microtubes are much higher than the theoretical predictions for tubes of conventional size. 
This discrepancy is resulted from the large relative surface roughness in the stainless steel tubes [35]. As a result it 
can be said that the pressure drop significantly increases (by more than 20%) in the microchannels with sufficiently 
high roughness compared with smooth surfaces at the same Reynolds numbers. The existence of roughness leads also 
to decreasing the value of the number Recr, at which occurs transiting from laminar to turbulent flow [31]. 

The above equations of flowrate characteristics show that most of the throttle elements are nonlinear elements 
with the exception of the long hydraulic tube of an ordinary size. Therefore, any measuring diagram built on the 
throttle elements will have the properties predetermined by their nonlinearity. 

Despite the fact that mathematical models of throttle elements of ordinary sizes are studied enough today and 
mathematical models of microchannels are being investigated intensively the measuring transducers with one throttle 
do not always ensure sufficient accuracy or sensitivity of measurement. So the measuring diagrams of the transducers 
are built mainly on several throttles in order to obtain the necessary metrological characteristics. Since the 
mathematical model of the throttle measuring diagram consists of a system of equations of material balances and a 
system of equations of the flowrate characteristics of throttle elements used in the diagram, the accuracy of the model 
of the throttle diagram will be mainly determined by the accuracy of the mathematical models of throttle elements. 
Therefore, the correct choice of mathematical models of throttle elements in the measuring diagram is the basis for 
obtaining adequate models of measuring transducers. The above equations of the flowrate characteristics of the 
throttle elements show that this choice depends on many factors: on fluid physical and mechanical properties and its 
structure, on its rheological behaviour, on the gas-hydrodynamic working conditions of each throttle in the diagram, 
on the constructive characteristics and throttle dimensions. Thus, mathematical models of throttle elements can be 
different even in the same diagram. Their own application conditions need to be taken into account while synthesizing 
the throttle measuring diagrams. 

Thus, the analysis of the mathematical models of throttle elements is useful for computer research of static and 
metrological characteristics of measuring transducers built on throttle diagrams. It should be noted that it is necessary 
to use the new theoretical and regressive dependences to define the characteristics of fluids flow in microchannels for 
the effective design of microdevices. 

5. Conclusion 
The paper contains the review and the analysis of the flowrate characteristics of throttle elements as the main 

components of gas-hydrodynamic devices and measuring transducers of physical and mechanical parameters of 
fluids. The research performed by many authors for mathematical models of throttle elements of various types for 
gases and liquids with different rheological behaviour are systematized in the paper. Conditions for applying the 
flowrate characteristics for the flow of Newtonian and non-Newtonian liquids and gases in channels of various 
configurations and dimensions, including microchannels, are considered. The recommendations for their application 
to construct the measuring transducers of fluid parameters are proposed. Thus, the correct choice of mathematical 
models of throttle elements in the measuring diagram provide the adequate models of measuring transducers of 
specific physical and mechanical parameters. New theoretical and regressive dependences are systematized to 
determine the characteristics of fluid flow in microchannels and recommended for effective microdevices design. The 
obtained results are useful for computer research of static and metrological characteristics of gas-hydrodynamic 
devices and measuring transducers built on throttle diagrams. 
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Математичні моделі дросельних елементів 
газогідродинамічних вимірювальних перетворювачів 

Євген Пістун, Галина Матіко, Ганна Крих 
Національний університет «Львівська політехніка», вул. Степана Бандери 12, м. Львів, 79013, Україна 

Анотація 
В статті наведені витратні характеристики дросельних елементів, які застосовують у вимірювальних 

схемах перетворювачів параметрів плинних середовищ. Огляд включає широке коло досліджень 
характеристик нестискуваних та стискуваних, ньютонівських та неньютонівських середовищ в умовах 
ламінарного, перехідного та турбулентного режиму руху в каналах різного поперечного перерізу. Розглянуто 
рівняння, що застосовуються для макроскопічних потоків. Наведено теоретичні рівняння для розрахунку 
перепаду тиску під час руху середовищ у мікроканалах та зазначено умови та діапазон їх застосування. 
Розглянуто експериментальні результати дослідження коефіцієнтів тертя для стискуваних і нестискуваних 
середовищ в мікроканалах різних розмірів та форми, з гладкими і шорсткими поверхнями. Отримані 
результати можна застосовувати для комп’ютерного дослідження статичних і метрологічних характеристик 
газогідродинамічних вимірювальних перетворювачів конкретних фізико-механічних параметрів. 

Ключові слова: витратна характеристика; капілярна трубка; пристрій звуження; мікроканал; 
вимірювальний перетворювач; фізико-механічні параметри. 


