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The work suggests a modified three-layer neural network with architecture that has only
the diagonal synaptic connections between neurons; as a result we obtain the transformed
Hecht—Nielsen theorem. This architecture of a three-layer neural network (m = 2n + 1 is
the number of neurons in the hidden layer of the neural network, n is the number of input
signals) allows us to approximate the function of n variables, with the given accuracy
e > 0, using one aggregation operation, whereas a three-layer neural network that has
both diagonal and non-diagonal synaptic connections between neurons approximates the
function of n variables by means of two aggregation operations. In addition, the matrix
diagonalization of the synaptic connections leads to a decrease of computing resources and
reduces the time of adjustment of the weight coefficients during the training of a neural

network.
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1. Introduction

In 1900, D. Hilbert formulated a list of tasks, one of which was the problem of representing the function
of n variables in the form of a superposition of functions of a smaller number of variables. In 1956,
A.N.Kolmogorov [1,2] showed that the continuous function of n variables can be represented as a
superposition of functions of one variable. Later, Vitushkin [3| showed that there is no such place in
the class of differentiated functions.

This question was also considered for discrete functions. In 1939, J. Slupecki [4] obtained a criterion
for the completeness of the system of functions of k-valued logic with respect to the superposition
operation.

The need for representations of functions of n variables in the form of superposition of functions of a
smaller number of variables arose with the development of the theory and practice of neural networks.
The emergence of neural networks is associated with the article of McCulloch and Pitts [5], which
describes the mathematical model of the neuron and neural network. It has been proved that Boolean
functions can be represented by neural networks. Later, F.Rosenblatt [6] proposed a model called
perceptron and the training algorithm for this model. It has been shown that perceptrons can solve
some tasks more efficiently than computers of traditional architecture. Later, a serious mathematical
analysis of perceptrons, carried out by M. Minsky and S. Pipert [7], revealed serious limitations in the
field of perceptron application. In particular, it has been shown that solving problems with perceptron
requires a significant amount of time or a large number of neurons.

In the future, the restrictions were relaxed by the way of replacing the threshold function of acti-
vating neurons to the sigmoid function. In particular, in 1989 G.Cybenko [8|, K.Funahashi [9] and
K. Hornick [10] independently proved the following fact. Let 1) is a fixed sigmoidal function, and f is
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the continuous function on compactum K C R" of n variables. Then f can be approximated in the
sense of uniform approximation of a four-layer network (with two hidden layers), with the activation
functions of the first and last layer linear, and for intermediate layers 1.

Hecht—Nielsen [11] showed that the continuous function of many variables can be represented by a
three-layer neural network with n components of the input signal, 2n 4+ 1 components of a hidden layer
with sigmoid activation functions, and M components of the output layer with unknown activation
functions and represented by two aggregation operations. Thus, in a nonconstructive form, the solution
of the problem of representing a function of n variables by a neural network was proved.

In [12], it is shown that in the integral metric with the weight of Chebyshev—Hermite, the function
of n variables can be approximated by a three-layer neural network, with the activation functions of
the hidden layer can be given in advance, and the output is linear.

In this paper, we propose a modified three-layer neural network with architecture that has only
diagonal synaptic connections between neurons, as a result we obtain the transformed Hecht—Nielsen
theorem. Such an architecture of a three-layer neural network (m = 2n + 1 is the number of neurons
in the hidden layer of the neural network; n is the number of input signals) allows an approximation
of a function of n variables, with a given accuracy € > 0, by means of one aggregation operation.

2. The Formulation of the transformed Hecht—Nielsen theorem

In recent years, there is a significant interest in the hypothesis of the quantum-statistical nature of
human consciousness [13]. Therefore, synaptic connections that are built between neurons in artificial
neural networks must be described by statistical laws. Weight coefficients of synaptic connections A
should be described by average value A\;, = (\x) and dispersion Nip = <Afk> — ()\ik>2.

Let the random variables \; (weighted coefficients of synaptic bonds between i-th and k-th neurons)
do not depend on those connections that exist between other neurons A,z. In this case, the statistical
properties \;; are entirely determined by the distribution function f (\;x) which is on the connection
between the i-th and k-th neurons. Assume that f (\;;) is a Gaussian distribution function

F ) = — - exp [ N )
ik) = =—F=—€xp | ——=o |
H T Rer P\ Taxy

which is given by two parameters: average value \jx = (\;) and dispersion Nip = <)\22k> — ()\ik>2.
Kolmogorov’s theorem on the representation of a continuous function of n variables in the form of a
superposition m of continuous functions of one variable is considered to be a mathematical justification
for the use of an artificial neural network for approximating the function of many variables through a
linear combination of functions of one variable. For an artificial neural network with diagonal and non-
diagonal synaptic connections between neurons, this theorem was formulated by Hecht—Nielsen [11]:
For an arbitrary € > 0 there is a three-layer neural network whose output functions for a hidden
layer are g;(V'), and the output functions (activation functions) for the input and output layers are
linear and have the function of input-output Fo(Vi,Va,..., V) = 3700 Wy - g5 321 Aij(V3)], such
that max |F(Vi, Vo, ..., V) — Fe(Vi, Vo, ..., V)| < g, where K is the compact subset (limited closed

subset) R™, and F'(V1,Va,...,V,) is a real continuous function on K. That is, any continuous function
F(V) from n variables V. = (V1,V5,..., V) can be approximated with a given accuracy € > 0 by
means of a three-layer neural network with one hidden layer, which is described by the equation
Fo(Vi,Vay oo, Vi) = 3200 Wy- g5 D21 Ai(Vi)], for which it is enough to adjust the m = 2n + 1
transfer functions \;;(V;) of the neurons of the hidden layer; where \;;(V;) are sensory functions, and
g; are activation functions of the hidden layer neurons. As can be seen from the formulation of the
theorem for approximation of the function F(V') of the n variables V' = (V1, V5, ..., V},), a three-layer
neural network uses two aggregation operations Z;nzl el Z?:l e

We formulate the Hecht—Nielsen theorem for a modified three-layer artificial neural network with
diagonal synaptic connections between neurons.
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Proposition. For an arbitrary € > 0 there is a three-layer neural network whose output functions
for a hidden layer are g;(V'), and the output functions (activation functions) for the input and output
layers are linear and have the functioil of input-output F.(Vy,Va,...,V,) = Z;nzl W;-g; [Z?:l ):ZJ(VZ)] ,
such that max |F'(Vi,Va,..., Vi) — Fo(Vi,Va, ..., V)| <e. That is, any continuous function F' (V') of

€

n variables V. = (V1,V5,...,V,) can be approximated with a given accuracy ¢ > 0 by means of a
three-layer neural network with one hidden layer and one aggregation operation, for which it is enough
to diagonalize the matrix of synaptic connections between the vector of input signals and the hidden
layer of nonlinear neurons and adjust the m = 2n + 1 transfer functions \;;(V;) of the neurons of the
hidden layer. .
Fo(Va, Vo, Vi) = > Wi g5 [B5V; + 651, (2)
j=1
where g; [8;V; + 0] is the activation function of the j-th neuron of the hidden layer; W; are weight coef-
ficients of synaptic connections from the hidden layer to the output layer; 6; is the additive component
of the input signal (threshold of excitation of a neuron).

Proof. Let us give the architecture of a classical artificial three-layer neural network (with one
hidden layer) (Fig.1), by which it is possible with a given accuracy ¢ > 0 we can approximate the
continuous function V- = (V4,V;,...,V,) for which it is enough to adjust the m = 2n + 1 transfer
functions A;;(V;) of the neurons of the hidden layer

, (3)

F(V, Vo, Vo) =Y W-g; [Z Xij (Vi)
j=1 i=1

where S\ij(Vi) are sensory functions that establish a functional relationship between the input signal V;
and the weight coefficients of the synaptic connections A;; with the hidden layer neurons.

Aij (Vi) = Nij - Vi + 05, (4)
where S\ij are weight coefficients of synaptic connections from the input to the hidden layer.
X;
‘/1 — )\11 1
A12
A A3
A2y
v, K2 2
)\23 Yk
Ao ) 1
_ s
A3
Vs A33 3
Aawm/ /
AN2
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AN3
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VN ANm

Fig. 1. Schematic representation of a three-layer neural network with diagonal
and non-diagonal weighting coefficients of synaptic connections A;;.
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In order to obtain the architecture of a modified artificial neural network with nonlinear oscillatory
neurons [14,15] from the architecture of the classical three-layer neural network (Fig. 1), it is necessary

to diagonalize [16] the matrix of synaptic connections A;; between the input signals V- = (Vq, Va,..., V)
and the hidden layer. Such a modified artificial dynamic neural network will be called an artificial neural
network with diagonal synaptic connections.

3. Modified neural network with diagonalized synaptic connections

To diagonalize the matrix of synaptic connections and memorize the prototype of the input signal with
a three-layer neural network (Fig. 1), we write the input signal as a deterministic vector

V= (V,Va,..., V), (5)

where V; = eV is the projection of V' on e, (e is i-th base vector of the coordinate system).
To memorize the prototype of the image (information signal) we impose restrictions on synaptic
connections A;; (synaptic connections from sources Vi, V3, ...,V to neurons 1,2,3,...,N)

Xij = Vi Vi, Xij # Aji, when i # j,
and form matrix j\ij with deterministic matrix elements

(Aig) = (Va) - {V3) (6)
and bring it to a diagonal form with real own values

Aij(Vi, Va, oo Vi) = Bi(Va, Va, oo, V) - G4y (7)

To bring matrix 5\”— to a diagonal [16] form, we reduce it to a symmetric shape and make a linear
transformation

= UI\T, (8)

where U is the matrix consists of its own base vectors w; of the matrix u;, that is U =
(w1, w2, ..., Uj, ..., Up);

>0

Auj = Bju;. 9)
In the basis of eigenvectors u; the matrix of linear transformation X has a diagonal form, with the main

diagonal there are real eigenvalues of \;;(Vi, Va, ..., Vi) = Bi(V1, Va, ..., V,) - 6;; matrices A; where &;;
is the symbol of Kronecker; f;(V1, Va, ..., V) are valid eigenvalues of the diagonal matrix of synaptic
connections.

Substituting in (3), taking into account the form (4), the diagonal elements of the matrix of synaptic
connections (7), we obtain the modified Hecht—Nielsen theorem (2). Which describes the architecture
of an artificial dynamic three-layer neural network with diagonal synaptic connections and with one
aggregation operation (Fig.2).

It should be noted that diagonalized the matrix of synaptic connections leads to a decrease the
aggregation operations (A7, = >_7"; and/or [[jZ,; ...), which in turn reduces the computing resource
and reduces the time to adjust the weighting coeflicients of synaptic connections in the neural network
during its learning through changing the network configuration by way of excluding non-diagonal
elements of synaptic connections between neurons (Figs. 1,2), or between a vector of output signals of
neurons in a hidden layer with the neurons of the output layer.

To memorize N different image-standards (N various prototypes-images) the coefficients of synaptic
connections S\ij are selected in the form

N
p=1

The algorithm for bringing A;; (10) to the diagonal form [16] is similar (6).
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X;
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Fig. 2. Schematic representation of a three-layer neural network after diago-
nalization of the matrix of weight coefficients of synaptic connections A;;.

The diagonalization operation can be used to simplify the weighting of synaptic connections in the
neural network during process of its learning due to the change in network configuration by the way of
excluding some existing connections between neurons and reducing the elements of the communication
matrix between the vector of input signals and neurons (Fig. 2), or between a vector of output signals
of neurons in a hidden layer with the neurons of the output layer.

A comparative analysis of neural networks (Figs. 1,2) shows that, before the diagonalization of the
weight of synaptic bonds, their number was N2, whereas after the diagonalization became N [17]. Such
a decrease in the number of weight coefficients of synaptic connections results in a seal information
which is fed from the input images to the neural network through the channels of the main elements

Ai(i =1,2,..., N) of the matrix of synaptic connections between the neurons.

4. Results of numerical experiment

The test problem of the approximation of the function F' of two variables Vi, Va that is F/(V1,Va) =
V2 — V2 + V4 V4, non-diagonalized and diagonalized three-layer neural networks, described by equa-

5 2 . . - ~
tions F.(V1,V2) = > W, - tanh [Z Aij - Vi — 9]'] and F.(V1,V2) = Wi tanh ()‘11 (Vl2 + V22) - 91)7 is
j=1 i=1

considered. The task of approximating the equivalent of the task of teaching with a teacher.
The problem of approximation with non-diagonalized and diagonalized three-layer neural networks
is to adjust the weighted synaptic coefficients );; and W; by the minimization criterion e:

1 _ _ _ _
€= 5 [Wl tanh ()\11V1 + AoV — 91) + Wy tanh ()\21V1 + Ao Vo — 92)
+ W3 tanh (5\31‘/1 + 5\32‘/2 — 93) + W4 tanh (5\41‘/1 + /_\42‘/2 — 94)

_ _ 2
+ W5 tanh ()\51‘/1 + Ao Vo — 95) — V12 — V22 + V1V2:| — min()\ij, Wi, 92),

where i = 1,5; j = 1,2.

~ ~ 2 =
£ = % |:W1 tanh (AZ] (V12 + ‘/22) — 91) — V12 — V22 + V1V2i| — mln()\lja Wi7 i)7
where 1 = j = 1.
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Table 1. F.(Vi,V2) = $5_, Wjtanh [0, Xij - Vi - ;).

N[ Wn Vs € A11 A12 A21
1 [1001] 01 |10~ ] 0.10038 | 0.10387 | 0.10038
2 1001 0.3 107° | 0.10446 | 0.23395 | 0.10446
3 1001 0.5 107° 0.1042 0.31 0.1042
4 10.01] 0.7 | 107° | 0.10387 | 0.37109 | 0.10387
5 [ 001] 09 | 107° | 0.10361 | 0.4251 | 0.10361
6 0.1 0.01 | 107° | 0.10387 | 0.10038 | 0.10387
7 0.5 | 0.0L | 10°° 0.31 0.1042 0.31
8 09 [ 001]10°° 0.4251 | 0.10361 | 0.4251
9 0.9 0.1 | 1075 | 0.39408 | 0.13267 | 0.39408
10 | 0.5 0.5 107° | 0.19412 | 0.19412 | 0.19412
11| 0.5 0.9 | 1075 | 0.20529 | 0.28953 | 0.20529
12 | 0.9 0.5 1077 | 0.28953 | 0.20529 | 0.28953
Table 2. Table 3.
F.(V1,Va) = Y.0_, W tanh [Zle Aij Vi — 93}- F.(Vi,Va) = Y00 Wytanh |77 Aij - V; — 93}-
N | W Va A22 A31 A32 A1 N | W Va A2 As1 A2
1 0.01 0.1 0.10387 | 0.10038 | 0.10387 | 0.10038 1 0.01 | 0.1 0.10387 | 0.10038 | 0.10387
2 1001 0.3 | 0.23395 | 0.10446 | 0.23395 | 0.10446 2 1001 0.3 | 0.23395 | 0.10446 | 0.23395
3 | 0.01 0.5 0.31 0.1042 0.31 0.1042 3 1001 0.5 0.31 0.1042 0.31
4 | 0.01| 0.7 | 0.37109 | 0.10387 | 0.37109 | 0.10387 || 4 | 0.01 | 0.7 | 0.37109 | 0.10387 | 0.37109
5 | 0.01 0.9 0.4251 | 0.10361 | 0.4251 | 0.10361 5 1001 09 0.4251 0.10361 | 0.4251
6 0.1 | 0.01 | 0.10038 | 0.10387 | 0.10038 | 0.10387 6 0.1 | 0.01 | 0.10038 | 0.10387 | 0.10038
7 0.5 | 0.01 | 0.1042 0.31 0.1042 0.31 7 0.5 | 0.01 | 0.1042 0.31 0.1042
8 0.9 | 0.01 | 0.10361 | 0.4251 | 0.10361 | 0.4251 8 0.9 | 0.01 | 0.10361 | 0.4251 | 0.10361
9 0.9 0.1 0.13267 | 0.39408 | 0.13267 | 0.39408 9 0.9 0.1 0.13267 | 0.39408 | 0.13267
10 | 0.5 0.5 | 0.19412 | 0.19412 | 0.19412 | 0.19412 || 10 | 0.5 0.5 | 0.19412 | 0.19412 | 0.19412
11 0.5 0.9 | 0.28953 | 0.20529 | 0.28953 | 0.20529 || 11 0.5 0.9 | 0.28953 | 0.20529 | 0.28953
12| 0.9 0.5 | 0.20529 | 0.28953 | 0.20529 | 0.28953 || 12 | 0.9 0.5 | 0.20529 | 0.28953 | 0.20529
Table 4. Table 5.
Fe(‘/la ‘/2) = Z?:l Wj tanh Z?:l S\ij . ‘/z — Gj . FE(Vl, ‘/2) = Wl tanh (5\11(‘/12 + ‘/22) - él)

%1 Vs € A1 Wy
0.01 | 0.1 107° | 0.76674 | 0.76675
0.01 | 0.3 | 107° | 0.9658 | 0.96702
0.01 | 05 1077 | 0.98844 | 0.99852

Wi Wa W3 Wy Ws N

0.10425 | 0.10425 | 0.10425 | 0.10425 | 0.10425 1

0.23609 | 0.23609 | 0.23609 | 0.23609 | 0.23609 2

0.31264 | 0.31264 | 0.31264 | 0.31264 | 0.31264 3
0.37635 | 0.37635 | 0.37635 | 0.37635 | 0.37635 4 10.01| 0.7 | 107° | 1.00808 | 1.04938
0.43631 | 0.43631 | 0.43631 | 0.43631 | 0.43631 5 1001 09 1075 | 1.03788 | 1.16307
0.10425 | 0.10425 | 0.10425 | 0.10425 | 0.10425 6 0.1 0.01 | 107° | 0.76674 | 0.76675

7

8

9

10

11

0.31264 | 0.31264 | 0.31264 | 0.31264 | 0.31264 0.5 [ 0.01 [ 107> | 0.98844 | 0.99852
0.43631 | 0.43631 | 0.43631 | 0.43631 | 0.43631 0.9 [ 0.01 | 107 | 1.03788 | 1.16307
0.41287 | 0.41287 | 0.41287 | 0.41287 | 0.41287 0.9 | 0.1 [ 107> | 0.98185 | 1.09018
10 | 0.25752 | 0.25752 | 0.25752 | 0.25752 | 0.25752 0.5 | 0.5 | 107 | 0.70973 | 0.72467
11 | 0.34885 | 0.34885 | 0.34885 | 0.34885 | 0.34885 0.5 | 0.9 [ 107> | 0.79113 | 0.88602
12 | 0.34885 | 0.34885 | 0.34885 | 0.34885 | 0.34885 121 09 | 05 [ 107 | 0.79113 | 0.88602

©o|oo| | | oy | ol po| ==

The optimization problem is solved by the gradient method with an error of (¢ = 107°). The results
of this test task are given in Tables 1-5.
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5. Conclusions

A transformed Hecht—Nielsen theorem is obtained based on a modified three-layer artificial neural
network with diagonalized synaptic connections between neurons. This theorem describes an algorithm
for approximating the function of n variables, with given accuracy € > 0, by means of one aggregation
operation.

It is shown that the diagonalization of the matrix of synaptic connections in a three-layer neural
network leads to one aggregation operation, which, in turn, reduces the computing resource and the
time of adjustment of the weight coefficients of synaptic connections in the neural network during
its learning due to changing the network configuration by eliminating non-diagonal elements synaptic
connections between neurons.

The experiment has showen that for the same error of calculation (¢ = 107°) the test problem
of approximation of the function F' that uses a three-layer diagonalized neural network requires less
synaptic connections (2 synaptic connections, namely A;; and Wl) than a non-diagonalized three-layer
neural network (15 synaptic connections S\ij, Wi, where i = 1,5, j = 1;2).
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Teopema Xext—HinbceHa gna mogundikoBaHo! HEMPOHHOT Mepexi 3
AiaroOHaNbHUMUN CUHANTUYHUMM 3B’ A3KaAMWU

[enemax P!, JInrsun B.2, Ienemaxk 1.2, Jopomenko M., Ommsko P.2

L lTpoeobunywruti deporcasrut nedazozivnud ywisepcumem im. 1. Ppanxa,
eya. 1. @Ppanka, 24, JApoeobuy, 82100, Vkpaina
2 Hawionarvnuti yrisepcumem “/Ivsiscora nosimexnira”,
eyn. C. Bandepu, 12, JIvsis, 79013, Yxpaina

Y poborti 3amporonoBano MO n(MIKOBAHY TPHUIIAPOBY HEHPOHHY MEPEXKY 3 apXiTeKTypoIo,
sKa Ma€ TIIbKM [[iarOHAJIbHI CHHAITHYHI 3B’S3KM MiXK HEHPOHAMU, BHACJIIOK 9OTrO OT-
pumano TpancdopmoBany Teopemy XexT-Himbcena. Taka apxiTeKTypa TpuUITapoBOi Heii-
ponnoi mMepexi (m = 2n + 1 — kijbKicTh HEHpPOHIB NPUXOBAHOIO APy HepoMepexi,
n — KUIBKICTh BXiZHUX 00pa3iB) mae 3Mory anpokcuMmyBsatu dOyHKIHIO Bif n 3MiHHAX 13 3a-
JIAHOIO TOYHICTIO € > () 3a JOIIOMOT0I0 OfHi€T oneparii arperyBanss. Tpurraposa HefipoHHA
Meperka, SKa Ma€ fK JiaroHaJbHi, TaK 1 HeJlaroHaJbHI CUHANTHAYHI 3B’S3KU MiXK HEHUpO-
HaMH, allPOKCUMYy€ (DYHKINIO Bif 7 3MIHHEX 3a JOIOMOIOIO JBOX OIEpAIlil arperyBaHHsI.
Kpim 1mporo, miaronasizariist MATpPUIll CHHAITHYHUX 3B s3KiB [IPUBOIUTH 10 3MEHIIICHHS
004nCIIIOBAJIBHOIO PECyPCY 1 BIJIIOBITHO 10O 3MeEHIIEHHS Yacy HaJIalITyBaHHS BaroBUX KO-
edillieHTiB CHHANTHIHUX 3B’sI3KiB ITi/] Yac HABUYAHHs HEHPOHHOI MepexKi.

Knto4voBi cnoBa: netiponna mepesica, 0iazonasidayisa Mampuyl, onepayin azpe2ysam,
aAnpPoKCcUMayia GyHKUi.
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