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Aim. The main task of the geodesy is to determine the shape and size of the Earth and its changes over time. An
integral part of determining the shape and size of the Earth is the construction of a geoid surface model, both global
and regional. Today larger and more precise arrays of input data (geopotential functionals) appear to construct such a
model, methods for their processing are rapidly becoming generated. One of such methods is an extention in a series
of spherical functions on a spherical trapezium. Since the functionals of the gravitational field are mostly obtained
using the differentiation operator, for the use of this method it is necessary to investigate the first and second
derivatives of spherical functions on a spherical trapezium, which is the purpose of this work. Method. Spherical
functions on a spherical trapezium can not be presented in explicit form, nor do they have ssimple recurrence relations.
To calculate them, the extention in a hypergeometric series should be used. Therefore, to calculate the firgt and
second derivative from the above-mentioned functions, the derivative from the hypergeometric series should be used.
Results. As aresult of certain mathematical transformations, we obtain an expression for finding the first and second
derivatives of spherical functions on a spherical trapezium, as well as a comparatively obtained result with spherical
Legendre functions of the first kind. The scientific novelty and practical significance. The expression for the first
and second derivative of spherical functions on a spherical trapezium was first determined. The result obtained with
the spherical Legendre functions of the first kind is comparative. This enables the use of such functions as a basic
system of functions on a spherical trapezium for modelling of regional gravitational or magnetic fields.
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(named after the Puccini opera) [De Santis, 1991],
RSHA [Thebault et. al., 2006] and other. Despite
the large selection of these methods the author
believes that their use on a part of a sphere other
than a segment with a center on the north or south
poles looks rather artificial. Thisis primarily due to
the need for the transformation of coordinates,
which causes loss of the physical content of the
process. In turn the use of spherical functions on a
spherical trapezium [Dzhuman, 2018] does not
require any additional transformations. Such
functions are orthogonal on an arbitrary spherical
trapezium, so the solution is stable.

Introduction

There are many methods for modeling the
Earth's gravitational field [Dzhuman, 2013;
Sneeuw, 1994]. For modeling the global field we
usually use the Legendre spherical functions of an
integer degree / order [Pavlis & al., 2012; Hobson,
1931], in turn for modeling the regional field we
use the Legendre spherical functions of an integer
degree, using the real order. We can consider a
spherical cap harmonic analysis (SCHA) as a
classical method of modeling a regiona
gravitational (or magnetic) field [Haines, 1985;
Haines, 1988; De Santis & Torta, 1997; Yankiv-
Vitkovska & Dzhuman, 2018], the theoretical
foundations of which were proposed by Thompson
and Tait [Kevin & Tait, 1896], and practical
realization was in the making for more than a
century!, and was first implemented by Haines for
modeling the magnetic field in 1985 [Haines,

Aim
The purpose of this work is to find the
expression of the first and second derivatives for
spherical functions on a spherical trapezium. This
will alow the use of these functions to mode

1985]. Based on this method a number of methods
were developed that have been applied to solving
the problem of computing a model of regional
potential field. To such methods above all belong
ASHA [De Santis, 1992; Dzhuman, 2014], TOSCA

regional gravity or magnetic fields.

Method

The Legendre functions on a spherical meridian
[Oin Omex ] HAVE the form [Dzhuman, 2018]



6 Geodesy, Cartography and Aerial Photography. Issue 88, 2018

. & 1- CoS(U, - [0l - G ) © i
R@) =87y~ 1~ o6 G- 1 # et em O 0O i o g,
j & 1- cos(d,- [a-q gl)ﬁ v
Pan(@) = (- D™SIN" (05 - [0 = Opean]) XF gM- N, +M+L1+m, il O £0 EQW-L
e g

where k and m are whole numbers, q,.,, is average
value, namely Q... =@, T )/2. N turn the
value n, depend on k m and
0o = (Oax - 9in)/ 2. They can be found using the

equation [Macdonald, 1900; Hwang & Chen, 1997,
Dzhuman, 2018]

will

B (n,,m,cosq,) =0, @

if k- m isanodd number, or using the equation

N COSypeen P (1, M, COSTY) -
- (n- mE(n, - Lm,cosq,) =0, 3)

if k- m isan even number, where B isthe symbol
of the hypergeometric series, namely [Hwang &
Chen, 1997]
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For example, the studied L egendre polynomials are
shown in Fig. 1 with an interval of 5 ranging
from[20°70°].

In turn we recall that the classica Legendre
polynomials which are shown in Fig. 2 are at least
visually very similar to the studied Legendre
polynomials.

To find the derivative of functions (1) we must
take derivative of the hypergeometric series, which
in general is thefollowing [Smirnov, 1954]:

iF(a,b;c;z):@F(a+],b+];c+];z). (5)
dz c

Results
After minor mathematical transformations we get
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Fig. 1. Sudied Legendre polynomials on the range [ 20°;70°] [Dzhurman, 2018]
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We can see from (6) that when Let us compare the obtained result with the
. drP_@) . derivatives of the first four Legendre polynomials
k + m=even number the function ZIL will be (Fig. 5)
q T
odd, but for k+m=oddnumber the function _Fro_m figures 3_5. we can conclude t_hat
4P derivatives of the studied Legendre polynomials
@) will be even. and ordinary Legendre polynomials are similar only
dq when  k=evennumber, or in  genera
k+m=evennumber. Moreover the second

Graph of functions O"DéLq(q) for k=0,4 and

m=0,1 isshownin figures 3 and 4.
From (6) and figures 3, 4 we can see, that the

first derivatives w have no breaks.
q

derivatives of spherical functions on a spherical
trapezium when k+m=odd number will have a
break of first kind.

Let us find the second derivatives of functions
(2). They will look like
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From (7) it is clear that with
k + m=even number functions % will be
even, but for k+m=oddnumber functions
% will be odd. Also for evey

k + m=odd number this function has a break of the
first kind at the point q,,,, . The size of the break is

equal
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Graph of functions % for k=0,4 and

m=0,1 isshownin figures 6—7.
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It should also be noted that when

3
k+m=even number functions % have a
break of the first kind.

Scientific novelty and practical significance

In this paper we consider spherical functions on
a spherical trapezium. Their use for modeling the
regional gravitational field of the Earth requires
knowledge of the expressions of the first and the
second derivatives of these functions, since
measurements in this case are functionals of the
gravitational field. In this paper wefind expressions
for the first and second derivatives of these func-
tions, and also compare them to the expressions of
thefirst derivatives of ordinary spherical functions.

Conclusions

In this paper we can make the following
conclusions:

— spherical  functions on a spherica
trapezium (1) represent a powerful mathematical
apparatus for modeling the regional gravitational
field of the Earth;

— for use of the above functions it is
necessary to have the expression for the first and
second derivatives, since the geopotential
functionals are the first and the second derivatives
of the geopotential function [Marchenko &
Dzhuman, 2015]. In this paper an expression of the
first and second derivatives of spherical functions
on a spherical trapezium (6) is found as a function
of ahypergeometric series,

— we compared the first and second deri-
vatives of spherical functions on a spherical trape-
zium and the first and second derivatives of
ordinary spherical functions.
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MOJIEJTIOBAHHSI PETTOHAJILHOT'O TPABITALIIITHOT O T10JIS 3 BUKOPUCTAHHSM ITEPIIIO]
TA JIPYTOI TIOXIJTHUX COEPUYHIX dYHKIII

Meta. OcHOBHOW0O 3aiayelo reozesii € BU3Ha4YeHHA (GopMH Ta pO3MipiB 3emii Ta iXHI 3MIHHM 3 YacoM.
HeBin' eMHOIO YaCTHHOIO BH3HAYeHHs (OPMHU Ta po3MipiB 3emiri € modyaoBa i r1obankHOI, 1 perioHaIbHOI MO
noBepxHi reoina. OCKibKH ChOTOMHI 3’ ABIAOTHCS BCE OUIBIN 1 TOYHIII MaCHBH BXiHHX JaHuX (TpaHcdopMmaHT
TEOMOTEHINANY) A1 MOOYIOBH TaKoi MOJENi, CTPIMKOTO PO3BHUTKY HAaOyBarOTh i METOMM AJIS X OMNpAIFOBAHHS.
OpHUM i3 TakMX METOAIB € pO3Kiax B psan 3a chepuuHuMHU (yHKIisiMH Ha cdepuuniii Tpaneuii. OCKiIbKu
TpaHc(OpPMaHTH T'PaBITAIMHOTO IMOJsI B OLIBLIOCTI CBOIH OTPUMYIOTHCS 3 BHKOPHCTaHHSM oleparopa AuQepeH-
LIIOBaHHS, IS BUKOPUCTAHHSI IbOT'O METOy HEOOXiTHO JOCIIINTH NepIi Ta Ipyri MoxinHi Bix chepruyHux QyHKIiH
Ha ctepuuHii Tpaneuii, mo i € Meroro miei podorn. Metomuka. Chepuyni (yHKUii Ha cepuyHili Tpamenii
HEMOJKJIMBO TPEICTABUTH Y SIBHIH (OPMI, a TAKOX BOHM HE MAlOTh IMPOCTHX PEKYPEHTHHUX CITiBBiIHOMIEHb. J{ist ix
obuucneHHs1 Tpeba BUKOPUCTATH PO3KIAJA y rinmepreoMeTrpuuHuid psin. Tomy s oO4mciieHHs mepiioi Ta Apyroi
MOXiMHOI Bix BHIIe3rafaHuX (YHKIiH Tpebda BUKOPUCTaTH BHpa3 IOXiTHOI BiJl TIHEPreOMETPUYHOrO PSIY.
Pesynpratn. B pe3ynpTaTi meBHMX MaTeMaTHYHUX IEPETBOPEHb OTPHMAHO BHpa3 Uil 3HAXODKEHHS MEpIIUX Ta
JPYTUX TMOXITHUX JUIsi chepruHuX (QyHKIiA Ha chepuuHill Tpamenii, a TakoX MOPIBHAHO OTPUMAaHHUN PE3yJbTaT i3
chepuunnmu  GyHKuisMu JlexaHnpa mnepmoro pony. HaykoBa HoOBH3Ha i mpakTWyHa 3HauyliicTs. Brepie
3HaleHO BUpa3 Ui mepiioi Ta Jpyroi moxigHoi cdepuunux ¢QyHkuii Ha cdepuuniii Tpamenii. ITopiBHsHO
oTpuUMaHuil pe3ynpTar i3 chepuannmMu pynxuismu Jlexxanapa nepioro pony. Lle nacts 3Mory BUKOpUCTOBYBATH TaKi
¢yHKIiT gk 0a3oBy cucreMy (yHKumii Ha cdepuuHidi Tpamemii Ui 3amad  MOJETIOBAHHS PETiOHAJIBHOTO
IPaBiTAI[iTHOrO YM MArHiTHOTO TIOJIB.

Kmiouosi crosa: chepuuni GyHKINT, chepryHa Tparnellis, nepiia Ta Apyra moxiaHa.
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