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1. Introduction

While researching time variability regularities of both natural and man-made physical processes, the
situation often occurs, when the single stochastic periodicity is overlapped with other periodicity. For
example, the diurnal and annual cycles, including so-called eleven-year periodic change in the Sun’s
activity, are the specific features of time variations for many geophysical processes [1]. The diurnal,
weekly, and annual cycles are manifested in the changes of the electric power consumption [2]. The
biperiodic recurrence also appears in the properties of communication signals [3]. These recurrences
are caused both by periodical changes of the carrier and rhythmic variability of information signals.
In vibration signals, polyrhythmic nature is caused primarily by the different rotation frequencies
of mechanical system units [4,5]. The binary stochastic recurrence can be adequately described by
biperiodically correlated random processes (BPCRP) [6-8|.

The BPCRP mean function m(t) = E¢(t) and its covariance function b(t,u) = E&(t) &(t + u),
&(t) = £(t) — m(t), where E is the probability distribution mean operator, are determined by the
following formulae:

m(t) = Z mkleiAklt Akl = kz—ﬂ— + 12—7{ (1)
LkEZ 7 T

b(t,u) = Br(u)e™™, (2)

LkEZ

where 77 and T5 are positive quantities called the periods of binonstationarity. Hereafter, we accept the
number of harmonics with basic frequencies Ay and Ay and also with combinative frequencies Ay; is
finite and k = —Ny, N1, | = — Ny, N7 for mean function, & = —No, No and [ = — N, Ny for covariance
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Analysis of mean function discrete LSM-estimator for biperiodically nonstationary random signals 45

function. It is obvious that A_j _; = —Ay and m_j, _; = Mgy, and also By, _j(u) = By, ;(u), where
“7” is a conjugation sign.

Fourier coefficients of time-series (1) and (2) are theoretically determined by the following limit
ratios:

_ 1 ek
im 9/ dt, (3)

While processing experimental data, we deal with realizations of the finite length. Statistics for coef-
ficients my,; estimation built analogically to (3) in discrete form are the following [8]:

| K=l
A _ —iAnh
M = 7 nz—;) §(nh) e (4)

where h = % is the sampling interval, K € N. The mathematical expectation of estimator (4) is equal

to
N1

B = Y mpgo(Ap_p g1 K),
P,q=—N1

where @(Ap_ 1K) = K1 Zf:_ol eAr—k.a—imh  Then

Ny
m(nh) = m(nh) + Z £ [1hgy] ekimh,
kl=—N1
The values
Ny
eli] = D mpgo (Mp_gqg-iK)
p,g=—N
p#k, q#l

define the systematic errors of the component discrete estimation. The errors caused by aliasing effects
are avoided if sampling interval h satisfies the inequality h < w/An,n,. The leakage errors decrease
to zero if K — oo, and, for finite K, they are absent only in the cases when 6 = PT} = MT5, where
P and M are natural numbers. This condition is difficult to implement in practice. Using the least
square method (LSM), to estimate BPCRP mean function, we obtain unbiased estimators for arbitrary
6 and frequencies of harmonics of series (1). Mean-square error of LSM-estimator is determined by the
mean-square convergence that depends on the number K and sampling interval h. The grounded choice
of these statistical processing parameters can be made based on discrete LSM-estimators analysis.

2. The properties of LSM-estimators

Let us consider the estimation method based on minimization of the functional

K—1
F (m07 mil) cee 7mzl7 cee 7mi7qV1N1) = Z [g(nh) - m(nh)]2v (5)
n=0
where ]
My = 3 [y — i)
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46 Javorskyjl., Dzeryn O., Yuzefovych R.

To make the following analysis, let us represent the BPCRP mean function and its estimator in a real
form. Taking into account m_j _; = My, we obtain

-1

m(nh) _ Z Z mklezAklnh + Z mklezAklnh + Z Z mklezAkmh + Z mklezAklnh
=—N k=0 |l=—

k=—Np |Il=
N1 N1 Nl Nl
= m00+z Z (mg cos(Agnh)+mj, sin(Aklnh))+Z Z (m%_l cos(Ag,—inh)+my, _ sin(Ag, _inh)).
k=0 =1 =0 k=1
Then
K-1 N1 Ny
F (1o, 11, s Mgy .o N N, ) = Z [{(nh) — |00 + Z Z (g cos(Agnh) 4 mi; sin(Aynh))
n=0 k=0 1=1
N1 Ny 2
+ Z Z (rhf,_y cos(Ag,—inh) +mj sin(Akv_mh))” .
=0 k=1

The estimators for quantities 1o, my;, 1My, mk _;» and mk _; can be found by solving the linear
equations system that provide necessary conditions for the functional (5) minimum existence

or 0 oF 0
oF _ ., Oy a k=0,Ny, Omj k=1N,
ooy OF 0 l=1,Ny, oF 0 1=0,N;.
oy~ P
This is a linear equations system:
Ni Ny
Krngy + Z Z [mkl Z cos(Agnh) + my, Z sin(Agnh)
k=0 =1
Ni N Ko 1 K—1 K-1
+ Z Z [m;_l Z cos(Ag,—nh)+ my, _, Z sin(Agnh)| = Z &(nh),
=0 k=1 n=0 n=0 n=0
K—1 Ni Ny K—1 K—1
Moo Z cos(A,snh) + Z Z mi Z cos(Aginh) cos(Arsnh) + 1y, Z sin(Agnh) cos(Aysnh)
n=0 k=0 =1 n=0 n=0
Ni Ni K-1 K-1
+ Z Z [m;_l Z cos(Ag,—ynh) cos(Apsnh) + 1wy Z sin(Agnh) cos(Aysnh)
=0 k=1 n=0 n=0
K-1
= Z &(nh) cos(Aysnh), (6)
n=0
K-1 N1 Np K-1 K-1
00 Z sin(Aysnh) + Z Z mi Z cos(Agnh) sin(Arsnh) +mj, Z sin(Agnh) sin(Aysnh)
n=0 k=0 l 1 n=0 n=0
Ni N K—1
+ Z Z [mk _ Z cos(Ag,—ynh) sin(Apsnh) + 1wy Z sin(Agnh) sin(A,snh)
1=0 k=1 n=0
K—1
= Z &(nh)sin (Apgnh) .
n=0
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For the last two equations r, s = —Np, N1, r = s # 0. To simplify the following analysis of the solutions
of system (6), it is expedient to rename harmonic frequencies as well as theirs amplitudes. Table 1 shows
harmonic frequencies that produce the mean estimator, and Table 2 shows their respective renaming
frequencies.

Table 1. Harmonic frequencies of estimator r(nh).

AN, N, AN —Ni41 | - An, -1 Anyo AN AN, 2 ANy,
Anvi—1-n | ANi—1 N1 | oo | AN o1 | ANi—10 | AN | Anici2 | - | AN
Aa N, Az _Ni41 As Az Az As 2 Aa N,
AN, AL _Nig1 A A1 A1y A1 A1 N,

A071 A072 AO,N1

Table 2. Renaming frequencies of estimator m(nh).

W2N; (N1+1) WN1(2N1+1) WNy (2N1+1) WN2 41 WNZ 42 WNZ4Ny -1 | WNi(N1+1)
WNy(2N1+1)—1 s Wan?2 WaNZ—1 W(N;—1)N1+1 | W(Ny—1)Ny+2 s WNZ—1 W2
WNy (N1+3)+2 s WNy(N1+2)+2 | WNy(Np+2)+2 W2N; +1 W2N; +2 S W3N; —1 W3Ny
WNy (Ny+2)+1 ce WNy(Ny+1)4+2 | WNy(Np+1)+1 WNy+1 WNy+2 cee W2N; -1 W2N,

w1 w2 N WNp—1 WN;

So, for example, wy, (n,+1) matches the combinative frequency Ay, n, = Ny <% + %), and complex

amplitude of this harmonic my, (n,+1) = %[mﬁVl(N1+1) — imﬁvl(NIH)]. It is the highest frequency
harmonic in the spectrum. After renaming, functional (5) is represented by the following formula:

K-1 L 2
F (mg,m$,...,m$,mj,...,mj7) = Z [g(nh) - (ﬁlo + Z (g cos(wypnh) + 10 sin(wmh)))] ,

n=0 r=1

where L = 2N7 (N7 + 1). Necessary conditions for the function minimum existence

OF_O 8F:0 8F:07 r =TI,

omg  ome T O

now can be rewritten in the following form:

L K-1 K—1 K—1
moK + Z my, Z cos(wgnh) + my, Z Sin(wknh)] = Z &(nh),
k=1 n=0 n=0 n=0
K—1 K-1 K-1
mo Z cos(wynh) + Z my, Z cos(wgnh) cos(wynh) + mj, Z sin(wgnh) cos(wrnh)]
n=0 k=1 n=0 n=0
K-1
= Z &(nh) cos(wynh),
n=0
K-1 K-1 K-1
mo Z sin(w,nh) + Z my, Z cos(wgnh) sin (wynh) + 1m;, Z sin(wgnh) sin(wrnh)]
n=0 k=1 n=0 n=0
K—1
= Z &(nh) sin(wynh).
n=0
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48 Javorskyjl., Dzeryn O., Yuzefovych R.

Let us introduce the following notations:

K—1 K-1 K-1
Cri = T g cos wynh coswgnh, Sy = [7d E sin wynhsinwinh, ap, = [7d E cos wynh sinwinh,
K-1 K-1 K-1
mo = K E &(nh), m, = K E &(nh) cos wynh, my = K E &(nh)sinw,nh.
n=0 n=0 n=0

Necessary minimum conditions determining the mean function estimator are the following:

Ny Ny
A ~C A8 = A ~C A0S — =
Mo + Z (Mmgcko + Miagr) = Mo, MoCro + E (Mmgcrk + Mmiapk) = my,
k=1 k=1
Ny
odor + Y (Mfakr + i) = megn, =1L (7)
k=1

System (7) matrix elements can be easily calculated. We have
K-1

1 . .
Cro = Z cos wynh = e Z (ewrnh + e—uwnh)
=0

_ smK%’h ( P (K-Dh | i (K- > _ sin 4rhcos (K — 1) %h
2K sin ¢ h Ksin%h

= Sl [K7wrh] )

K-1
E sinwgnh = (ei‘“rnh — e_i“’r”h>
22K
n=0

— % (ei%r(K—l)h _ i (K1 > _ sinK5 ;{S;Illn%(f —h _ Sy [K.corh].
Then,
1 T cos(wy + wy)nh 1
“k = 5K | + cos(wy, — wy)nh ] =3 [S1[K, (w4 wr)h] + S1[K, (wi —wr) k],
1 =T cos(wy + wy)nh 1
Stk = 53 2= | — cos(ewy + wInh ] =3 [S1[K, (wi — wr)h] — S2[K, (w, —wr) h]],
K—1p . , )
ark = 2K Z ins(l(:?wt frzz)nh ] =5 [2[K, (@i +wn)h] = S [K, (wp = wr)h]] .

The sums are calculated under the condition h < /A, N, .
Let us consider matrices

r A~

1 c1 -..- CrL apr ... aor mo ﬁlo
C10 C11 ... C1L a1 ... air TATLE TNTL1
r=1,2L+1, . e - _
D= cro ¢r1 ... Crr ar1 ... arj, = [drk]y k‘—m m=| m; |, m= mry,
- 5 + ) A0S ~
appy a1 ... arqp S11 ... S1L m3 mr+1
| o a1 --- arr Sp1 --- SLL | L mSL i L ﬁlgL i
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Linear equations system (7) now can be rewritten as a matrix equation:
Dm =m. (8)

If the rank of matrix D equals the rank of an expanded matrix D|m, then matrix equality (8) has the
only one solution, i.e., the following:
m =D 'm, (9)

[Drk}T

where D! is inverse matrix: D™! = D D, is element d,; algebraic complements.

Taking into account (9), we obtain
|D| Zm]f] nh), (10)
fj(nh) is determined by the following expression:

fi(nh) = Dji11+ E Dji1v1coswpnh + Djyqpypg1sinwenh).

The mathematical expectations of random quantities m; are equal to

L
Erg = modi + ) (midy g1 +midipiri),
k=1
L
Emy = mod, 111 + Z (Mg dri1 k1 +Mpdrit rkt1)
k=1
L
Em; = modpqr1 + Z (mgdrri1 k1 +MEdr et Lrks1) -
k=1

Taking into account the property
L
= [ P 750
jr&lik =
2 0, r#l,

we conclude that Erh; = mj, i.e., the estimators 772; are unbiased for any sampling interval h. Mean
estimator (10) is also unbiased.
For variation estimator, we obtain

2N,

N 1
7,=0

where
Kl cos w;iph cosw,qh
~ — J "
ijmr- K2 p;ob [ph, (¢ — p)h] { sinw;ph sinw,qh }
KZ:I sz: 1b cosw;jph coswy(r + p)h
- K2 = = sinwjph sinw;(r +p)h |-
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50 Javorskyjl., Dzeryn O., Yuzefovych R.

If the covariance function of BPCRP tends to zero as lag u increases, i.e.

lim b(t,u) =0 VteR

|u|—o00

then D [r(nh)] — 0 as K — oo, i.e. estimator (10) is consistent. For h — 0 and § = Kh, expres-
sion (11) transforms into the formula for the variance of the continuous estimator. The difference
between expression (11) and the expression for discrete component estimators of the mean is small
when K are big and h < 7/wr. Then the error that appears when passing from continuous averaging
to discrete averaging is determined by the difference between values of integrals and values of respective
integral sums.
3. LSM-estimators for quadrature model
Let us concretize above obtained results for quadrature model of BPCRP

E(t) = &(t) cos A1t + &s(t) sin Aqqt (12)
and F&.(t) = me, E&(t) = mg and Ajq = ?F_71T + ?p—’; Functional for estimation of the mean

m(t) = mecos A1t + mgsin Ayt (13)

is given by

0
F (e, ms) = / [£(t) — (e cos Ap1t + 1ig sin Aqqt)]? dt.
0

In discrete case, we have obtained the system of two linear equations with matrix elements

1 K—-1 1 K-1 1 K-1
C11 = ? Z COS2 Annh, S11 = E Z sin2 A11’I’Lh, al]l = E Z COS AllnhsinAnnh,
n=0 n=0 n=0
Ty
h = , MeN,
M+1
and free terms are
1 K—-1 1 K-1
Me = 17 Z &(nh)cos Ajynh, mg = e Z &(nh)sin Aq1nh.
n=0 n=0
The solutions of this system
e = = (st —an), i = = (eer — o)
Me = 7= (MeS11 — Mgaiy) , Mg = 7= (MgC11 — Meai1),
C |D| C S S |D| S C

hence
Eme = meci1 +msarn, Emg = mearr +mgsii,

are unbiased estimators of amplitudes m,. and mg for arbitrary value of chosed sampling interval h:

" 1 1 m (311011 — CL2 )

Fre = — _ _ L me 1 _
e D [(mccn + msai11) s11 — (Meagr + mgs11) a11] D] | +ms (ansy — sian) Me,
. 1 1

Enmn, = D [ (mear +mgsi) e — (mecin +msann) an) = D (c11811 — aiy) ms = ms.

The variance of the discrete estimator for the mean (13) equals:
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. 1
D|[m(nh)] = D [Din, f7(nh) + 2R in, f1(nh) fa(nh) + Dy, f5 (nh)]. (14)
Herewith,
fi(nh) = s11 cos Ajynh — aj1 sin Ajinh,
fa(nh) = —aq1 cos Ayynh + c11 sin Ajinh,
and also
=
Dy, = 2 Z b[nh, (m — n)h] cos Ajynh cos Ajymh
m,n=0
| K-1K—n—1
= 5503 Z Z b(nh, ph)[ cos Aviph + cos A11(2n + p)h], (15)
n=0 p=-—n
| Kl
Dy, = 2 Z b[nh, (m — n)h]sin A;ynh sin Ajymh
m,n=0
| K-1K-n—1
= 5503 Z Z b(nh, ph)[ cos Ay1ph — cos A1 (2n + p) h], (16)
n=0 p=—n
| Kl
Ry oing = i7e Z b[nh,(m — n)h] cos Ajinh sin Ajymh
m,n=0
| K-1K—n—1
=2 Z Z b(nh, ph) cos A1ynh sin Aj1(n + p)h. (17)
n=0 p=—n

After the summation order changing, we get:

" | K1Kon-1
Dy’ = el nz::o p;n b(nh,ph) cos A11ph
LS K-1K-—p—1
= 2z > b(nh,0)+2> " Y b(nh,ph)cos Ayph|
n=0 p=0 n=0
" | K1Kon-1
D) = 352 nz::o p;n b(nh,ph) cos A11(2n + p)
1 (k-1 K—1K—p—1
=352 Z b(nh,0)cos 2A11nh + 2 Z Z b(nh,ph)cos A11(2n +p)h |,
n=0 p=1 n=0
1 rK—1
Rim, = e 2_:0 b (nh,0)sin 2A11nh
Kll K—p—1
+2 Z Z b(nh,ph) [ cos A1inh sin Ajj(n + p)h + cos A11(n + p)h sin Allnh]
p=1 n=0
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Let us substitute the formula for covariance function of the random process (12)

b(nh,ph) = Boo(ph) + > Byp(ph) 'trroh

r=42
into these relationships. Then,
1 i K-1
D) = 52z | Boo(0) + 37 | Brr(0)fer (0, K = 1)+ 37 Bro(ph) fr(0. K —p— 1) cos Aph | |
r==42 p=1

B’I"I‘(O) [fr+2,7“+2(07 K — 1) + fr—2,r—2(07 K — 1)]

1
p®_ 1
e 4K 7’:%2:2

K-1
+2 Z Brr(ph) [eiArrphfr+2,r+2(07 K — D — 1) + e_iAMpth—ZT—?(Oa K — b= 1)] ] )
p=1

where
K—-1

1 .
Frl0. — 1) = & 37 e,
n=0
Components of these expressions depend on the functions f,,.(0, K — 1) and f,.(0, K —p—1), r #0,
are the quantities of the highest order of smallness as compared with the zero components. Neglecting
them, we obtain the following formulae for quantities (15) and (16):

K1
1

Dy, = — | Boo(0) + 322 )+ (1 — —> 2Boo(ph) cos A11ph

2K 2
+ BS,(ph) cos Ay1ph — BSy(ph) sin Ayiph] |,

) ) K1 )

Dy — | B — —BS 1—-=)1|2B h Ai1ph

e 00(0) 5 52(0) + 2 ( K) [2Boo (ph) cos Aj1p

— BS,(ph) cos A11ph + B3, (ph) sin Allph] .

After analogic transformations of the expression (17) at a first approximation we get:

1
Ry, = Ye B35(0) + 2 Z (1 — —> B22(ph) cos A\11ph + B3, (ph) sin Allph]

Let us represent covariance components through the auto- and crosscovariance functions of quadrature
components:

1

Boo(ph) = 5 [Re(ph) 4+ Rs(ph)] cos A1iph + R (ph)sin A11ph,
1

B (ph) = 5 [Re(ph) — Rs(ph)] cos A11ph + R, (ph)sin A11ph,
1

B3,(ph) = 3 [Rs(ph) — Re(ph)] sin A11ph + R/, (ph) cos A11ph.
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Here R. (ph) and Rs(ph) are autocovarlance functlons of quadrature components R.(ph) =

E&(nh) &((n + p)h), Ru(ph) = E&(nh) &((n + p)h), &lnh) = Eo(nh) —me, &(nh) = &(nh) — ms,
me = Ef.(nh), ms = E&(nh); RY,(ph) and R_,(ph) are the odd and even parts of crosscovariance

function: Res(ph) = E&(nh)&((n+p)h). If we set R_,(ph) = 0, after transformations we obtain

[ K-1
1 p 1
Din. = 57z | 7 BRe(0) + Bs(0)) + p; (1 K) [Rc(ph) + 5 [Be(ph) + Rs(ph)] cos Azzph]] ;
D, = — l(R (0)+ 3R (0))+K_1 (1—3) [Rc(ph) + Rs(ph)] cos Asaph
s oK |2 c s o K c\P s\P 22P 5
1 ] K—1 »
Rnun. = gz [FLO) +2 3 (1= ) RL0h)
L p:1
Accepting

Re(ph) = Dye Pt R (ph) = Dye=2P" RY (ph) = Dze~slplh
and introducing the functions

K-1

_ 1 — p —a;ph
SO(O‘“K)_Mz(l K)e ’
p=1
= »
s9 (ay, K) = Y4 (1 - E) e~ PR cos Aoggph
p=1
we have
1
Dy, = 8K (3D1 + Dg) + D180(O£1, K) + 5 [DlsQ(oq,K) + DQSQ(OZQ, K)],
1
Dms 8K (Dl + 3D2) + DQSQ(QQ, K) + 5 [Dlsg(ozl, K) + D232(a2, K)],
Dy
Rmcms = ﬁ + 2D3$0(C¥3,K)
Taking into account

2 L 2 . 1

fi(nh) = 3 (s11 +aiy) — s11a11 sin Agonh + = 5 (311 ‘111) cos Aganh,
1 1

f22(nh) =3 (c%l + a%l) — c11a11 sin Agonh + = 5 (a21 ) cos Agonh,

a a 1 .
fi(nh)fa(nh) = —% (s11+cn) + % (c11 — s11) cos Aganh + 5 (cris11 + a%l) sin Agonh,

we can rewrite variance (14) in the following form:

D [m(nh)] = Do [m(nh)] + D, [r(nh)] cos Asanh + Dy [r(nh)] sin Aganh
= Dy [(nh)] + Dy [im(nh)] cos (Asxanh — a2(nh)), (18)

where

1
Dy [(nh)] = DF (D, (sT1 + at1) + Di, (ci1 + ai1) — 2Riem, (s11011 + c11a11) ],
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D [m(nh)] = 2‘];’2 [Di. (511 — aly) + Dy, (afy — 1)) — 2Ry, (s11011 — cnnan) |,
D [m(nh)] = |Dl|2 [2Rjom, (s11011 4+ a3y) — Disiian — Digcrian ],
Dy [m(nh)] = “DC [ (nh)] ]2 + [Ds [ (nh)] ]2} 2 ., @oa(nh) = arctan gi %Ezm,

and
o 1 14 sin A6 N 1 1 sin Agof S 1 1 cos Aoyob
L At )7 "M T2 At )7 M T2 200

The variance components (18) were calculated for chosen values of parameters D;, «;, different ratios
T7 and T5, and also length of realization and sampling interval used the obtained formulae. The results
of calculation are given in Table 3.

Table 3. Values of quantities Dg[ri(nh)] and Ds[m(nh)] for different damping decrements when 6 = 10077,
To =T, T, =10s, and h = -

M+1-
M a1 = ag = 0.02; ag = 0.01 a1 =ag =0.6; a3 =0.3 a; =az=1;a3=0.5
Do) | Dafin(nh)] | Doli(mh)] | Dalmmh)] | Doli(nh)] | D [(nh)

5 0.7603-10"' | 0.5772-107" | 0.3498-1072 | 0.2635-10"2 | 0.2863- 1072 | 0.1833-102
10 0.7601-10~1 | 0.5750- 10~ | 0.3050-10~2 | 0.2378-10"2 | 0.2185-10"2 | 0.1551 - 102
15 0.7601-10"1 | 0.5742-10~1 | 0.2973-10"2 | 0.2288-10"2 | 0.2057-10"2 | 0.1455- 102
20 0.7601-10~1 | 0.5738-10~' | 0.2945-1072 | 0.2242-1072 | 0.2012-1072 | 0.1406- 1072
25 0.7601-101 | 0.5735-101 | 0.2932-1072 | 0.2214-10"2 | 0.1990- 1072 | 0.1377- 102
30 0.7601-10"1 | 0.5734-10~1 | 0.2925-10"2 | 0.2196-10"2 | 0.1978-10"2 | 0.1358- 102
40 0.7601-101 | 0.5731-10~1 | 0.2917-1072 | 0.2172-1072 | 0.1966- 1072 | 0.1334- 102
50 0.7601-101 | 0.5731-10~1 | 0.2914- 1072 | 0.2158-10~2 | 0.1960- 1072 | 0.1320- 102
100 0.7601-10"1 | 0.5728-10~' | 0.2909-10~2 | 0.2129-10"2 | 0.1953-10"2 | 0.1291- 102
150 0.7601-101 | 0.5725-10~1 | 0.2909- 1072 | 0.2120-10"2 | 0.1951-1072 | 0.1282- 102
200 0.7601-10~1 | 0.5724-10~1 | 0.2908-10~2 | 0.2116-10"2 | 0.1951-1072 | 0.1277- 102
%%?fg&%‘#s 0.7601-10"1 | 0.5724-10~' | 0.2907-10"2 | 0.2101-10"2 | 0.1950- 1072 | 0.1263- 102

The variance of the continuous estimators [9] were calculated also. In this case we have:
1
Dy, = Diro (an,0) + 3 [D17a(ar,0) + Dyra(as, 0)],
1
Dy, = Dorg (r2,0) + 3 (D1 ra(oq,8) + Dy ra(as,8)],
Rpnern, = D3 ro(e3, 0),

where
1 a
ozz, —9 Z“du
—1 i A d
r9 a,, 20 ~%iU cos 20U AU.
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As can be seen from the Table3, the difference between the values of the variance for discrete
estimator and the values of the variance of continuous estimator are small if the damping coefficients
are small. The chosen number of a sampling points on the period T} is greater than 10, i.e., two times
greater than the number provided absence of aliasing effect of the second kind [10,11]. If damping
coefficients increase the value of the variances in discrete and continuous cases and also difference
between them increase too. For example, we have Dy [m(nh)] = 1.12D [m(t)] and D [f(nh)] =
1.22D [a(t)] if M = 10 and a3 = as = 1; ag = 0.5. The value of variances decrease slowly if
sampling interval decreases. The inequality Dy [m(nh)] < 1.05Dq [/n(t)] is satisfied only if M > 50.
The calculations carried out for To = 1.577 and T = 1.177 show that the properties of the variance
part are similar.
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Fig. 1. Dependencies of variance parts of component estimator (---) and LSM-estimator (—) on the realization
length: (a) oy = a2 = 0.02; ag = 0.01; (b) @1 = a2 =0.6; a3 =0.3; (¢) a1 = ag = 1; ag = 0.5.
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Let us compare the obtained numerical results with the results when component method is used.
For continuous estimator

0 0
m(t) = [%/0 £(s)cosAyys ds] cos A11t + [%/0 £(s)sinAqys ds] sin Aq1t,

we have

[N

Dy [in(t)] = D[] + D [ins], Do [i(t)] = [(Rmcms)2 + [D [1ne] = D [rins] ]2] : (19)

where
D [m.] = 2D1ro(aq,0) + Dire(aq,0) + Dara(ae, 0),

D [ms] = 2D2r0(a2, 9) + D1T2(a1, 9) + D2T2(a2, 9),
Rmcms = 4D3’f’0(0¢3,9).

The results of calculations are shown graphically in the form of dependencies of variance parts on
the realization length 6 for different damping decrements when T = 1.577, 77 = 10s. As it is seen,
the values of variance of LSM-estimator rapidly converge to the values of component estimator and
when 6 > 1077, these values are almost the same. For small damping coefficients, this convergence has
an oscillatory form, and for great decrements it has a monotonous form. Similar results were obtained
when we calculated variances of coefficients for another relationships between periods 77 and T5.

4. Conclusion

Therefore, using the LSM-estimation of a mean function gives us an opportunity to avoid systematical
error caused by a leakage effect. Meanwhile, the values of root-mean-squar (rms) errors of component
estimators and LSM-estimators differ insignificantly even in cases when realization length is small. The
concrete values of rsm errors in dependence on realization length and sampling interval can be calculated
based on the formulae obtained in the present paper. Realization length 6 (sample number K) and the
value of sampling interval that provides necessary rsm error of processing depend significantly on the
values of damping coefficients of correlations. If coefficients decrements are great, the sampling interval
that provides this error can be dozens times greater than the interval which provides the absence of
aliasing effects of the first and second kinds.
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IIpoanaJsizoBaHO IUCKPETHI OIIHKY JETEPMIHOBAHOI CKJIA0BOI OIIEPIOAMIHO HeCTAIiOHAD-
HAX BUNQJIKOBUX CHUTHAJIB, OTPUMAHUX 3a JIOMOMOTOI0 METOMIB HAWMEHIUX KBaJpPaTiB
(MHK). Tlokazano, mo MHK-oninoBanHs /1a€ MOXKJIMBICTb YHUKHYTH eDEKTIB IIPOCo-
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