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1. Introduction

Fractional integrals and derivatives [1–5] are actively used in researches of anomalous diffusion in
porous media [5–16], disordered systems [17–30], plasma physics [31–36], turbulent [37–39], kinetic and
reaction-diffusion processes [39–48], biological systems [49–51], etc. [5, 52, 53]. An actual problem for
description of nonequilibrium processes in complex systems is construction of generalized diffusion and
wave equations [54, 55] using fractional integrals and derivatives. The dispersion of heat waves in a
dissipative environment using the Cattaneo–Maxwell heat diffusion equation with fractional derivatives
has breen investigated in Ref. [56]. On the basis of this equation, the frequency spectrum, phase and
group velocities of propagation of heat waves in a dissipative environment have been investigated.

In Refs. [30,57–60], the statistical approach has been developed for obtaining the space-time nonlo-
cal transport equations with fractional derivatives using the Zubarev nonequilibrium statistical operator
method [61–64] and the Liouville equation with fractional derivatives, proposed by Tarasov [40].

In the second section, based on the statistical approach within the Renyi statistics, we have obtained
a generalized diffusion equation with fractional derivatives for the nonequilibrium average value of the
number density of particles. This equation is nonlocal in space and time. In the third section, within
the Gibbs statistics and approximation of constant diffusion coefficient, the frequency spectrum of
the Cattaneo–Maxwell–type diffusion equation for the nonequilibrium average value of the number
density of particles has been obtained. The frequency spectrum, phase and group velocities have been
calculated, depending on order of the fractional derivative, characteristic relaxation time and value of
the diffusion coefficient.

2. Generalized diffusion equations with fractional derivatives

To describe the diffusion processes of particle in heterogeneous environments with fractal structure,
one of main parameters of the reduced description is the nonequilibrium density of particle numbers
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n(r; t) = 〈n̂(r)〉tα, where n̂(r) =
∑N

j=1 δ(r − rj) is the microscopic density of the particle. The
corresponding generalized diffusion equation for n(r; t) can be obtained on the base of approach [57],
by using the Zubarev nonequilibrium statistical operator method within the Renyi statistics for solution
of the Liouville equations with fractional derivatives,

∂

∂t
〈n̂(r)〉tα = Dα

r ·
∫

dµα(r′)

∫ t

−∞

eε(t
′−t)Dq(r, r

′; t, t′) ·Dα
r′βν

∗(r′; t′)dt′, (1)

Dq(r, r
′; t, t′) =

〈

v̂(r)T (t, t′)v̂(r′)
〉t

α,rel
(2)

is the generalized coefficient of particle diffusion within the Renyi statistics, averaging of which is
performed with a power-law Renyi distribution,

ρrel(t) =
1

ZR(t)

(

1 − q − 1

q
β

(

H −
∫

dµα(r) ν∗(r; t) n̂(r)

))
1

q−1

, (3)

where

ZR(t) = Îα(1, . . . , N)T̂ (1, . . . , N)

(

1 − q − 1

q
β

(

H −
∫

dµα(r) ν∗(r; t) n̂(r)

))
1

q−1

(4)

is the partition function of the relevant distribution function, H is a Hamiltonian of system, 0 < q 6 1,
q is the Renyi parameter;

ν∗(r; t) =
ν(r; t)

1 + q−1
q

∫

dµα(r) ν(r; t) 〈n̂(r)〉tα
,

T (t, t′) = exp+

(

−
∫ t

t′
(1 − Prel(t

′′))iLαdt
′′
)

is the evolution operator in time containing the projection;

exp+ is the ordered exponentia, Prel(t
′′) is the generalized Kawasaki-Gunton projection operator de-

pended on a structure of the relevant statistical operator (distribution function), ρrel(x
N ; t′). iLα is

the Liouville operator for a system of particles in heterogeneous environment with fractal structure.
Parameter ν(r; t) is the chemical potential of particle, which is determined from the self-consistency
condition,

〈n̂(r)〉tα = 〈n̂(r)〉tα,rel . (5)

β = 1/kBT , kB is the Boltzmann constant, T is the equilibrium value of temperature; v̂(r) =
∑N

j=1 vjδ(r−rj) is microscopic flux density of the particle. The average values in Eq. (2) are calculated
by (see Ref. [57])

〈(. . .)〉tα,rel = Îα(1, . . . , N)T̂ (1, . . . , N)(. . .)ρrel(x
N ; t),

where Îα(1, . . . , N) for system of N particles has the form

Îα(1, . . . , N) = Îα(1) . . . Îα(N), Îα(j) = Îα(rj)Î
α(pj)

and defines the integration operation,

Îα(x)f(x) =

∫ ∞

−∞

f(x) dµα(x), dµα(x) =
|x|α
Γ(α)

dx. (6)

The operator T̂ (1, . . . , N) = T̂ (1) . . . T̂ (N) defines the operation

T̂ (xj)f(xj) =
1

2

(

f(. . . , x′j − xj, . . .) + f(. . . , x′j + xj , . . .)
)

.

In the generalized diffusion equation (1), dα is a fractional differential [65] that is defined by

dαf(x) =
2N
∑

j=1

Dα
xj
f(x)(dxj)

α,
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where

Dα
xf(x) =

1

Γ(n− α)

∫ x

0

f (n)(z)

(x− z)α+1−n
dz (7)

is the Caputo fractional derivative [1, 2, 66, 67], n− 1 < α < n, f (n)(z) = dn

dzn
f(z) with the properties

Dα
xj

1 = 0 and Dα
xj
xl = 0, (j 6= l).

At q = 1, the generalized diffusion equation within the Renyi statistics goes into the generalized
diffusion equation within the Gibbs statistics with fractional derivatives. If q = 1 and α = 1, we
obtain the generalized diffusion equation within the Gibbs statistics. In the Markov approximation,
the generalized coefficient of mutual diffusion in time and space has the form Dq(r, r

′; t, t′) ≈ Dqδ(t−
t′)δ(r − r

′), by excluding the parameter ν∗(r′; t′) via the self-consistency condition, we obtain the
diffusion equation with fractional derivatives from Eq. (1)

∂

∂t
〈n̂(r)〉tα = DqD

2α
r ν∗(r; t). (8)

The generalized diffusion equation takes into account spatial fractality of system and memory
effects in the generalized coefficient of particle diffusion Dq(r, r

′; t, t′) within the Renyi statistics. Ob-
viously, spatial fractality of system influences on particle transport processes that may manifest as
multifractal time with characteristic relaxation times. It is known that the nonequilibrium correlation
functions Dq(r, r

′; t, t′) can not be exactly calculated, therefore the some approximations based on
physical reasons are used. In the time interval −∞ ÷ t, ion transport processes in spatially hetero-
geneous system can be characterized by a set of relaxation times that are associated with the nature
of interaction between of the particle and particles of environment with fractal structure. For ope-
ning of multifractal time in the generalized diffusion equation, we use the following approach for the
generalized coefficient of the particle diffusion

Dq(r, r
′; t, t′) = W (t, t′)Dq(r, r

′), (9)

where W (t, t′) can be defined as the time memory function. In view of this, Eq. (1) can be represented
as

∂

∂t
〈n̂(r)〉tα =

∫ t

−∞

eε(t
′−t)W (t, t′) Ψ(r; t′) dt′, (10)

where

Ψ(r; t′) =

∫

dµα(r′)Dα
r ·Dq(r, r

′) ·Dα
r′βν

∗(r′; t′). (11)

Further we apply the Fourier transform to Eq. (10), and as a result we get in frequency represen-
tation

iωn(r;ω) = W (ω) Ψ(r;ω). (12)

We can represent frequency dependence of the memory function in the following form

W (ω) =
(iω)1−ξ

1 + (iωτ)ξ
, 0 < ξ 6 1, (13)

where the introduced relaxation time τ characterizes of the particle transport processes in system.
Then Eq. (12) can be represented as

(

1 + (iωτ)ξ
)

iωn(r;ω) = (iω)1−ξΨ(r;ω). (14)

Further we use the Fourier transform to fractional derivatives of functions,

L
(

0D
1−ξ
t f(t); iω

)

= (iω)1−ξL(f(t); iω), (15)

where 0D
1−ξ
t f(t) = 1

Γ(ξ)
d
dt

∫ t

0
f(τ)

(t−τ)1−ξ dτ is the Riemann–Liouville fractional derivative. By using it, the

inverse transformation of Eq. (14) to time representation gives the Cattaneo-type generalized diffusion
equation with taking into account spatial fractality, in the expanded form
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0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) =

∫

dµα(r′)Dα
r ·Dq(r, r

′) ·Dα
r′βν

∗(r
′

; t), (16)

is the new Cattaneo-type generalized equation within the Renyi statistics with time and spatial non-
locality. At q = 1 from Eq. (16), we get the Cattaneo-type generalized equation within the Gibbs
statistics with time and spatial nonlocality.

Eq. (16) contains significant spatial heterogeneity in Dq(r, r
′). If we neglect spatial heterogeneity,

Dq(r, r
′) = Dqδ(r − r

′), (17)

we get the Cattaneo-type diffusion equation with of space-time nonlocality and constant coefficients
of diffusion within the Renyi statistics

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) = DqD

2α
r βν∗(r

′

; t), (18)

or in the expanded form

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) = DqD

2α
r β

ν(r; t)

1 + q−1
q

∫

dµα(r)ν(r; t) 〈n̂(r)〉tα
, (19)

and at q = 1 we get the Cattaneo-type diffusion equation with of space-time nonlocality and constant
coefficients of diffusion within the Gibbs statistics,

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) = DD2α

r βν(r; t). (20)

3. Dispersion relations for the time-space-fractional Cattaneo–Maxwell diffusion
equation

Using the self-consistent condition (5) and the approved approximations, Eq. (20) can be written as

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) −D′D2α

r n(r; t) = 0, (21)

where D′ is the renormalized diffusion coefficient. For simplicity, we consider the one-dimensional case
and a solution of Eq. (21) will be sought in the form of the plane wave,

n(x; t) ∼ e−iωt+ikx, (22)

then we get the corresponding frequency spectrum,

(

τ ξ(−iω)2ξ + (−iω)ξ
)

−D′(ik)2α = 0. (23)

It should be noted that the real part ωr(k) of the frequency spectrum ω(k) = ωr(k) + iωi(k)
describes propagation of process, the imaginary part of ωi(k) describes damping of process in time.
The real part k(ω)r of the wave spectrum k(ω) = k(ω)r + ik(ω)i describes propagation of the process,
the imaginary part k(ω)i describes damping of the process in space. In addition, the real part of the
frequency spectrum determines the wave dependence of the phase and group velocities of process:

vp(k) =
1

k
ωr(k), vg(k) =

∂

∂k
ωr(k),

and the real part of the wave spectrum determines the frequency dependence of the phase velocity of
process,

vp(ω) =
ω

k(ω)r
.
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First, let us consider the case α = 1 and 0 < ξ < 1. The similar problem is solved in Ref. [56]
at investigating dispersion relations for the Cattaneo-Maxwell heat transfer equation with fractional
derivatives. At α = 1, we get the equation

(

τ ξ(−iω)2ξ + (−iω)ξ
)

+D′k2 = 0, (24)

the solution of which has the form:

(−iω)ξ =
−1 ±

√

1 − 4τ ξD′k2

2τ ξ
(25)

or

ωξ = iξ
−1 ±

√

1 − 4τ ξD′k2

2τ ξ
. (26)

Next we find imaginary and real parts of the frequency by putting ω = |ω|eiθ, |ω| > 0, −π < θ < π,
then we get

|ω|ξeiξθ = eiξ
π
2

−1 ±
√

1 − 4τ ξD′k2

2τ ξ
. (27)

The solution of Eq. (27) will be rewritten depending on a sign of expression under the root, B(k) =
1 − 4τ ξD′k2.

In the case of B(k) > 0 we have that

|ω| =
1

τ

∣

∣

∣

∣

∣

−1 ±
√

1 − 4τ ξD′k2

2

∣

∣

∣

∣

∣

1

ξ

, θ =
π

2
+
π

ξ
. (28)

Then the real and imaginary parts of the frequency spectrum ω(k) = ωr(k)+ iωi(k) will have the form:

ωr(k) = |ω| cos θ = −1

τ

∣

∣

∣

∣

∣

−1 ±
√

1 − 4τ ξD′k2

2

∣

∣

∣

∣

∣

1

ξ

sin
π

ξ
, 0 6 k 6

1√
4τ ξD′k2

, (29)

ωi(k) = |ω| sin θ =
1

τ

∣

∣

∣

∣

∣

−1 ±
√

1 − 4τ ξD′k2

2

∣

∣

∣

∣

∣

1

ξ

cos
π

ξ
, 0 6 k 6

1√
4τ ξD′k2

. (30)

According to definitions of the phases and group velocities:

vp(k) =
ωr(k)

k
, vg(k) =

∂

∂k
ωr(k), (31)

we obtain the following expressions for vp(k) and vg(k):

vp(k) = − 1

τk

∣

∣

∣

∣

∣

−1 ±
√

1 − 4τ ξD′k2

2

∣

∣

∣

∣

∣

1

ξ

sin
π

ξ
, 0 6 k 6

1√
4τ ξD′k2

, (32)

vg(k) = ∓ 2

τξ

τ ξD′k2
√

1 − 4τ ξD′k2

(

1 ±
√

1 − 4τ ξD′k2

2

)
1−ξ

ξ

, 0 6 k 6
1√

4τ ξD′k2
. (33)

In the case of B(k) < 0 we have that

|ω|ξeiξθ = eiξ
π
2

−1 ± i
√

∣

∣1 − 4τ ξD′k2
∣

∣

2τ ξ
. (34)
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It is convenient to submit the fraction in an exponential form:

−1 ± i
√

∣

∣1 − 4τ ξD′k2
∣

∣

2τ ξ
= Keiψ

where

K =

∣

∣

∣

∣

∣

∣

−1 ± i
√

∣

∣1 − 4τ ξD′k2
∣

∣

2τ ξ

∣

∣

∣

∣

∣

∣

=

√

D′k2

τ ξ
, ψ = ∓ arctan

√

4τ ξD′k2 − 1.

Taking this into account, we get that

|ω|ξ =

√

D′k2

τ ξ
, ξθ =

ξπ

2
+ ψ

or

|ω| =





√

D′k2

τ ξ





1

ξ

, θ =
π

2
∓ 1

ξ
arctan

√

4τ ξD′k2 − 1. (35)

Accordingly, for the real and imaginary parts of the frequency spectrum, we find that

ωr(k) = |ω| cos θ = ±





√

D′k2

τ ξ





1

ξ

sin

(

1

ξ
arctan

√

4τ ξD′k2 − 1

)

, (36)

ωi(k) = |ω| sin θ =





√

D′k2

τ ξ





1

ξ

cos

(

1

ξ
arctan

√

4τ ξD′k2 − 1

)

. (37)

In this case, the phase and group velocities obtain the following form:

vp(k) = ±1

k





√

D′k2

τ ξ





1

ξ

sin

(

1

ξ
arctan

√

4τ ξD′k2 − 1

)

, (38)

vg(k) = ± 1

ξk





√

D′k2

τ ξ





1

ξ (

sin

(

1

ξ
arctan

√

4τ ξD′k2 − 1

)

+
cos
(

1
ξ

arctan
√

4τ ξD′k2 − 1
)

√

4τ ξD′k2 − 1

)

. (39)

Using the analytic expressions for the frequency spectrum, phase and group velocities in the cases
B(k) > 0 and B(k) < 0, numerical calculations are carried out at two values of the relaxation time
τ = 0.2, 0.5 and the diffusion coefficient D′ = 0.5 with different values of the order ξ of the fractional
derivative ξ = 0.3, 0.5, 0.8, 1. The results of the calculations are presented in Figs. 1–4. For ξ = 1, we
have the usual Cattaneo–Maxwell equation with the corresponding behavior of the frequency spectrum.
From analysis of the frequency spectrum for ξ = 0.3, 0.5, 0.8, we see nonlinear wave behavior in
both the propagation and the damping of the diffusion process. In the behavior of ωr(k) there are
discontinuities, which is also manifested in phase velocity, respectively. This may indicate a sharp
change in the nature of the diffusion wave process. The group velocity has λ-like form with a sharp
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Fig. 1. The frequency spectrum for τ = 0.2, D′ = 0.5.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-5

-4

-3

-2

-1

0

1

2

3

4

5

k

r
(k), =0.3

r
(k), =0.5

i
(k), =0.5

i
(k), =0.3

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

k

i
(k), =1.0

i
(k), =0.8

r
(k), =1.0

r
(k), =0.8

Fig. 2. The frequency spectrum for τ = 0.5, D′ = 0.5.
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Fig. 3. The phase and group velocities for τ = 0.2, D′ = 0.5.

peak that, with increasing relaxation time, decreases. It is model research and it is obvious that features
of the frequency spectrum studies would be important and interesting in investigating diffusion wave
processes for specific real systems.
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Fig. 4. The phase and group velocities for τ = 0.5, D′ = 0.5.

4. Conclusions

By using approach of Ref. [57,60], the new non-Markovian diffusion equations of particles in spatially
heterogeneous environment with fractal structure have been obtained. By using approaches for the
memory functions and fractional calculus [1–5], the generalized Cattaneo–Maxwell diffusion equations
with taking into account nonlocality of space-time have been obtained. Dispersion relations for the
Cattaneo–Maxwell-type diffusion equation are found, taking into account the time–spatial nonlocality
in fractional derivatives. The frequency spectrum, phase and group velocities of the particles have
been calculated for two values of the relaxation time τ = 0.2, 0.5 and the diffusion coefficient D′ = 0.5
with the change in the value of the order of the fractional derivative ξ = 0.3, 0.5, 0.8, 1. It is shown
that the frequency spectrum of the diffusion process is of wave behavior with discontinuities, which
also manifests itself in the behavior of the phase velocity.
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Узагальнене рiвняння дифузiї Кеттано–Максвелла у дробових
похiдних. Дисперсiйнi спiввiдношення

Костробiй П.1, Маркович Б.1, Вiзнович О.1, Зелiнська I.1, Токарчук М.1,2

1Нацiональний унiверситет “Львiвська полiтехнiка”,

вул. С. Бандери, 12, Львiв, 79013, Україна
2Iнститут фiзики конденсованих систем НАН України,

вул. Свєнцiцького, 1, Львiв, 79011, Україна

Отримано нове немарковське рiвняння дифузiї частинок у просторово неодно-
рiдному середовищi з фрактальною структурою та узагальнене рiвняння дифузiї
Кеттано–Максвелла з урахуванням просторово-часової нелокальностi. Знайдено дис-
персiйнi спiввiдношення для рiвняння дифузiї типу Кеттано–Максвелла з урахуван-
ням просторово-часової нелокальностi у дробових похiдних. Розраховано частотний
спектр, фазову та групову швидкостi й показано його хвильову поведiнку зi стрибко-
подiбними розривами, якi проявляються також у змiнi фазової швидкостi.

Ключовi слова: узагальнене рiвняння дифузiї, нерiвноважний статистичний опе-

ратор, статистика Ренi, часова мультифрактальнiсть, просторова фракталь-

нiсть, просторово-часова фрактальнiсть.
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