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Abstract. The main provisions of the methodology of the study of complex oscillations of
elastic bodies are outlined. Its main idea is as follows: a) on the basis of empirical studies, the
change of the basic parameters of some forms of oscillation (usually smaller amplitude) is
approximated by their analytical relations; b) these relationships are taken into account when
constructing a mathematical model of the elastic body; c) for constructing and studying the solution
of the obtained mathematical model of the process dynamics, the main ideas of the asymptotic
integration of equations with partial derivatives are used.

Taken together, this allows us to obtain a two-parameter set of solutions that take into account
the influence on the dynamics of the process of external and internal factors. The methodology is
illustrated by the example of an elastic body, which simultaneously performs longitudinal and
transverse vibrations. With the its aid it is established that resonant processes can exist in an elastic
body not only by external actions, but also by the mutual influence of some forms of oscillation on
others. The obtained results can serve as the basis for the choice of operating parameters of elastic
elements of machines that carry out complex oscillations.

Keywords: nonlinear-elastic body, asymptotic methods, amplitude, resonance, complex
oscillations.

Statement of the problem

The analysis of dynamic processes in mechanical systems, which include elements with distributed
parameters, shows that in most cases, the latter carry out complex oscillations. They combine the
longitudinal, bending, and in some cases torsional oscillations. The isolation of some of them, which have
the largest amplitude (with the simultaneous neglect of the influence on them of others with small
amplitude), can lead to significant inaccuracies in describing the dynamic process of the given element or
all system. The magnitude of the error during such a simplified approach to the analytical description of
the dynamic process of elastic bodies increases significantly in cases where the frequencies of the
components of the oscillations are close to the values (bound by rational relations) and in cases where the
elastic properties of the investigated element are described by nonlinear relations.

On the other hand, the analytical study of complex dynamic processes in elastic bodies based on
mathematical models that take into account a wide range of external and internal factors is associated with
significant difficulties. They include the integration of systems of partial differential equations with
boundary conditions, which are determined by external interaction with others bodies at its ends.
Therefore, there is a problem of developing such an analytical method, which, on the one hand, would take
into account the wide range of factors influencing on it, and on the other hand, it would be available for
engineering calculations. Partial solution of such problem is illustrated in this work by an example of an
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elastic body that simultaneously perform bending and longitudinal oscillations. An analytic-empirical
method develops for this purpose. Its main idea is as follows: on the basis of empirical information on
component oscillations (usually less amplitude), they are described by their approximate analytical
relations; the obtained dependence is taken into account in the refined mathematical model of other
oscillations; for the latter, which is relatively simple, one of the most convenient analytical methods is
used.

Materials and methods

For the analytical study of simple nonlinear oscillation processes of systems with distributed
parameters, the most effective methods are those, which based on the main idea of perturbation methods
[1, 2]. They are used effectively to study one [3-5] or multi-frequency oscillations [2, 6, 7] of elastic
bodies, as well as to systems with distributed parameters that are characterized by a longitudinal
component of the velocity [7-10]. However, the operation of actually existing structures is accompanied, as
a rule, by complex oscillations of their elements, for example, rotors of turbines simultaneously perform
bending and twisting oscillations [11, 12], columns for drilling of oil and gas wells - longitudinal bending
and twisting oscillations [13, 14] etc. Some experimental and theoretical studies show that the components
of the oscillations of the elements of structures in individual cases, interacting with each other, can lead to
significant dynamic loads in them. To prevent such phenomena, in advance, information about the reaction
of the investigated element on one or another kind of perturbations, as well as the result of the interaction
of certain types of oscillations, is necessary. Most accurately, it could be obtained based on adequate
physical and, accordingly, mathematical models. However, to study the complex oscillations of even the
simplest physical models of structural elements, there are mathematical difficulties. To overcome them in
recent years, has gained a new impetus the development of the method, which is based on the use of partial
information about the dynamics of the process [15, 16]. Further use of it in a mathematical model makes it
simpler, and on the other hand, it allows to trace such complex processes as resonant phenomena caused
by external factors and the process of interaction of some oscillations with others (internal resonances [13,
17]).

As noted above, the purpose of the work is to develop a method for studying complex nonlinear
oscillations of one-dimensional models of elastic bodies, more precisely elastic bodies that carry both
bending and longitudinal oscillations. The main idea of the method is based on a priori information for the
one of the oscillations. In the case under consideration, this is the amplitude-frequency characteristic of the
longitudinal oscillations of the elastic body. Therefore, it is assumed that one of the parameters of this
characteristic of the dynamic process of an elastic body (amplitude) assumes small values in comparison
with the amplitude of bending oscillations. In spite of this, the effect of longitudinal oscillations on
bending may increase over the time and at the expense of the latter in elastic bodies, even extremely
dangerous resonance processes may occur. In order to predict and describe them first of all, it is necessary
to construct the mathematical model of the investigated process. It is assumed in the work that bending
oscillations occur in one plane XOY, and the axis OY coincides with the statically balanced position of the
elastic body. In this case, the components of the displacement of the body section with coordinates are

determined by two functions: w( y,t)- transverse; v( y,t) - longitudinal. The amplitude of longitudinal

oscillation is much smaller than the bending amplitude, and on the basis of empirical studies with a
sufficient degree of accuracy it can be described by the relationship u ( y,t) = bsin% ycos(Qt + @), where

b is an amplitude of longitudinal oscillations, € is their frequency, k,¢ are the constants and /is the

distance between points of fixation of an elastic body).
We note that:
a) in the work it is assumed that the ends of the body are hinged, and therefore their displacement is

equal to zero. It allows the boundary conditions for the function w( V, t) write in the form
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y=i = =0.7=0.1, (1)
where x =k, k=1,2,...

b) a more complex case of nonlinear longitudinal oscillations of the body may be the subject of
separate studies.

Solving procedure

The basis for solving this problem is the differential equation for the transverse component of the
displacement of the elastic body, which takes into account the known appearance of the longitudinal
oscillation and the corresponding boundary conditions. To obtain it, it is necessary to consider the effect of
given longitudinal oscillations on transverse, that is, "dynamic equilibrium" of the conditionally selected
element of the body with the lengths dy under the case that it is in a complex movement. Assuming that

it moves in the direction perpendicular to the axis OY in the portable, then the relative component will be
directed along the tangent to the curved axis of the elastic body. It means that a relative acceleration of the
. L. . . . . — rd azu - 82u .
point that coincides with its middle can be represented in the form a, =i —5 cosa+ j—sina, where
ot ot
i,jare the vectors which directed along the axes OX and OY, « is the angle of inclination to the vertical
of the single vector of the tangent to the curved axis of the elastic body. Therefore for small oscillations

: ow . . - . o
sina=a = % cosa =1.According to the definition of the Coriolis acceleration (taking into account the
vy

2 2
fa—wa—u@+ 2]6_w6_u These allows with a sufficient degree of accuracy
oyot ot Oy oyot ot

the differential equation, which describes the flexural component of the oscillations of an elastic body,
write in the form
2 4

pa—;/ +EI a—:l =cfi|w,
Oy

above), we have a,,, =—

3 2
aw,...,a—;v,)/ +prsin£y Qa—wcos(Qt+¢)+2a
[ oy 0

ot oy Y
We denote by p the mass of the unit of the length of the elastic body, by EI its stiffness to the
bend ( £ is the elastic modulus of the first kind, 7 is the moment of inertia of the transverse section of the

- (;: sin(Qf + ¢)J )

ow & . . : :
body), by f [W,a—vtv,...,—?/, 7 | the function that describes resistance forces, the nonlinear component of
Oy
the restoring force, the external 2 - periodic with respect to y perturbation with the frequency u
(7 = ut) and other forces, the maximum value of which is significantly smaller than the maximum values

of the terms of the left parts, on which indicate by the small parameter £. At the same time, it follows that
the vertical component of the Coriolis force of the inertia of the elastic body affects the dynamic
component of the fixation reactions.

Thus, the problem was reduced to the construction and investigation of the solution of the
differential equation (2) with boundary conditions (1). The restrictions on the right-hand side of the
obtained equation allow for the construction of its one-frequency solution to use the general idea of the
Van der Pol method adapted for systems with distributed parameters [4]. Consequently, one frequency
solution of the boundary value problem (1), (2) we represent in the form

w(t,y) =a (t)(sin(;gsy + ot + (t)) + sin(zsy — gt =y (t))) 3)
In formula (3), a; (t) , W3 (t) are the unknown functions, which are defined in such a way that it,

with the accuracy of quantities of the order ¢, satisfies the original equation, with y, @, such as
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Differentiating (3) with respect to ¢ and y we get

ow (2, 1)
ot

di7 _ _ . da. . . _
=aj ZS (COS(zsy+Ws)—COS(Ksy—t//s))+%(sm(zsy+Ws)+sm(zsy—ws),

%w t,z d . _ . -
s )=— asa)s(sm(;(Sy+l//S)+Sln(Zsy—Ws))+

or? dt
dy, _ _
+a, 0y 7(c08(zsy+l//s)—608(zsy—ws ) (4)
Sa () 2(eos( 3+ 7, (0) +cos (2097 (1)
4
Zy—r} =aq (t) ;(4 (sin(;gsy +¥ (t)) + sin(;gsy oz (t))), 78 (t) =it +y, (t) .

Denote that: a) representation in the form (3) holds for so-called "short" systems [5]. In a more
complex case, the parameters a, w3 also depend on the linear variable. This case may be the subject of a
separate study; b) in accordance with the Van -der-Poll method, it is accepted

d _ _ d . _ : _
:;/S (cos(lcyﬂ//s)—cos(l(y - ))+%(sm(lcsy + l//s)-i- sm(KSy oz )) =0. (5)

—a
Sodt

Substituting dependences (3), (4), (5) into the original equation (2), we conclude

ag . _ dy, . o
@, SN Y,y cosSy, —a,m; ——sin y zsiny, =
t dt (6)
= Zif(as VW y)+ aS;(Sstin§ycos X5y (Qcosy cos(Qt + §) + o siny sin(Qr + ¢)),
0
£ = _ . . . ow 0w
where — f(a,,y,¥,7) 1is a known function, which correspond to ¢ f; W,E,...,—S, 7 | under the
Y oy

condition that w(z, y) and its derivatives are defined by (4), (5).

We will treat the relationship (6) with condition (5) as a system of differential equations that defines
unknown functions ag (t), V3 (t) Solving it with respect to the derivatives of these functions (after the

process of averaging over a linear variable), we obtain

S (b, y, W, y)sin yyycos, +

da e !
2 = _[ Q . K . 2 — . — . dyaQZQZ+¢:
dar - 2lpag +;(Sasb—sm7ysm2jgsy(Qcos W, cosl+ g, sin 2y smé’))
a)S
. o o (7)
p ! S b,y W, y)sin ggysing +
Vs &

= | Q .k 1 o\
dt  2paso; +;(Sasb—sm7ys1n2jgsy EQsm2l//S cos @ + 2w, sin” y/ sin 6

1)

S

The right-hand sides of non-autonomous differential equations (7) are periodic in phases g, y, 0

with a period 27, therefore, for the dynamic process, they describe the possible following cases: a)
nonresonant; b) resonance caused by external periodic perturbation; c) resonance caused by longitudinal
oscillations. We first consider the simplest, nonresonant case of complex oscillations of an elastic body. As
shown in [2], for the first approximation of the asymptotic solution of non-autonomous systems with
distributed parameters, small periodic perturbations do not affect the magnitude of the change in the
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defining parameters of the oscillations, but only on their form. It means that for a nonresonance case, the
system of differential equations (7) can be replaced on more simply, namely

f(blay:lpsay)SinlsyCOSlps +

da e 1272727
= 3,[,[ ,[ _[ Q . kK . Qcoszg/7T cos@ + |(dydydOdy =
dt  16lpo,a o o o |FHs@sb—sin—ysin2y y :
’ oy 1 +ayg sin 2y sin @)
g 12727
= P ,[J. J. {f(bl y,l//g,]/)sm;(gycost//g}dydy/gd]/,
8lpasz™ o 0 0
f,y,7g,p)sin g ysinw + ®
dy c 1272727 1
= 1T Q  x —Qsin 2y, cos O + | \dydigdOdy =

dt  16lpa a);z' 00 0 0 |TXsas bw—sinTysinZZsy 2
s +20, sin® 7, sin 6
12727

8lp g —— ] [ {7 @y, p)sin g ysing, jdvdidy.
a, 00 0

Thus, in the case where the frequency of bending and longitudinal oscillations of the elastic body is
substantially different, small longitudinal oscillations do not affect the defining parameters of bending
oscillations, but partly change their shape.

Resonant oscillations caused by external periodic perturbation. In the general case of the indicated
resonant oscillations between the intrinsic frequency @, and the frequency of forced oscillations z, there

is a connection that can be described by the dependence =£,u; where p,q are mutually prime
q

numbers. However, in nonlinear mechanical systems, as a rule, a dynamic process with a frequency close
to the first fundamental frequency of oscillations is established, therefore, we will assume that, without
further reducing the universality, we will assume g, = pu. In addition, the resonance of mechanical

systems, more precisely, the amplitude of passage through the resonance is determined not only by
physical and mechanical factors, but also by the difference in the phases of the own and forced oscillations.

Formally entering the given parameter ¢ =y, —£}/:> V1 =£7/ + 9 into the system of differential
q q

equations (7) after averaging over the phases of own and forced oscillations, we obtain

“tpes i 9, 9|Layd
= A 1 rs Vs + sin cos + ,
0 4pr1ﬂH [ (@1 pes»y 7 y)sin 71y 7 ydy
9
d19 p & 127 ( )
—=a)1——y+—jj f(alpe3,y, y +8,y)sin y;ysin }/+3 dydy.
dt q 4 paype; 7 | ) q q

For the case of the main resonance caused by the external periodic perturbation ( p =g =1), they are

transformed into the view

dalpe3 & 27, .
= Iyt Ntdvdy ,
o 41/)(01”(]) g {7 (@1pes» v,7 + 8, y)sin g1y cos(y + 9)| dvdy .
ad_ ;'l[zf{f(a +9,y)sin yysin( +,9)}dd "
dt @ 41 pa a1 pes 17 | 1pes> V>V e ny v yay.

Thus, in the resonance case on the frequency of the external periodic perturbation, small longitudinal
oscillations do not affect the amplitude of the resonance.
Resonance transverse oscillations caused by longitudinal oscillations. This case takes place, as
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follows from the relations (8), for the fulfillment of the condition =ZQ; m,n are mutually prime
n

numbers. Proceeding in the same way as for the resonance at the frequency of the external periodic
perturbation from the differential equations (7), we obtain

f(aspeg,y,ﬁéhrg,y)singsycos(ﬂHJr§j+
n n

da 12727
spes € 5 f +)(Saspe3b£Sin£ySin2)(st ,
dt 8lpwyr™ oo 0 oy 1

X(Q cos> (20 + 9)cos 0 + o, sin 2(2 0 + J)sin 9))} dydydo
n n

49 Mo £ - (11)
dt n 8l poosages

f(aspe3,y,ﬂ9+ §,y)sin;gsysin(ﬂ9+ gj +
n n

12721
XI J J + x4 e3b£sin£ysin2;(sy>< dydydo,
00 0 P e

S

x[%QsinZ(ﬂﬁJr 3)cos 0 + 2o, sin> (= 0 + §)sin ej
n n
where 9 is the phase difference between the self-bending and longitudinal oscillations, i.e.

I=y, - %0 Sy, = %0 +39 . We simplify the obtained system of differential equations for determining

the law of variation of the amplitude of internal resonance taking into account the following measures:

3
- for the first, the function f [w, (Z_l;v , ’8_1;/ , 7} does not depend on the parameters that describe the
longitudinal oscillations of the elastic body, therefore
m —
12727 . B cos(;éHSJ
_[ j j f(aspe3:y7;H+‘977)81nZsy _ dyd}/dgz
000 Sil’l(%@-’-SJ (12)

2727w _ ' coS (/7 _
[ [ Fagpes»y- 7. 0)sin ggy3 " dydydi;
00 siny

- for the second,

/ / 0 npu k #2s

K. . kr . 2sm
[sin=ysin2y y=[sin—ysin——y =17 ; (13)
o ! 0 / / Enpuk=2s

therefore, internal resonances are possible on even forms of longitudinal oscillations;

- for the third,
27 m _
[ sin2(—60+ 9)sin6d6 = (14)
0 n
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..mrx 2 mr mrx . 2 mur . =
4mncos@ Sln—(1—2cos —j—2cos—sm ——sin29% —

3 n n n n n
4m® —n? .omr 2 mx 23g ’
—-2sin—/| 1—-2cos” — |cos” 4
n n
2r
m —
[ cos®(= 6+ 8)cos0d0 =
0 n
. mrn mru mr . o mMIT . .=
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3 n n n n n
4m® —n? .omr 2 mrz 23g ’
—-2sin—/| 1—-2cos” — |cos” 4
n n
T . o Mm% mx . o mx —
' —16mncos@ cos = sin? 22 _2cos T sin? L cos? 9 +
) m - n n n n
J51n2(—6+3)c0s9d0=2—2’1 | ,
n _ . mrnr mr) . .=
0 4m” —n +—sin—=| 1—4cos® == |sin 29
2 n n
mr . omrx 1 . mnm mri . A=
o _4n? cos ™ cos ——sin? —— —Esm—(2 cos? —— — ljsm 29 -
. o.m - . n n n n
js1n2(—9+3)51n9d9=2—2’1
n Am* — — mmT . o M7
0 n n —2cos? Fcos = gin? X
n n

It means that the combination resonances at the frequency of longitudinal oscillations take place
. 2g+1
under conditions - = =4
n
All these arguments allow state that the frequency of the lowest internal resonance corresponds to

the second form of longitudinal oscillations (s =1,k =2, at m =1,n = 2). Differential equations (13) in this

,q=12,..

case are transformed into a form
dalpea g 127271

p = 5 J J. .[ J;(aspewy:‘//a?/)smlsyCOS‘//dyd‘//dy+
L Blpayz” oo 0

Q2
+;(1a1p63b—2(£2+2a)1)c05219, (15)
4poy
a 12727
ﬁ=a’1 _1Q+;j _[ j f(apgs, v, ¥, y)sin y ysinydydyd6 + yb =2 (Q+2a)1)sin29.
dt 2 8] 2 p 4 o’
PO pgz T 00 0 PO

Assume that: a) the elastic properties of the investigated body satisfy the nonlinear technical law of
elasticity [2]; b) the small resistance forces are proportional to the velocities in power S; c) the small

3
external periodic perturbation varies according to the harmonic law, the function ¢ f; {w,a,...,a—?}, 14
oy
takes the form
2 2
3 s 4 2 3 2
en w,%,...,a—;‘/,y =¢k (a—WJ +¢ekyEI 3 a—:l a—;l +6 8_1;: 8—; + k3 sin ut , (coefficients
ot oy ot ox" \ ox ox” ) ox

ki, ko and k5 characterizes the magnitudes of the resistance force and periodic perturbation).

Then in the nonresonance case, as follows from the differential equations (8), the basic parameters of
bending oscillations of an elastic body in the form close to the first form of "dynamic equilibrium" are
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2

day — 3k

described by the relations ﬂ:klaf,d—wzizj EL ——2a1 As for the main resonance at the
dt dt ) p 128

frequency of the external periodic perturbation, then equations (11) are transformed in the indicated case to
the view

dal _ —

pes s

r = kl alpa? , +k2 Ccos 19, §
2o (2 3 hyns o
a 1)\ p Mg e T2

For internal resonance in the case m=1,n=2 the equations which describe the change in the basic
parameters of resonance bending oscillations take the form

da _
1pe3—k1a1pe3,+;(1a1p6b % (Q+20))c0s23,
4poi

gz E—A—3k2a 4 b2
128 1pes T X1 4,06012

Results and Discussion

(17)

(Q+ 2 )sin 2.

Below, on the basis of equations (17), for different values of the parameters, the variation of the
amplitude of transverse oscillations in the transition through the internal resonance for the following values

of parameters is presented: £ =2,06x 10! 7/ mz, p=80.54 kg / m.
b=0.001m,brown b == 0.00125m,black, , b=0.001m,black, b =0.00125m,brown,
" |5=0.0015xm,blue,l = 2m,w =308 5. " |5=0.0015m,blue,l =3 m,0=136 5"

a. m
0.087
0.06T

0.041 - AN

0.02{ 7/ N o ~

Fig. 1. Diagram of system function
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Conclusions

For the elastic body, which performs bending and longitudinal oscillations, a method for
identification the influence of the main external and internal factors on the determinant parameters of
flexural variation is developed under the condition that the magnitude of the amplitude of the longitudinal
oscillations is predetermined value which is significult less than the magnitude of the bending amplitudes.
It is established on its base that:

- for the specified type of oscillation of the elastic body, possible bending resonance phenomena are
caused by both external factors and longitudinal oscillations (internal resonances);

- internal resonances can exist only at frequencies that are proportional to the frequencies of pairwise
modes of longitudinal oscillations;

- the amplitude of the transition through the resonance at the fundamental frequency of external
perturbation takes less value for elastic bodies of greater flexural rigidity;

- the amplitude of bending oscillations in the "fast" transition through resonance at the frequency of
external or internal perturbation is less than with "slow";

- the amplitude of the bending vibrations of the transition through the internal resonance at higher
frequencies of longitudinal oscillations is less than at the second frequency of longitudinal oscillations.

The obtained results can serve as the basis for choosing the main technological and exploitation
parameters of the elastic elements of mechanisms and machines that carry out complex oscillations.
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