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TEMPORAL CHANGES IN THE EARTH’S TENSOR  
OF INERTIA AND THE 3D DENSITY MODEL BASED ON THE UT/CSR DATA 

This study aims to derive the Earth’s temporally varying Earth’s tensor of inertia based on the dynamical 
ellipticity )(tHD , the coefficients )(2 tC m , )(2 tS m  from UT/CSR data. They allow to find the time-varying 
Earth’s mechanical and geometrical parameters during the following periods: (a) from 1976 to 2020 based on 
monthly and weekly solutions of the coefficient 20C ; (b) from 1992 to 2020 based on monthly and weekly 

solutions of the non zero coefficients )(20 tA , )(22 tA  related to the principal axes of inertia, allowing to build 

models their long-term variations. Differences between 20C  and 20A , given in various systems, represent the 

average value 15102 −⋅≈ , which is smaller than time variations of 20C  or 20A , characterizing a high quality of 

UT/CSR solutions. Two models for the time-dependent dynamical ellipticity )(tHD  were constructed using 

long-term variations for the zonal coefficient )(20 tA  during the past 44 and 27.5 years. The approximate 

formulas for the time-dependent dynamical ellipticity )(tHD  were provided by the additional estimation of 

each parameter of the Taylor series, fixing -3103.27379448 ×=DH  at epoch 0t =J2000 according to the 

IAU2000/2006 precession-nutation theory. The potential of the time-dependent gravitational quadrupole 2V  
according to Maxwell theory was used to derive the new exact formulas for the orientation of the principal axes 
A , B , C  via location of the two quadrupole axes. Hence, the Earth’s time-dependent mechanical and 

geometrical parameters, including the gravitational quadrupole, the principal axes and the principal moments of 
inertia were computed at each moment during the past 27.5 years from 1992 to 2020. However, their linear 
change in all the considered parameters is rather unclear because of their various behavior on different time-
intervals including variations of a sign of the considered effects due to a jump in the time-series )(20 tC  during 
the time-period 1998–2002. The Earth’s 3D and 1D density models were constructed based on the restricted 
solution of the 3D Cartesian moments inside the ellipsoid of the revolution. They were derived with conditions 
to conserve the time-dependent gravitational potential from zero to second degree, the dynamical ellipticity, the 
polar flattening, basic radial jumps of density as sampled for the PREM model, and the long-term variations in 
space-time mass density distribution. It is important to note that in solving the inverse problem, the time 
dependence in the Earth's inertia tensor arises due to changes in the Earth's density, but does not depend on 
changes in its shape, which is confirmed by the corresponding equations where flattening is canceled. 

Key words: Temporal change in principal axes and moments of inertia; Dynamical ellipticity; Gravitational 
quadrupole; Precession-Nutation theory. 

 
Introduction 

Processing of SLR (Satellite Laser Ranging) data 
led to precise information about a long time-series of 
the time-varying Earth’s gravity field during the time-
interval 1976–2020. Since 1983 the secular variation 

2 205J C  &&  in the normalized harmonic coefficient 

20C  of the gravitational potential was derived by 
Yoder et al. (1983) with the simplest linear  model  

20 20 20 20 20 0( ) ( )C t C C C C t t    &   

consisting of the time-independent part 20C  at epoch 

0t  and the secular variation 20C& . This model for the 

time-dependent coefficient 20C  was applied in 
various studies, e.g. Rubincam, 1984; Cheng et al., 
1989; Schwintzer et al., 1991; Cheng et al., 2004; 
IERS Standards, 2010; Cheng et al., 2011; etc. 

 



Geodynamics 2 (29)/2020 
 

 6 

Contrary to the linear model Cheng et al., 2013 
applied the enhanced approximation with the 
quadratic term additionally to the linear model for the 

)(20 tC  time-series, during the time-interval from 
1976 to 2011. Marchenko and Lopushansky (2018) 
used a similar approach for the period from 1976 to 
2017 yr. and subinterval from 1992 to 2017 yr. It 
allowed revealing the long-term variations in 2 ( )mC t , 

2 ( )mS t , and the dynamical ellipticity )(tHD . 
According to Cheng et al., 2013 the linear model can 
be used successfully only on short time intervals. But 
a long time interval requires a choice of special 
modeling including probable fit by Fourier-Hermit 
series if the infinite interval is considered (Marchenko, 
1998; Marchenko, Abrikosov, 2001).  

Therefore, after 1983 yr. only the Earth gravitational 
potential is measured as time-dependent. The 
corresponding density distribution in the famous 
Newtonian integral for the gravitational potential 
should be considered also as time-dependent. The 
problem of the standard Earth’s density model was 
formulated by the IAG in 1971. As a result, the well-
known PREM model was developed by Dziewonski 
and Anderson (1981). The classical theory is given 
by Clairaut, Laplace, G. Darwin, Bullard (1954), 
Bullen (1975), Moritz (1990), etc. General discussion of 
different density distributions related to Clairaut, 
Williamson-Adams, and Poisson equations can be 
found in (Marchenko, 2000). The parameterization 
of the 1D density via the Gaussian radial profile is 
one of the possible solutions of the Williamson-
Adams differential equation also given in (Marchenko, 
2000). But the density parameterization has a special 
significance when the Earth’s corresponds to a 
deformable body with a time-varying gravity field. 
Hence, all suitable geodetic, astronomical, and other 
data for 3D density models are valid in the 
following. They involve the 1D static radial profile 
(such as PREM), fundamental astronomical – 
geodetic parameters which describe the 3D static 
global density and its temporal variations with a 
space-time mass density distribution as the 4D 
density changes. 

Traditionally, basic estimates of the normalized 
time-dependent )(2 tC m , )(2 tS m  series are obtained 
usually from the analysis of SLR observations of the 
following satellites: Starlette, Stella, Ajisai, 
LAGEOS-1, LAGEOS-2, BEC, GRACE, Larets, and 
LARES (Cheng and Ries, 2017) and recent )(2 tC m , 

)(2 tS m  lead to more accurate solutions. Furthermore, 
latest determinations of the astronomical dynamical 
ellipticity DH  are derived from the precession 

constant Ap  and based on the non-rigid Earth’s 
rotation theory (Dehant et al., 1999; Mathews et al., 
2002; Capitaine et al. 2003; Fukushima, 2003; 
Bourda, Capitaine, 2004; Petit, Luzum, 2010; Liu, 

Capitaine, 2017) which was adopted by IAU 
resolutions at the epoch J2000 (Capitaine et al. 2009). 
New values of DH , including the older determination 
by Williams (1994), already contained the secular 

change 20C&  in the frame of the linear model (Marchenko, 
Schwintzer, 2003; Bourda, Capitaine, 2004). So, 

2 ( )mC t , 2 ( )mS t , and ( )DH t  allow accurate 
determination of the time-dependent Earth’s principal 
axes, principal moments of inertia, and other fundamental 
parameters due to more stable determinations of DH .  

As the first step, this study aims to derive the 
Earth’s time-evolving dynamical ellipticity )(tHD , 
the orientation of the principal axes of inertia, and 
their evolution with time from the coefficients 

)(2 tC m , )(2 tS m . If the values )(2 tC m , )(2 tS m , 

and )(tHD  are known for each moment the 
calculation of the principal axes and principal 
moments of inertia is carried out via the solution of 
the eigenvalue-eigenvector problem together with 
accuracy estimation by the error propagation 
(Marchenko, 2003; Marchenko and Schwintzer, 2003). 
Hence, closed exact formulas for the eigenvalue-
eigenvector problem can be found in both above 
mentioned articles and in the following papers (Chen, 
Shen, 2010; Chen, et al., 2015).  

It is crucial to clarify that literature sources 
presented us only one recommended value of 

-3103.27379448 ×=DH  at epoch J2000 according 
to the IAU 2000/2006 precession-nutation theory 
(Capitan, et al., 2009) instead of a series of the time-
dependent ellipticity )(tHD . As a result, the building 

of a suitable model for the time-dependent )(tHD  is 
required. This problem can be solved approximately 
with the additional condition to conserve changes in 
the trace of the inertial tensor. It is possible, to 
compute time-dependent components of inertial 
tensor and other associated parameters if the model 
for ( )DH t  becomes established (Marchenko and 
Lopushansky, 2018). Thus, modeling beforehand the 
long-term variations in ( )DH t  is significant with 

-3 3.27379448 10DH    fixed at epoch J2000 
based on the linear and quadratic terms. Components 
of the Earth’s inertial tensor are derived from 

2 ( )mC t , )(2 tS m , and )(tHD  at each moment t . 

These 2 ( )mC t , 2 ( )mS t  also allow to find the 
potential of the gravitational quadrupole (Marchenko, 
1979) having important parameters that are 
independent relating to the rotation of the adopted 
reference frame. Thus, they represent the invariant 
characteristics of the gravitational field which are 
dependent on time only.  
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Therefore, this study focuses on 1) the verification 
of previous formulas for modeling of the time-

dependent )(tHD  with -3103.27379448 ×=DH  

fixed at epoch 2000J0 =t ; 2) the derivation of the 
new exact formulas for the orientation of the principal 

axes A , B , C  through the location of the two 
quadrupole axes; 3) the revealing of the long-term 

changes from monthly UT/CSR solutions of 20C  from 
1976 to 2020; 4) the detection of long-term variations 
from weekly and monthly UT/CSR solutions of non 

zero )(20 tA , )(22 tA  related to the principal axes 
system over the time interval from 1992 to 2020; 5) the 
construction of the time-dependent model of )(tHD  

using )(20 tA  during the past 27.5 years; 6) the 

calculation of the principal axes )(tA , )(tB , )(tC , 

the principal moments )(tA , )(tB , )(tC  of inertia 
and other fundamental parameters; 7) the determination 
of the Earth’s 3D density model and the corresponding 
long-term variations in space-time mass density 
distribution. 

Modeling the Earth’s time-dependence dynamical 
ellipticity 

In the first step the transformation of the vector 

[ ]T2222212120 )();();();();()( tStCtStCtCt =g of 

)(2 tC m , )(2 tS m , defined in the Earth’s-fixed 
geocentric coordinate system X , Y , Z , to the vector 

[ ]T2220 0),(,0,0),()(~ tAtAt =g  of the non 

zero harmonic coefficients )(20 tA , )(22 tA  in the 
instant coordinate system of the principal axes of 
inertia )(tA , )(tB , )(tC  is applied. Assuming 
initial data to consist of the vector )(tg  for each 

moment of time ktt =  ),...2,1( qk =  with the 
variance-covariance matrix, we will use the closed 
formulas of the eigenvalue-eigenvector problem given 
in Marchenko and Schwintzer (2003) for the 
determination of )(20 tA , )(22 tA  in the principal axes 

system. By involving the dynamical ellipticity )(tHD  

we can find the normalized by the factor 2/1 Ma  time-
dependent principal moments of inertia )(tA , )(tB , 
and )(tC  (under the condition constM = ): 

 

)(2/))()()(2()( tCtBtAtCtHD −−=   ⇔  )(/)(5)( 20 tHtAtC D−= ,               (1a) 

3/)(15))(/11)((5)( 2220 tAtHtAtA D −−= ,                                      (1b) 

3/)(15))(/11)((5)( 2220 tAtHtAtB D +−= .                                      (1c) 
 

The orientation of the principal axes in the ( X , 
Y , Z )-frame is based on the new formulas (16), 
using )(2 tC m , )(2 tS m  without DH . The DH -
values are given by (Williams, 1994; Mathews et. 
al., 2002; Fukushima, 2003; Capitane et al., 2003) 
have a small differences between the adopted 

450.00327379=DH  according to IAU2000/2006 
Precession-Nutation model (see, Petit, Luzum,  
2010).  

To transform the associated quantities from different 

Ap  to the common value yr./550.287922 ′′=Ap  

the relationship AD pH δδ 7104947.6 −⋅=  of 
Souchay and Kinoshita (1996) can be applied. These 

DH  have much better accordance with the IAU 

2000/2006 dynamical ellipticity DH . 
The calculation of )(tA , )(tB , )(tC , and the trace 

))((Tr tI  of the tensor of inertia are straightforward

( ))(/32)(5)(3)()()())((Tr 20 tHtAtItCtBtAt Dm −==++=I  
 

via Eqs. (1) for each given moment of ktt = . From 

this we get a direct dependence of )(tA , )(tB , 

)(tC , ))((Tr tI , and the mean moment )(tIm  of 

inertia on the treatment through )(20 tC  of the 

permanent tide in 2020 )( CtA ≈ , )(22 tA  represented 
by the following equations  
 

2/))()()(2()(5 20 tBtAtCtA −−=− ,      )()(3/)(152 22 tAtBtA −= .                    (2) 
 

The difference )()( tAtB −  is also slightly 

dependent on a tide system because )(20 tC  enters 

into the calculation of the coefficient )(22 tA . 

Hereafter it is assumed that the )(20 tA , )(22 tA , and 
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)(tHD  values are related to the zero-frequency tide 
system (Groten, 2000). However the UT/CSR 

)(2 tC m , )(2 tS m  – estimates are based on the 
background gravity model including the solid earth 
and ocean tides, the solid earth and ocean pole tides, 
and other effects. To separate various influences for 
the filtering only components of the time-dependent 
gravity field we need to provide an additional study. 
But the computation of long-term variations only 
based on the initial )(2 tC m , )(2 tS m  was assessed to 
be significant. 

Let us derive the variations of the dynamical 
ellipticity )(tH D  from )(20 tA , )(22 tA  time-series 
and IAU2000/2006 dynamical ellipticity 

450.00327379=DH  fixed at epoch J2000. The 
approximate solution of the problem is possible 
because )(20 tA , )(22 tA  can be found separately 

from the vector )(tg . Furthermore, the expression 
(1a) can be written as  

)(
)(5)( 20

tC
tAtHD −= .               (3) 

If the gravity field of the elastic celestial body is 
variable, this produces small changes for all 
parameters in Eq. (3). From the formula (3), taking 
into account  that t he  additional condition for the 

trace constt =))((Tr I  (Rochester and Smylie, 
1974) “as zonal forces do not change the revolution 
shape of the body” (Melchior, 1978; Souchay and 
Folgueira, 1998): 

 
[ ] 0)(3)()()())((Tr ==++= tIdtdCtdBtdAtd mI ,   ⇔   2/)()()( tdCtdBtdA −== ,         (4) 

one gets for the secular change in )(tH D , after Taylor expansion of Eq. (3): 

...)()(
2
1)()()( 2

02

2

0

00
00

+−+−+=+=
==

==
tt

dt
tHdtt

dt
tdHHdHHtH

tt

D

tt

D
ttDDttDD ,        (5) 

where the first and second derivatives can be found in the following way 

C
A

dt
tdH

tt

D 205)(

0

&
−=

=

,  
C
A

dt
tHd

tt

D 20
2

2 5)(

0

&&
−=

=

,   
dt

tdCtC )()( =& ,   2

2 )()(
dt

tCdtC =&& ,     (6)

 
where all insignificant terms were omitted due to the 

computed value of -112
20  yr10461.7 −⋅−=A&  

( )20
20 Adt

Ad &=  for our interval from 1992 to 2020 yr. 
According to Eq.(2) and Eq. (4) (Burša, et al., 2008;  
Marchenko, 2009a) the linear change C&  at epoch 
J2000 can be calculated as -111 yr10112.1 −⋅=C& . 

Moreover, the derivatives C&&  and 20A&&  ( )202
20

2

A
dt

Ad &&=  
at least smaller or may have values of the same order 

as C&  and 20A& . Hence four terms in the full 

expressions for derivatives dt
dH D  and 2

2

dt
Hd D , having 

magnitude 1510~ − , are insignificant in comparision 

with C& , 20A& , and 20A&&  that leads to the final 
solution 

[ ]2
02002020 )()()( ttAttAtAd −+−= &&& ,    (7) 

where )(20 tAd  is nothing else but the long-term 
change (linear and quadratic) in the time-dependent 
zonal harmonic coefficient of degree 2 given in the 
principal axes system.   

Thus, after the choice of the long periodic model 
for )(20 tAd  we get the required solution with respect 

to the epoch 0t = 2000 based on the following 
relationship 

( )2
020020 )()(5)(

0
ttAttA

C
HtH

ttDD −+−⋅−=
=

&&& (8) 

if both linear and the quadratic components of 20A  

are taking into account and C  is related to the epoch 

0t = 2000. As a result, Eq. (8) by definition can 

represent the only long-term variation of )(tH D  
because it was derived via estimates of the derivatives 

C& , 20A&  and C&& , 20A&& .  

Models for C20 and the dynamical ellipticity 

From the transformation of the vector g  known in 
(X, Y, Z), to the vector g~ , given in the principal axes 

( A , B , C ), we can determine 20A  at epoch and 

the differences between 20C  and 20A . In this case, 
such differences can be based on the UT/CSR 
solutions for the time-dependent coefficients 

)(2 tC m , )(2 tS m  during the period from 1992 to 

2020. After transformation to )(20 tA , )(22 tA  we 

get the average difference 15
2020 102)( −⋅≈− AC  
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smaller than UT/CSR long-term variations. A value of 
difference 15102 −⋅≈  corresponds to the non-zero 
invariant 15

1 10−≈I  according to Lambek’s formulas 
(Lambek, 1971; Marchenko, 2009a). There are 
different models chosen for time-dependent change of 

the coefficient 20A  (for example, Cheng et al, 2011; 

Cheng et al, 2013; etc). Here one starts from the 20A  

model taken from the paper (Marchenko and Lopu-
shansky, 2018) and representing the change in time as 

{ }







−−+−+−+= a

a
a tt

P
AttAttAAA φ

π )(2cos)()( 0
2

020020
0

2020
&&& ,                (9)

 

where 0
20A  are the adopted value of 20A  at reference 

epoch 0t ; 20A& , 20A&&  are the parameters of long-term 

variations in 20A , which are valid at the vicinity of 

0t ; ),( aaA φ  are the components of the annual 

variations with the period aP .  

Fig. 1 ( )(20 tC  during the period from 1976 to 

2020) and Fig. 2 ( )(20 tA during the interval from 1992 
to 2020) illustrate the aforementioned UT/CSR time 
series of 20C , which were modeled by polynomials up 
to the second degree simultaneously with Fourier 
series. Most stable solutions were obtained in both 
cases including only an annual period.  

Table 1 
Coefficients for the polynomial representation of the long periodic trend for 20A  (blue line)  

in the form 2
020020

0
2020 )()( ttAttAAA −+−+= &&&  at epoch J2000 (see, Eq. (9), Fig. 1) 

Solution 
0

20A  20A&  [ 1yr− ] 20A&&  [ 2yr− ] 
Cheng, et al., 2013 –484.169453E-06 0.27E-11 –0.40E-12 
Marchenko, Lopushansky, 2018,  I –484.1694554194E-06 0.1166E-11 –0.4844E-12 
Marchenko, Lopushansky, 2018, II –484.1695458067E-06 –0.1001E-10 0.3659E-12 
This study, I    (1976–2020) –484.1695331837E-06 –0.2559E-11 –0.3792E-12 
This study, II   (1992–2020) –484.1695422666E-06 –0.1026E-10 0.2960E-12 
This study, III (1992–2020) –484.1695355089E-06 –0.7461E-11 − 

 

 
Fig. 1. UT/CSR series of 20C  (period from 1976 yr to 2020 yr. – black line) where the long-term 

variations fixed at epoch J2000 were modeled by polynomials up to 2nd degree (blue line)  
(solution I in Table 1) simultaneously with Fourier series using annual period (red line) 
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Fig. 2. UT/CSR time series of 20A  (period from 1992 to 2020 yr. – black line) where  

the long-term variation fixed at epoch J2000 was modeled by polynomials up to 2nd degree  
(blue line) simultaneously with Fourier series using annual period (red line) (solution II in Table 1). 

The linear model is shown in green (solution III in Table 1) 

 

Fig. 3. Long-term variations (solid line) in the astronomical dynamical ellipticity DH   
modeled according to Eq. (8) and Solution II model with 0t = J2000 

Table 1 illustrates the obtained models and the 
following result: more than three years additional 

)(20 tC coefficients from SLR data lead in  
this study to a small change in the long-term varia-
tions, taking   into  account  the  comparison  with  

(Marchenko et. al., 2018) during the time-interval 
1992–2020.  

On the contrary, we get large differences 
between (Cheng, et al., 2013; Marchenko et. al., 
2018) results and this Solution I during the time-
intervals (1976–2011) and (1976–2020) due to 
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longer periods of )(2 tC m , )(2 tS m , various 
initial data, and different approaches to data 
processing. 

This leads to the idea to use the linear splines 
for better modeling of time-dependent parameters 
using suitable short intervals because the direct 
determination of )(tH D  from observation is not 
found in the literature sources.  

Obviously spline functions of the degree 2 or 3 will 
give a better quality of fitting, but in this case the 
approximation requires the necessity of estimation of 
the time series )(tHD . 

Orientation of the principal axes through the 
gravitational quadrupole parameters 

In addition to the formulas (1) we will use the second 
degree potential with the harmonic coefficients 
( mm SC 22 , ) which can be considered with other para-
meters as the potential of the Earth’s gravitational 
quadrupole written in the identical Maxwell-Gauss form.  

From the preceding studies (Maxwell, 1881; 
Marchenko, 1979; Marchenko, 1998) we get 

rHrHrr ~~~
2
15

2
15 T

5

2
T

5

2

2 r
GMa

r
GMaV == , (10) 

where the matrices H  and H~ :





 ⋅−+= IhhhhH γ~cos)(
2
3~ T

12
T
212M  ,    



















−
−

−

+

=

2

~cos300

0~cos0

00
2

~cos3

~~
2

γ
γ

γ

MH ,   (11)

 
are defined in the Earth’s-fixed coordinate system 
(X, Y, Z) and in the principal axes of inertia ( A , 
B , C ), respectively; Tr  and T~r  are the 
Cartesian vectors of coordinates corresponding to 
these systems; GM is the product of the 
gravitational constant G and the planet’s mass 
M ; a  is the semi-major axis of the ellipsoid of 
revolution; r  is the distance from the origin to the  

current point; I is the unit (3×3) matrix; 
),,( 11111 nmlhh =  and ),,( 22222 nmlhh =  are 

the unit axial vectors corresponding to the 
quadrupole axes with the angle γ~  between 1h  

and 2h ; 2
~M  is the normalized quadrupole moment 

2M , which is always positive by definition. Thus 
we get 

 
02 >M ,       1)( 11 =⋅ hh , 1)( 22 =⋅ hh , γ~cos)( 21 =⋅ hh ,                         (12) 

   20222 2 AAM −= ,  
3

3
15

~ 20222
2

AAMM −
==   ,    

2022

2022

3
33~cos
AA
AA

−
+

=γ   .           (13)

 
It is easily seen that the location of 1h  and 2h  

will be always in the plane of the principal axes A  
and C . The axis A  is nothing else but the bisector of 

the angle γ~  and the axis C  is the bisector of the 
angle γπ ~− . Then we define two vectors coincided 

with the axes A  and C : 
 

2)( 21 hha +=   ,    2)( 21 hhc −= ,    ⇒    cah +=1  ,   cah −=2 ,             (14) 
and after some simple algebra we get their Euclidean norms in terms of A , B , C : 

AC
AB

−
−

==⋅=
2

~
cos)( 22 γaaa   ,     

AC
BC

−
−

==⋅=
2

~
sin)( 22 γccc   .                (15) 

Eigenvectors or the principal axes are found as the solution of the homogeneous system of linear algebraic 
equations based on the matrix H  with the following resulting expressions 

 















⋅
−

±=
⋅
−

±=
⋅
−

±=

⋅⋅
−

±=
⋅⋅

−
±=

⋅⋅
−

±=

⋅
+

±=
⋅
+

±=
⋅
+

±=

,
2

,
2

,
2

,
2

,
2

,
2

,
2

,
2

,
2

212121

122121211221

212121

ccc

cacaca

aaa

nnwmmvllu

mlmlwnllnvnmnmu

nnwmmvllu

CCC

BBB

AAA

                   (16)
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where Eqs. (16) also follows from (14) and (15) and 
represent new exact formulas to estimate of the 
direction cosines of the principal axes A  
( ),,( AAA wvuaa = ), B ( ),,( BBB wvubb = ), and 

C  ( ),,( CCC wvucc = ). The direction cosines 

),,( 111 nml  of 1h  and ),,( 222 nml  of 2h  are 

derived from the coefficients mm SC 22 ,  according to 
(Marchenko, 1998). 

Earth time-dependent mechanical  
and geometrical parameters 

After the determination of the long-term contribution 
of )(20 tAd  we get the time-dependent )(tHD  based 

on Eq. (8). Fig. 3 shows this change in )(tHD  based on 

)(20 tAd  taken here as Solution II in Table 1. With 

)(2 tC m , )(2 tS m , and )(tHD  via the solution of the 
eigenvalue-eigenvector problem we come to the Earth’s 
mechanical and geometrical parameters.  

The time-dependent coefficients )(2 tC m , 

)(2 tS m  were extracted for the following time series: 
a) 1976-2020; b) 1992-2011; c) GSR Release 06 
(2011-2020) taken from UT/CSR 
(https://www.csr.utexas.edu/datasets/ftp-portal-grace-
data/). These )(2 tC m , )(2 tS m  with a step size  
from weekly to monthly solutions were  applied for the  

computation of the temporally varying Earth’s 
mechanical and geometrical parameters. 

Table 2 shows remarkable stability in the time of 
the axes A  and B  due to small deviations in latitude 
and longitude (345.067o÷345.075o), (75.067o÷75.075o), 
respectively, during the period from 1992 to 2020 
(see, also Marchenko, 2009a).  

Because of a great number of various parameters 
(twenty) computed for every t  we give here only 
mean values of some time-dependent quantities 
obtained by averaging their instant values. These 
average values of the Earth’s time-dependent 
mechanical and geometric parameters and their 
uncertainties during the time-interval from 
1992.844640 yr to 2020.371 yr. are shown in 
Table 3. 

Table 2 

Average values of the spherical coordinates of the 
principal axes computed via Eq. (16) and given in 

the accepted ITRF system. Their estimates at 
epoch 20000 =t  are given in brackets 

Axis Latitude [degree] Longitude 
[degree] 

A  −0.0000430 
(–0.0000451) 

345.07094 
(345.07084) 

B  0.0000921 
(0.0000940) 

75.070941 
(75.070836) 

C      89.999898 
(89.999895) 

280.16230 
(280.67896) 

 

 
Table 3 

Average values of the Earth’s time-dependent mechanical and geometric parameter and their 
uncertainties during the time-interval from 1992.8 yr to 2020.4 yr. ( -23skm 5398600.441=GM ; 

m 6378136.3=a ; epoch 20000 =t ; zero frequency tide system) 

Parameter Mean value Minimum Maximum 
1 2 3 4 

6
20 10−⋅A  (–484.169561653 ± 0.000014) –484.170060986 –484.169132852 

6
22 10−⋅A  (2.812636730 ± 0.00019) 2.812117252 2.812997518 

DH  0.0032737951 ± 0.0000000005 0.0032737944 0.0032737956 

A      0.32961129 ± 0.00000005 0.32961104 0.32961159 

B     0.32961855 ± 0.00000005 0.32961830 0.32961885 

C     0.33069756 ± 0.00000005 0.33069731 0.33069786 

3
CBAIm

++
=  

   0.32997580 ± 0.00000005 0.329975551 0.329976102 

Ap  50.28812427 50.28700040 50.28884813 

610)( ⋅− AC  (1086.26715090 ± 0.00025) 1086.2659601 1086.2683628 
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Cont. Table 3 
1 2 3 4 

610)( ⋅− BC  (1079.00495408 ± 0.00025) 1079.0038943 1079.0059753 

610)( ⋅− AB  (7.26219681 ± 0.000012) 7.26085552 7.26312836 

ABC /)( −=α  (3273.567947 ± 0.005) ⋅10–6 3273.566265 3273.569255 

BAC /)( −=β  (3295.527948 ± 0.005) ⋅10-6 3295.525205 3295.529757 

CAB /)( −=γ  (21.960237 ± 0.0015) ⋅10-6 21.956187 21.963055 

f/1  298.2564416 ± 0.00001 298.256292 298.256570 

ef/1  91437.107 ± 6.1 91425.380 91453.9980 

6
2 10−⋅M  (1086.26715090 ± 0.00025) 1086.2659601 1086.2683628 

γ~  [in degree] 170o.619988 ± 0.000005 170o.619387 170o.6208506 

)/()( ACBC −−  0.9933145389  ± 0.0000004 0.9933136846 0.9933157663 

)/()( ACAB −−  0.006685461124 ± 0.000005 0.0066842337 0.0066863154 

 
Then, determining parameters connected with 

1-11
20 yr107461.0 −⋅−=A&  (Table 1, Solution III), 

the linear dependence )()( 0ttFtF −= &δ , where 

dt
tdFF )(=&  is chosen  at epoch 0t , some changes in 

the frame of the linear model  )()( 0ttFtF −= &δ   

during the period 27.5 years (from 1992 to 2020) are 
given in Table 4, assuming the parameter constq = . 

Table 3 and Table 4 contain the coefficients α , β , 
γ  of the Euler dynamic equations (Moritz and Muller, 

1987), the polar f  and equatorial ef  flattening, and 
their long-term variations. 

 
Table 4 

Long-term variations in some astronomical and geodetic parameters based  
on the long-wavelength drift in the coefficients 2020 CA ≈  and 22A  ( 20000 =t ) 

Parameter Long-term variation 
dt
dFF =&  

1 2 

2020 CA ≈  1-11
20 yr107461.0 −⋅−=A&  

22A  111
22 yr104316.0 −−⋅=A&  

DH  1-11
220 yr105.0339

3
)Trace(5 −⋅=−=

C
AHD

I&&  

Ap  2/cy"  023.0==
A

D
DA p

HHp
δ
δ&&  

A  -111
20 yr10668.15 −⋅−== AA &&  

B  -111
20 yr10668.15 −⋅−== AB &&  

C  -111
20 yr103.337 52 −⋅=−= AC &&  
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Cont. Table 4 
1 2 

A
BC −

=α  ( ) 1-11
2

20 yr10067.5
3

35 −⋅=
+−

−=
A

ABCA&&α   

B
AC −

=β  ( ) 1-11
2

20 yr10067.5
3

35 −⋅=
+−

−=
B

BACA&&β   

C
AB −

=γ  ( ) 1-16
2

20 yr10692.3
3

5 −⋅−=
−

=
C

ABA&&γ   

ωσ
A

AC
E

−
=  ( ) 1-11-

2
20  yr105.0671

3
25 ωωσ ⋅−=

+⋅
=

A
CAA

E

&
&  

f  
1-1120 yr105025.2

2
53 −⋅=−=

Af
&

&  

ef  -111
22 yr106718.115 −⋅== Afe

&&  

 
Among the parameters from Table 4 all long-

term changes have the same order as variation 20A&  

excluding γ&  and Ap& . According to Williams 

(1994)  the variation Ap&  called also 2J&  precession 

rate with the range (–11.6 to –16.8)×10–3 [″/cy2] is 

dependent on the adopted 202 5CJ && −= . Williams’ 

2J&  precession rate 014.0−=Ap&  [″/cy2] given in 

1994 corresponds to 1-11
20 yr101.3416 −⋅=C&  and 

differs from those of Table 4 because of the 
opposite sign and the value 023.0=Ap& [″/cy2]. It 
should be noted that a large anomaly in the time-

series of 20C  was detected by Cox and Chao 

(2002). Such anomaly leads to a jump about 1998 

and the change of the 20C  sign during 1998–2002 

years (see Fig.1). By this, we get an opposite sign 
concerning Williams’ results and other parameters 
given in Table 4 (see also, Marchenko, 2009a). 
Thus, this new value 023.0=Ap&  [″/cy2] requires 
additional treatment given by the Earth’s rotation 
theory which is outside the scope of this paper.  

Thus, significant values over 50–100 years in 
the change of the parameters from Table 4, 
including the variation Eσ&  in the Euler frequency 

Eσ  are rather unclear. It can be explained by 
various behaviors with time of their linear drift 
including the change of a sign of different 
effects. The accuracy of these parameters has 
similar or lower values as the uncertainty of 

DH . Consequently, the average values α&  and β&  
can be involved in the precession-nutation theory, 
taking into account the general theory (Moritz and 
Muller, 1987) for the time-varying Earth.  

 
3D density distribution corresponding to the 

time-varying Earth’s inertia tensor 
 
Determination of the planet’s density distribution 

),,( λϑρδ  from the external gravitational potential 
of the planet requires a solution of the famous 
inverse problem of the Newtonian potential. 
Hereafter ρ  is the relative distance ( 10 ≤≤ ρ ) 

from the origin to an internal current point; ϑ  and 
λ  are the polar distance and longitude of this 
point. If the planet’s gravitational potential energy 
E  (Rubincam, 1979; Moritz, 1990; Marchenko, 
2009b) and the density at the surface are known as 
additional information, this problem transforms 
from an improperly posed (according to Hadamar) 
to a properly posed (as stated by Tikhonov) 
problem with its possible solution for the three-
dimensional density distribution through the 3D 
Cartesian moments (Mescheryakov, 1991).  

In this study we prefer to use 20A , 22A , and 
additional information about dynamical ellipticity 

DH  for the model of the 3D global density distribution 

),,( λϑρδ . It was derived by Mescheryakov and 
Deineka (1977) and modified by Marchenko (2009b) 
for the Earth, having a shape of the ellipsoid of 
revolution with the polar flattening f  and the semi-
major axis a . This model represents the exact 
(restricted by the order 2) solution of the 3D Cartesian 
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moments problem for ),,( λϑρδ  in the following 
form  

),,()(),,( R λϑρδρδλϑρδ ∆+= ,   (17) 

where R)(ρδ  is the piecewise reference radial 
density model with radial density jumps such as 
PREM (Dziewonski and Anderson, 1981): 

)cossinsincossin(),,( 2
3

22
2

22
1

2 ϑλϑλϑρλϑρδ KKKK ∆+∆+∆+∆=∆ ,             (18) 
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                                           (20) 

With f−= 1χ , mechanical parameters in Eqs. 
(19) are expressed through the dimensionless 

Cartesian moments of the density δ
~

 of a gravitating 

body (see definition in Grafarend et al., 2000) 
restricted here by the order  

n = p + q + r = 2 

 ),(     ,),,(1)( nrqpdzyx
MR

I rqp
npqr =++⋅⋅= ∫

τ

τλϑρδδ                            (21) 

where x, y, z are the Cartesian coordinates of the 
internal point; dτ is the volume element of the 
ellipsoid of  revolution.  pqrI  are  values for n = 2 can  

be computed through the Earth’s mass and the 
dimensionless principal moments of inertia A , B , 
and C  expressed via Eq. (1): 

 1000 =I  ,   
2200

ACBI −+
=  ,   

2020
CBAI +−

=  ,   
2002

CBAI −+
=  ,   (22)

 

assuming ( 100 010 001 0I I I   ). The reference 
model R( )   includes individual information about 

density jumps, the mean density R
mδ , and  the mean 

 moment of inertia R
mI , which have been selected 

preliminary for the construction of the radial profile 

R)(ρδ : 

 

2

000 200 020 0022 2

1 12
2 4

R R
0 0

3 3, , ,
2 ( 2) 2 ( 2)

2( 2)3 ( ) , ( ) .
3

R R R R R
R R R Rm m m m m

m m m

R R
m m R

m

I II I I I

d I d

δ δ χ δ
δ δ χ δ χ

χ
δ δ ρ ρ ρ δ ρ ρ ρ

δ

⋅
= = = = 

+ ⋅ + 


+ = = 


∫ ∫
          (23)

 

In contrast to Mescheryakov and Deineka, (1977) the 
moments RI000 , RI200 , RI020 , and RI002  of the reference 

density R)(ρδ  were derived for one common set of the 

convenient mean density mδ  and the mean moment of 

inertia mI  of the model (17) and density jumps entering 

into R)(ρδ . Hence, this 3D global density [Eq.(17)] is 

given in the principal axes system and agreed with the 
Earth’s mass and the principal moments of inertia to 
conserve in this way the gravitational potential from zero 
to second degree, DH , the geometrical flattening f , 
and density jumps. Fig. 4 demonstrates the density 
anomalies ),,( λϑρδ∆  at the mantle/crust boundary 
(r=6346.6 km). 
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g/cm3 
 

Fig. 4. Density anomalies [g/cm3] ),,( λϑρδ∆  at the mantle/crust boundary (r=6346.6 km)

The radial density R)(ρδ  is also treated within 
the ellipsoid of revolution if we use the formula 

)3/)(cos21( 2 ϑPfRre ⋅−=  for the radius vector 

er  (Moritz, 1990), where )(cos2 ϑP  is the 2nd-
degree Legendre polynomial.  Eqs. (17)−(19) are 

valid for a homothetic stratification when constf =  
inside the ellipsoidal Earth. Therefore, if the set 
of the internal ellipsoidal surfaces er~  is labeled 

by the associated mean radius r  of a sphere we 
have 

⇒



 ⋅−=    )(cos

3
21~

2 ϑPfrre  
e

e

r
r

R
r ~

==ρ .                                 (24) 

By averaging ),,( λϑρδ  over ellipsoidal surfaces we get the piecewise radial density as 
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35
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0002
002

020200

2
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IIIID

DK

m χ
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ρρδρδ
                           (25)

 
with the treatment of the reference density R)(ρδ  inside 
the ellipsoidal Earth. Since the relative radius ρ  is 

constant for each er~ , the radial densities R)(ρδ  and 

)(ρδ  are also constant by Eqs. (25) at the ellipsoidal 
surface (24). 

Then we remind that the adopted model (18) 
),,( λϑρδ∆  was  derived  from Eq. (19) and (22) 

where the principal moments of inertia )(tA , )(tB , 

)(tC  are time-dependent. Therefore the 4D term 

),,,( tt λϑρδ∆  with time-dependent parameters in 

Eq. (19) and Eq. (22) should be added to the 3D model 
),,( λϑρδ∆ .  From Eq. (22), Eq. (19) and Eqs. (1) 

we get 
 

4
35 mt dCK δ

=∆  ,  
12

175 mt dCD δ
−=∆  ,   

2
35

21
mtt dCKK δ

=∆=∆ ,    
4

35
3

mt dCK δ
=∆        (26) 

where  dC  is the time variation in the polar moment of inertia 

( )2
020020

20 )()(
3

52
3

)(52 ttAttAtAddC −+−−=−= &&& ,                           (27)
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taking into account Eq. (7). Substitution of Eq. 
(4), Eq. (7), and the sums dAAtA +=)( ,    

dBBtB +=)( ,    dCCtC +=)(  (where A, B, C 
are the static components of the inertia tensor at 
epoch 0t ) into the Eqs. (19)–(22) gives after simple 

algebra temporal changes in the parameters Kt∆ , 
Dt∆ , 1Kt∆ , 2Kt∆ , and 3Kt∆  of the density 

model (17)–(18). As a result, Eqs. (17)–(18) for the 
3D density distribution can be transformed to the 
following form 

 

),,(),,()(),,( R tt ϑρδλϑρδρδλϑρδ ∆+∆+= ,                                     (28) 

[ ] [ ]1)1(sin
6

)(5351)1(sin
4

35),,( 222022 −+
⋅

−=−+
⋅

=∆ ϑρδϑρδϑρδ mmt tAddCt .      (29) 

In the case of the 1D density model given by Eqs. (25) we get 

[ ] [ ]DKDK tt ∆+∆+∆+∆+= 22
R)()( ρρρδρδ ,        [ ]220 53

6
535

ρ
δ

−
⋅⋅

=∆ mt AdD .          (30)

All the five parameters Kt∆ , Dt∆ , 1Kt∆ , 

2Kt∆ , and 3Kt∆  have a direct dependence on dC  

and )(20 tAd  based on (26). Hence by Eq. (26) and 
Eq. (25), we get after simple manipulations the 
time-dependent contribution ),,( tt ϑρδ∆  in the form of 
(29) and (30) for these density models since the coordinate 
system CBAO  is considered to be invariable. Here a 
dependence on the longitude λ is canceled but the time t is 
hidden in Eq. (27).  

As the term Kt∆  has a permanent influence on 
the entire Earth we prefer to use a relative element  

of the part Ktt ttt ∆−∆=∆ ),,(),,(~ ϑρδϑρδ  
that corresponds to the Roche model 

DKt ttt ∆+∆=∆ 2)( ρδ  without Kt∆ . Obviously 

at the Earth’s surface 1=ρ  the time-dependent 

function δ
~t∆  will be independent of 10 ≤≤ ρ . 

Then we introduce the auxiliary functions ( , )t
s t  %  

= (1, , )t
s t  % , ),1(~)(~ tt s

t
s

t δδ ∆=∆  representing by 

(29) and (30) without Kt∆ .  
Hence in both cases for the time-dependent 

density we get 
 

2
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ρ
δ
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ϑδ
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δ
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∆

∆
=
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t
t

t
t

s
t

t

s
t
s

t

s
t

t

,     ( )s
tt δρδ
~~ 2 ∆⋅=∆⇒ ,                        (31)

 

where dependencies on ϑ and t are canceled. This 
parameter (31) expresses a relative characteristic of 
the density change along a radial profile. The quadratic 

function 2~/~
ρδδ =∆∆ s

tt  reflects the same permanent 
influence at epoch t  independently of a considered 
radial profile and allows estimating the relative 
contribution of density changes in the frame of the 
model (31). Therefore, the mean values of this ratio 
(31) estimated inside the basic Earth’s shells are (a) 
the crust – 99.6 %, (b) the upper mantle – 89.5 %, (c) 
the lower mantle – 52.9 %, (d) the outer core – 
14.7 %, and (e) the inner core – 1.2 %. Thus, within 
the framework of the adopted model (28), (29) 
(except a permanent influence of Kt∆ ) we come to a 
large amount of (31) inside the Earth’s crust as the 
thinnest stratum of the planet that consists only of 
0.4 % of the Earth’s total mass.  
 

Conclusions 

Thus, the verification of approximate formulas for 
the modeling of the time-dependent astronomical 
dynamical ellipticity )(tHD  fixed at epoch 0t =J2000 

( -3103.27379448 ×=DH ) was provided by the 
additional estimation of each parameter of the Taylor 
series.  

According to Maxwell (Maxwell, 1881), the 
potential (10) of gravitational quadrupole  2V  leads to 
the new exact formulas (16) for the orientation of the 
principal axes A , B , C  through the location of the 
two quadrupole axes 1h  and 2h , always placed in 

the plane of the A  and C axes.  
The detection of the long-term variations 20Ad  

was computed based on the UT/CSR solutions of 
)(20 tC  during the time interval from 1976 to 2020. 

The basic model of the long-term variations from the 
UT/CSR solutions of )(20 tA , )(22 tA  during the 
time interval from 1992 to 2020 was revealed. 
Difference between 20C  and 20A , given in various 

systems, has the value 15102 −⋅≈  which is smaller 
than time changes in 20C  or 20A . This characterizes 
the quality of the studied UT/CSR solutions.  
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Fundamental parameters of the Earth, including 
the principal axes and the principal moments of 
inertia were computed at each moment of t  during 
27.5 years. The linear changes in values of all 
considered 20 parameters are slightly unclear because 
of various behavior on different time-intervals, including 
variations of sign for these effects, due to a jump in 
the time-series )(20 tC  during the time-period 1998–

2002. For example, the Earth’s polar flattening f  
increases within the second time-interval though 
Yoder (1983) and other authors have obtained the 
decreasing of f .  

The Earth’s 3D density model given by the 
restricted solution of the 3D Cartesian moments inside 
the ellipsoid of the revolution is based on the three 
principal moments of inertia as astronomic-geodetic 
information at each moment of t , including reference 
radial profile from seismic data treated as exact 
constituent. This model conserves the time-dependent 
gravitational potential from zero to second degree, the 
dynamical ellipticity, the polar flattening, basic radial 
jumps of density as sampled for the PREM model, 
and the long-term variations in space-time mass 
density distribution. It is important to note that in 
solving the inverse problem, the time dependence in 
the Earth's inertia tensor arises due to changes in the 
Earth's density but does not depend on changes in its 
shape, which is confirmed by Eq. (26) and Eq. (29) 
where flattening is canceled. 
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ЧАСОВІ ЗМІНИ В ТЕНЗОРІ ІНЕРЦІЇ ЗЕМЛІ  
ТА 3D МОДЕЛЬ ГУСТИНИ НА ОСНОВІ ДАНИХ UT/CSR 

Головною метою роботи є дослідження довгих часових рядів UT/CSR для коефіцієнтів гармонік 
другого ступеня 2 ( )mC t , 2 ( )mS t  гравітаційного поля Землі, отриманих зa даними SLR. Якщо динамічна 
еліптичність ( )DH t  відома, вони дають змогу знаходити різні механічні та геометричні параметри Землі, 
що змінюється в часі, протягом таких періодів: (а) з 1976 до 2020 рp. на основі щомісячних та тижневих 
розв’язків коефіцієнта 20C ; (b) з 1992 до 2020 рp. на основі щомісячних та тижневих розв’язків 
ненульових коефіцієнтів 20 ( )A t , 22 ( )A t , пов’язаних із системою головних осей інерції, що дає змогу 
будувати моделі їхніх довгострокових варіацій. Відмінності між 20C  і 20A , заданими в різних системах, 

полягають у середньому значенні 152 10  , яке є меншим, ніж варіації у часі 20C  або 20A , і 
характеризує високу якість рішень UT/CSR. Дві моделі залежної від часу динамічної еліптичності ( )DH t  

побудовано з використанням довгострокових варіацій зонального коефіцієнта )(20 tA  протягом останніх 

44 та 27,5 року. Наближені формули для динамічної еліптичності )(tHD , що залежить від часу, 

знайшли, додатково оцінивши кожен параметр ряду Тейлора і фіксуючи -3 3.27379448 10DH    на 

епоху 0t =J2000 згідно з теорією прецесії-нутації IAU2000/2006. Потенціал залежного від часу граві-

таційного квадруполя 2V  згідно із теорією Максвелла використано для виведення нових точних формул 
визначення орієнтації головних осей інерції A , B , C  через положення двох квадрупольних осей. Отже, 
залежні від часу механічні та геометричні параметри Землі, зокрема гравітаційний квадруполь, головні 
осі та головні моменти інерції, обчислювали у кожен момент часу протягом останніх 27,5 року з 1992 до 
2020 рр. Однак їхня лінійна зміна у всіх розглянутих параметрах достатньо невизначена через різну 
поведінку на певних інтервалах часу, включаючи варіації знака різних ефектів через стрибок часових 
рядів 20 ( )C t  протягом 1998–2002 рр. Моделі 3D та 1D густини Землі, задані обмеженим розв’язком 3D 
моментів густини всередині еліпсоїда обертання, отримано з умовами збереження залежного від часу 
гравітаційного потенціалу від нульового до другого степеня, динамічної еліптичності, полярного 
стиснення, основних радіальних стрибків густини, прийнятих для моделі PREM, і довгоперіодичної 
зміни в просторово-часовому розподілі густини планети. Важливо зазначити, що у разі розв’язування 
оберненої задачі залежність від часу в тензорі інерції Землі виникає внаслідок зміни густини Землі, але 
не залежить від змін її форми, про що свідчать відповідні рівняння, де стиснення скасовується. 

Ключові слова: залежні від часу головні осі та моменти інерції Землі; динамічна еліптичність; 
гравітаційний квадруполь; теорія прецесії-нутації. 
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