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In this work shows that the classical oscillations of the ratio of neighboring members of the
Fibonacci sequences are valid for arbitrary directions on the plane of the phase coordinates,
approaching, to a maximum, the solutions to the characteristic quadratic equation at a given point. The
values of the solutions to the characteristic equation along the satellites are asymptotically close to their
integer values of the corresponding root lines.
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Introduction

Many processes and phenomena are modeled by the separation of characteristics systems into parts
in certain ratios. In electrical and dynamic systems, the structuring of systems is implemented by serial and
parallel, multilayer coatings, and the like. In such systems, mathematical models are justified on the basis
of the laws of conservation of energy, charge, and light flux [1, 2].

A well-known approach is that in addition to conservation laws, the system structuring model is
complemented by a target limitation — the separation of the additive parameter L by the golden ratio (GP).
Its essence is that the point of one-dimensional separation with the coordinate into two unequal parts
satisfies the proportion
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in the form of known numbers of Phidias and [1]. These numbers are the roots of the quadratic equation
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and according to the theorem of Vieta satisfy the so-called “golden” combinations
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Tf=1- T FF=y1-V1-\1-....
1 1-——
t 1-...

and patterns of raising to the degree of:
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The basis of "golden proportion" is based on methods of additivity and multiplicity. Indeed, when

the numerator of each fraction is replaced by the denominator of the previous fraction, and the denominator
by the sum of the numerator and denominator of the same fraction, then we obtain:
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and you can write a sequence of numbers:
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Sequence (10) is interesting in that in each number of the numerator and denominator, starting from
the third, is represented as the sum of the two preceding adjacencies — the Fibonacci numbers.
If you take three consecutive terms u(n),u(n +1),u(n + 2), then the ratio
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are adjacent fractions of the number t for which recurrence is established on the basis of (9)

t(n+1) +t(n+1t(n)=1. (12)

Therefore, if the Phidias number le-h/g is represented as a chain fraction F=1+ 11
1+
1+..

approximated by a suitable fraction B, then we obtain a sequence consisting of relations of adjacent
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On the other hand, the gold section method is used to create optimization algorithms, which
implements the geometry of separation over the GR uncertainty interval. Although such an
algorithm has a fairly high computational efficiency, it is not optimal for a given number of
calculations of the objective function. Indeed, with the symmetric arrangement of the points of
calculation of the values of the objective function, the GR method can be combined with the known
dichotomy method and an optimal algorithm can be constructed in which the length of the last
uncertainty interval is equal to:

L, =Fi(1+ Fu.ote). (13)
N
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Therefore, at the boundary e ® 0, the lower bound is equal to the smallest uncertainty interval for a
given number of calculations of the objective function. In formula (13) there are Fibonacci numbers
F, that appear when solving the second order recurrence relation [3-6]

i F(0)=0;
F(n) =1 FO)=1 (14)
1F(n-1)+F(n-2),n32.
the characteristic equation of which is also the quadratic equation of type (7).
Therefore is known [4] that the roots of equation (1) F,F (Phidias numbers) are the boundaries of

relations
im F(n) =f or lim I:(nﬂ):F, (15)
®¥ F(n +1) n®¥ [ (n)
neighboring numbers of second-order recurrence sequences
F(n+2)=F(n+1)+F(n). (16)
This paper shows that on a plane of phase coordinates (p, q) along parallel directions to root lines
(satellites)
-Kp+q+K?=0, K=123,.., (17)
the boundaries of the fluctuations of relations
jim —(P-0:0* 2) im (201 (18)
"®¥ F(p,q,n+1) "®¥ F(p,q,n+1)
neighboring elements of a generalized sequence {F(p,q, n)} (in the notation of Horadam [7, 8])
F(p.a,n+2)=pF(p,q,n+1)+qF(p,q,n), n30, (19)
are equal to the value of the roots x, (p,q) of the general characteristic equation
x(p,9)* = prx(p,a) +q (20)

of sequences (19).

Results and their discussion

Each quadratic function (20) corresponds to a point with coordinates (p,q) on a plane of phase
coordinates (p, q), where the solutions are valid given p30 (second) and pa0 (third) quadrants. In the
first p30,qfi0) and the fourth pa0,qfi0 quadrants, there are areas with a negative discriminantD,
where the solutions are imaginary. The true solutions are

x(p.a)=2(1£D), D=\ -4q. (21)

In the points (p, q), where the discriminator D greater than zero is not an exact square, the solutions

(21) are quadratically irrational. The best known of them is at the point p==+1,q=-1, where D=+/5 and
the regularity is realized (1). The discriminant is the exact square along the directions of the root lines (17),
so along them the solutions (21) are integers.
The problem of finding a general term of a numerical sequence satisfying (19) is equivalent to the
problem of solving the linear differential equation of the second order [7]:
F(p,q,n+2) - pxF(p,q,n+1)-qxF(p,q,n) =0 (22)
with the characteristic equation of (20). Therefore, the general solution to equation (22) depends on the solution
of the characteristic equation (20). Given a discriminant D * 0, the roots (20) set two solutions X, (p,q) and
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the geometric progression {Fn} =c,*X.(p,q)" will satisfy (9) only given the equation (20) is a characteristic
one of sequence (22). Then for a fixed pair F (0), F (1) , there is always one pair of numbers ¢, and

F(n)=c, (x.(p.a))" +c_(x.(p.a))". (23)
Taking into account the initial conditions

_FO-FO(p.0)
‘|,c+x+(0)+c_x_(0)=|:(0),p "ox(pg)-x(p.q)

i _ (24)
Tex.@rex@=FQ), __ FO-FO)}x(p.q)
- x(p.a)-x(p.q)
we get that the formula for calculating an arbitrary element (19):
F( = (P Q) X (FO - FOx (p.0) - (. (p.0) " (FO - FOx (D) o

x,(p,q) - x_(p,q)
Thus, the ratio is
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Since given the values of fixed numbers F(0)=0, F(1) =1, a function X(p,q) =1, the ratio (26)

equals
n+l
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Taking into account inequality |x_(p.,q)|4|x,(p,q)|, To Iim&x‘(p'q)g ®0, we arrive at the

s©* ¢ x, (p,0) g

conclusion that the boundary of relations (26) or (27)

n F(Pan+2) _
"®¥ F(p,q,n+1)

is the root of the characteristic equation (20) at the point with the given phase coordinates (p,q), which is

x,(p.q) (28)

consistent with [10] and with a one-to-one correspondence between irrational numbers and boundless chain
fractions [12].

To confirm this conclusion, Fig. 1 shows graphical dependences of numerical calculations of values

(28) along the phase directions of the first left |q, |=| p+2| (Fig. 1(a)) and the first right |q, |=| p|-1

(Fig. 1 (b)) satellites of the first K =1 root line. We see that the regularity (28) is valid for arbitrary values

of phase coordinates. Similar regularities are valid for the ratio IimM

"®¥ F(p,a,n+1)

root line, where the solutions to equation (20) take the integer values , and for higher orders of root lines
and their satellites along all directions on the plane of phase coordinates (p,q) in the second and third

along the direction of the

quadrants.
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The boundary values of the ratio Iimw
"®¥ F(p,q,n+1)

different at different phase points(p,q). As follows from Fig. 2(a), given the directions of the root lines
K=1.g=(p+t1)-14 K=1l.g=(p+D)+1 ¢

K=1 and K =2 and their right & a=(p+1 9 & a=(p+1) (_) satellites, as

§K=2:0=(2p+4)-1, §K=2:q0=(2p+4)+1y

shown in Fig. 2(b), with increasing coefficients p,q, the values of the solutions x, (p,q) asymptotically go

e K=1lig=(p+1) E_This conclusion
SK:Z:q=(2p+4)ﬂ

are different, since the boundaries (21) are
and left

towards the integer values of the corresponding lines along the root

is valid for the directions of all root lines.
The formulated conclusion is confirmed by elementary transformations:
ulp.a.m
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Thus, under the initial condition MzF the relation PF(p.g.n) +qF(p.g.n-1)
F(p,a,n-1) pF(p,q,n-1)+qF(p,q,n-2)
[9, 11-12] is equivalent to the relation M S0 as
F(p,a,n-1)

i.e.a=p=1 b=qg=1.
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Fig. 1. The oscillations of the ratio F() along the phase directions of the first left | g, |=| p + 2| (a)
n

and right | g, || p| (b) satellites of the first K =1 root line
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Fig. 2. The oscillation of the ratio M along the phase direction of the first K =1 root line (a);

The illustration of the boundaries to which the solutions to characteristic equations of the second
order recurrence sequence approach asymptotically with the increase of coefficients p,q . Here number 1 and 2
according first K =1 and second K =2 root line; indexes R,L according right | g, |=| | and left phase
satellites of the root line and Z according root line (b)

Conclusion

The study shows that the classical oscillations of the ratio of neighboring members of the Fibonacci
sequences are valid for arbitrary directions on the plane of the phase coordinates, approaching, to a
maximum, the solutions to the characteristic quadratic equation at a given point. The values of the
solutions to the characteristic equation along the satellites are asymptotically close to their integer values of

the corresponding root lines.
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II. C. KocoOyubkuii
HarionansHuit yHiBepcuTeT JIbBIBChbKA MOJITEXHIKA

PO 3AKOHOMIPHOCTI ®OPMYBAHHSI PEKYPEHTHHUX IIOCJIIOBHOCTE {a, }
1 {b,} BAEKOMMO3MLIi j" =a +j +b,

© Kocobyywvxuii I1., 2019

Y poboti pocigzKeno 3aKOHOMIpHOCTI BigHomenbL Koedinienrie a , bn MOCJIiJ0OBHOCTEH {an} i

{bn} , fIKi (JOPMYIOThCS B TpoOlEci CTeNeHeBOro neperBopenHs (1exommosunii) Buay J" = a,‘j+b, s

MIJIAHIE J0AATHHUX i BiTl’ €eMHHX MOKAa3HHUKIB N.
Ku1ro4oBi c10Ba: nponopuis HepiBHOIO NMOAiNY WiT0r0, 1eKOMIO3M LIS, pEKYPEHTHI MOCJi1I0BHOCTI
yucea Pidonaqyi, popmya bine



