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The expressions of spherical functions and their derivatives in a Cartesian coordinate
system are obtained. In opposite to the representation of polynomials in a spherical
coordinate system, the derived recurrence relations make it possible to use them in the
description of physical processes, and the obtained formulae for derivatives of spherical
functions within the sphere allow obtaining the solutions to the problems of mathematical
physics for spherical bodies in a Cartesian coordinate system. This approach has its
advantages precisely in the applied problems. For example, for the determination of the
artificial satellites orbits, it is necessary to represent the external potential of gravitation
and its derivatives for the GPS systems in a Cartesian coordinate system. Investigation
of the internal structure of Earth and astrometric studies of processes in galaxies are
associated with the study of internal potential, and, consequently, there is a necessity for
its presentation in the Cartesian coordinates.
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1. Introduction

When solving problems of mathematical physics for spherical bodies, spherical functions and their
derivatives are used mainly in a spherical coordinate system. However, in applications, it often becomes
necessary to represent them in a Cartesian coordinate system [1,2]. Without emphasizing this problem
in general, let us dwell on a concrete example. The GPS(GNSS) technology provides spatial placement
of the object in a rectangular coordinate system using artificial satellites (AS). Forecasting of AS and
planets orbits is impossible without taking into account their gravitational fields. The trajectories
of the AS are determined by differential equations, which coefficients containing components of the
potential and its derivatives in a Cartesian coordinate system. Investigation of the structure of the
potential expansion coefficients in a series by spherical polynomials also implies their representation in
a Cartesian coordinate system [1,3-5].

2. Statement of the problem

A planet potential 7 is determined according to the known formula [6]

V(P) :G/%dﬁ@, (1)

where G is a gravitational constant; r(Q, P) = \/ p? — 2pR cos o + R? is a distance between the points
P(z,y,z) and Q(&,n,(); p, R are the radii-vectors of the points P, @ and ¢ is the angle between them,
respectively.
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Using (1) and series expansions of (@, P), we obtain known representation of the potential by an

V= GM (1 + Z % <kZ:0 P¥(cos 0) (Cpy cos kX + Sy sin k‘/\))) , (2)

Qa,
¢ n=1

infinite sum

where M is a planet’s mass, a. is equatorial radius, P,If(cos 0) is associated Legendre polynomials and
Chk, Sni are series expansion coefficients which are defined by the following formulae

RR-GM RR-GM

Chi = — p"P,]f (cos 9') cos kX drg, Spk = — p"P,]f (cos 9') sin kX drg, (3)
1, k=0,
where RR = { 2 k40
Using complex variables, the equalities (3) can be written in the following form
-GM
Chi +1iSur = % </ p"P,’f (cos 9') (cos kN + isin kX') dTQ>

-GM
- % (/ p"PF (cos®) (cos X' + isin X)* dTQ> :
Here and further (R,0,\), (p,0’,\') are spherical coordinates of the points P and @, respectively.

A set of functions
PF(cos@)coskA  PF(cos®)sin k)

R ’ R
is defined as external spherical functions and, respectively, p" P¥(cos 8') cos kX, p" P¥(cos ') sin k)X are

internal spherical functions.
Further, using a generalized representation, we obtain

PF(cosf)coskA  Pk(cos®)sin kX

Vo = T +i T =V +iVi,
(Tl — k)' n pk / / - n pk N o / 1 772
Upk = mp Py (cos0') cos kX' +ip" Py (cos ) sin kN = Uy, . + iUy, ..

It is known that series (2) converges outside the sphere S, and inside convergence takes place under
certain restrictions (Bjerhammar convergence sphere is determined [6]).

Usage of the representation (2) enables the practical application of external potential in the study
of Earth and other celestial bodies. The definition of an artificial satellite motion involves numerical
integration of differential equations in the Cartesian coordinate system, which coefficients contain the
components of the external gravitational field and its derivatives in the Cartesian coordinate system.
For external spherical functions, this problem is solved in [3,7] and adapted for program realization
in [1].

Internal spherical functions in geodesy are not used practically but their application is wider in
geophysics, which can be explained mainly by the possibility of using Stokes constants in the construc-
tion of three-dimensional models of the interior mass distribution of the planets and involves their
representation in the Cartesian coordinate system.

In the papers [5, 8], the relation between the Stokes constants and power density moments that
are essentially expressions of the internal spherical functions in a rectangular coordinate system were
obtained. However, the functions (coefficients in sums) are presented in different papers in various
forms with an accuracy to a multiplier. Hereinafter, we will follow the notation and the way of
conclusions as in [7].
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3. Derivation of the formulae

First of all, we should consider the relationships between Cartesian and spherical coordinate systems
£ =psin@ cos)\, n=sin@sin)N, (=pcosh.
or, conversely,
p= \/m, cos @ = %, o= \/m, cos N = g, sin \ = g.
Harmonics polynomials within a sphere are defined as follows

Hpp = (E+in)k Z, 4,

where

an _ (Tl 4 k)' [nzT:k] (_1)mcn—k—2mo,2m

’ 28 = 22mml(m + k) (n — k= 2m)!

In context of binding to the Stokes constants, polynomials U, j are determined

(n—k)!
n+k)! TL,IC'

TL,IC_(

Hence,

[ank] m n—k—2m . 2m
n—k)! -1 o ,
Uni = ok ) 2 22mn”(¢!(m) +Cl<:)!(n % —omy & in)*. ()

m=0

Formula (4) is a variant of representation of internal spherical functions in the Cartesian coordinate
system.
Let us proceed to the definition of derivatives

0" (Upx)

W’ (t=a+B+y, v=a+p). (5)

Firstly, we should define the derivatives by £. From formula (4) it follows that values (5) are zero
for v > n — k. Differentiating this relationship ~ times yields

(=] Ch2m~y g™
(U, n—k)! —1)ym¢n—k=2m=y 52"y ke 9m)! .
oy 2 L= 22mml(m 4 k)(n —k —2m —~)!
Correspondingly,
(n—k)!
07 (Up, —————Un— i, <n—k
A T )

0, v >n-—k.

Derivation of expressions for derivatives by variables £, n is more complicated. First of all, we
introduce two operators

o .0 M g .0

:8_5—1_28_777 :a—é_—la—n
Hence,
0 1 0 —1
8_£_§(P+M)v %—?(P—M),
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therefore,

(=)
ocaons v

B Balgl ] el xl
-CRIY S -

1=0 s+j=l

a—s)! —J)!

The previous formula will be represented in a more convenient form for further transformations

. [5]-2
o —i)%al! : 3
i - ;lf;ﬁ > (M) (DA 5P+ D) an % A
1=0
l (1) | 1, viseven;
where D, 5 = s-i;:l sl — )1 (B — ) and A = { 0, visodd.

We should define the result of operators PM, P, M. Thus,

pio (2 D) (2 0y
06 ¢ “on) o2 T o A

Taking into account (6) for harmonic function U, j, from the Laplace equation, we obtain

(n—k)!
PM(U, ) = 7Un_ .
(Un,k) k=) U2k
Therefore, reusing this operator leads to
— k)l
PM) (U, %) = _1l("7Un_ .
(PM)' (U ) = (1)} gy U

Since [9]

H o2
(8 +i5) (o) =+ imr 2 2FE),

g 0\~ . OXf(C,o?
(5t —igp) (e = (=i 22 FES.

Applying the previous properties to (4), we determine the result of the operator P

[*3"]
(n_k)l (_1)an—k—2mO.2(m—u)2u ks
PHY(Upp) = —> "
(Un.k) 2k mZ::O 22m(m 4+ k)(n — k —2m)!(m — p)! (& +m)
Substituting m’ = m — pu, we obtain
-k T capeay g
n—k)! —1)H(—1)m' ¢k 2m'=2p 5 2m .
PY U, 1) = —F . B
(Un) = Sz m{)g PSR CRE)
or " o
P (U, ) = )

’ (n—k—2u)! Un-puhep
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When differentiating, we take into account that the factor (¢ + in)¥ is constant with respect to the
operator P. It also follows that P#(U,, 1) = 0 if pn > ["T_k] Therefore, we can write

(=1)*(n — k)! .

D — k)t = rn

P (Uni) =< (n—k—2p)! Un—phtus 0< ["F0]
" p> (254

Such approach application for determining the operator M is impossible, since the multiplier will
not be constant with respect to this operator. Thus, we represent a function U,  using the operator P

(n—k)!
Uk = =P (Unt1,r-1), k> 0.
k (n—k+2)! ( k1)
Consequently,
(n—k)!
M(Upi) = ———+—=MPUp,411_
(U ,k) (’I’L k¥ 2)| (U +1,k 1)
B (n—k)! 02 B
= Th—k+2)0a (Un+1,k-1) = Up—1 1.
where from
M(Umk) = Un—l,k—la k> 0. (10)
Applying (10) again, we obtain
MX(Up k) = Up—y b=y = - - - = Un—i 0- (11)

For x > k, we can make the following transformations, taking into account (11)
MY (U k) = MY (M (U ) ) = MY (Upi0) (12)

Now, we apply the equation (9) to the relationship (12), therefore
L [ank] (_1)m<n—k—2ma2(m—x+k)2x—k
MX(Up_ko) = (n—k)!
(Un—r0) = (n = k) Z 22mml(n — k —2m)l(m — x + k)!

m=0

(& —in)¥7".

Substituting m’ = m — x + k, we obtain

(=]

(n — k)(—1)xF
ox—k 22"\ (m! + x — k)!(n + k — 2m/ + 2x)!

m/=0

(_1)m’ <n+k—2m’—2xo.2m’

MX_k(Un_k,o) = (&— iﬁ)x_k- (13)

The right side in (13) can be interpreted as the expression U*

m—x.x—k conjugates to the function
Upn—yx—k, hence

()X Fn—k)

<v <

MX(Up i) = (n+k— 2y)! Un—xx—k B<X<
n-tk

0, x> [ME],

where (€ + in)X_k = ((5 — in)X_k)* .
Obviously, the functions U;Z, ;. are also harmonic, and the following identities hold

[23#],

Re(U, ;) = Re(Upk) and Im(U, ) = —Im(Uy k).

Mathematical Modeling and Computing, Vol. 6, No.2, pp.251-257 (2019)



256 Fys M. M., Brydun A. M., Yurkiv M. .

Let us proceed to obtain the final formulae. Substituting (8) to the right side of (7), we obtain

51>

! (n —k)! I pu—2 vl qr—2
2 (D) (n—k—20—7)! (DWP T DagM ) Un—2i=yk

' (Un—p) _ (=)Palp!
oceons v

+ A (PM)[%] (Uni) = WZ;}W + WWZ?’]‘C + AWWW,, 5, (14)

the operators WZ_B%IC, WWZ_ﬁA’k and WWW,, 3 are as follows

—_N\BA1AI [%]_A AN
n—y,k _ ( Z) O4/8 -1 l (Tl k) Dl PV—QI
Wa,ﬁ - v 12—% (=1) (n—k—20—~) o.B Un—21—~k

CPratst RS (k)
>

DL sUnt kw21, 15
(n =k — 1 — v+ 1) DeosUntihv— (15)

2 e o
— (TL —k—9] — 7)' o8 n—t,k—20» N
n—-y,k [ng]_A v—l1 '
WWos™ = (D" —R) (16)
— (n —t4+ k42— I/)' a,B “ntrv—2l—y,v-20-k
[5]-»
(D'n -k
NP DI ey ey L I S
I=[45E]+1
and ( By

WW, 5 = (PMEL (U, ) = () 2y, 17
WWWos = M 0,0 = (-0l (17
Combining the formulae (7), (14)—(17), we obtain a general expression for the derivatives 78?:(81{7%52‘7

(t = a+B+7), which is not written here because of bulkness. In addition, they are easier to be analyzed
in this form. Since the purpose of the work is not to establish the properties of such relations, detailed
research is not performed. Therefore, we give only some of the features of the above relationships. First
of all, it follows from formula (7) that the result of differentiation of the function U, j by the variable
¢ t times is the spherical function of the order n — t. Derivatives with respect to two other variables
already generate a set of spherical functions of the same order, except the case for an expression U, ,
where the result is a polynomial Uy,,_; ¢ (¢ is an order of derivative).
Based on these observations and analysis of the results, we can draw the following conclusions.

4. Conclusions

The derivatives of internal spherical functions can be represented in a Cartesian coordinate system as
a sum of spherical functions of lower orders using the sequence of the formulae (7), (14)—(17). At the
same time, these derivatives are harmonic polynomials within the sphere.

The obtained formulae can be used for finding the solutions to problems of mathematical physics for
spherical bodies in a Cartesian coordinate system. In addition, such expressions provide a mechanism
for studying the structure of the expansion coefficients of the planetary gravitational field potential,
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since they provide an opportunity to present them as a linear combination of geometric parameters
and the mass distribution function of a physical body.
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MpeacraBneHHsa BHYTPILWHIX KyNboBUX PYHKLIW Ta X NOXigHUX
y NJaHeTapHiii cucrtemi KoopanHaTt

®uc M. M., Bpunya A. M., FOpkis M. L.

Havionarvruti ynisepcumem “JIvsiscora nosimexnixa’,
eyn. C. Bandepu, 12, Jlvsis, 79013, Yxpaina

Otrpumano Bupasu st chepuaanx (DYHKIIH Ta IX MOXiTHUX y TPAMOKYTHINA CHCTEMI KO-
opauuat. Ha mporuBary 3ammcy MHOTOWIEHIB y cepudHiil cuctemi KOOpAUHAT, BUBEICHI
PEKyPpEeHTHI CIiBBiITHOIIIEHHS JAI0TH 3MOT'Y BUKOPUCTOBYBATH 1X B OIUCI (DI3UTHUX IIPOIECiB
y JeKapTOBiif cuCTeMi KOOD/IMHAT, a BUBeIAeHI (DOPMYJIH JIJIs TOXITHUX KYJIbOBUX (DYHKIIIH
BCepEeIMHI KyJIi JTO3BOJISIIOTH 3aCTOCOBYBATH 1X JJIsi OTPAUMAaHHS PO3B’S3KIB y MPSIMOKYTHi
CcHCTeMi KOODIMHAT 33,189 MATEeMATHIHOI (DI3UKHU I TiJT KyJIb0BO1 (hopmu. B nmpukiiaamx
3a/1a9ax TaKui miaxin Mae ¢Boi nepeBaru. Hanmpukia, 1y BUSHAYEHHS PyXY IITYIHUX CY-
nyTHUKIB (iX op6iT) HEOOXIMHO MOAATH 30BHINIHIN MOTEHIIAI IPUTITaHHST T HOro moxiHi
st cucreM GPS y npsiMoKyTHil cucremMi KoopauHatT. 3 iHIIOro 60Ky, acTpOMETPUYHI 10~
CJIIJI>KEHHST TIPOIIECiB Y TaJaKTUKAX Ta BHYTPIMIHBOI Oy0Bu 3eMiti OB’ si3aHi 3 BUBUEHHSM
BHYTPIITHROTO MOTEHITIAY, OT2KEe, BHHUKAE MOTpeda HOoro moJaHHs B IPAMOKYTHIN CHCTEMI
KOODIUHAT.

KntouoBi cnoBa: posnodia mac naakemu, dopmysa Kowi, mmozousenu Jlesrcardpa,
MPUBUMIPHG MOJEAD 2YCTNUHU, KOEPIUIEHMU PO3KAADY.
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