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Modeling of internal diﬀusion mass transfer during ﬁltration drying of
capillary-porous material
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The article presents the results of theoretical and experimental studies on the determination of the coeﬃcients of internal diﬀusion of moisture from capillary-porous materials of
plant origin during ﬁltration drying, in particular, beet pulp, a by-product of sugar production. A model based on the solution of the internal diﬀusion diﬀerential equation with
the corresponding initial and boundary conditions were used to ﬁnd the internal diﬀusion
coeﬃcient.
It is established that the process of the beet pulp drying occurs in the second period, and
the limiting stage is the intra-diﬀusion mass transfer.
Keywords: ﬁltration drying, beet pulp, hydrodynamic, heat agent, diﬀusion, modelling.
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1. Introduction
It is known that drying is a complex heat and mass transfer process, which is widely used in the ﬁnal
stages of many technological processes, and which depends on the eﬃciency and quality of the ﬁnished
product. One of the most important indicators of economic development of the country is the energy
intensity of the gross product. Thermal dehydration processes in the world consume about 10% of all
energy produced. In most cases, the drying process uses 2.5 − 3 times more energy than is needed to
convert the moisture into steam.
Convective drying plants are most commonly used in industry, but analysis of the most common
convective drying technologies [1] shows that such energy-eﬃcient drying equipment, environmental
regulations, and product safety do not fully meet current requirements. Therefore, we have proposed
ﬁltration drying (FD), which is one of the high-intensity, low-temperature and environmentally friendly
methods [2–4].
It is known that during drying, it is most diﬃcult to remove the internal moisture since in the
internal mass transfer there are about ﬁfteen diﬀerent types of mass and heat transfer [5]. Therefore,
the study of intra-diﬀusion mass transfer during ﬁltration drying of capillary-porous materials of plant
origin is an urgent task. The purpose of our work is to simulate the temperature dependence of
intra-diﬀusion mass transfer during ﬁltration drying of a capillary-porous material of plant origin.

2. Formulation of the problem
The sugar industry is one of the most important branches of the food industry in Ukraine. The main
product of this huge agro-industrial complex is sugar in the assortment, as well as by-products —
molasses, beet pulp. In its structure, pulp is a complex colloidal capillary-porous material, its cells and
intercellular space are ﬁlled with water with a low sugar content. To store and increase the feed value
of beet pulp, it is subjected to various technological processes: silage, burgundy drying and granulation
of pulp, enrichment with molasses, protein substitutes and others [6, 7].
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The method of determining the internal diﬀusion coeﬃcient is based on the mathematical solution
of the diﬀerential equation of convective diﬀusion. The author [12] developed a mathematical model
of the distribution of moisture in a spherical particle during drying, and the coeﬃcients of internal
diﬀusion.
The author [13] investigated the intra-diﬀusion mass transfer during ﬁltration drying of the “energy”
willow. The internal diﬀusion coeﬃcients are determined based on the diﬀerential equation solution:

 2 c
1 ∂wc
∂ w
∂wc
+
= Dw
,
(1)
∂t
r ∂r
∂r 2
were wc is current value of moisture content.
The dependence of the internal diﬀusion coeﬃcient on the temperature for the crushed “energy”
willow was obtained:
T
293
Dw
= Dw
+ 0.427 · 10−10 · (T − 293)1.5 ,
(2)
2

293 = 0.64 · 10−9 m .
were Dw
c
s
In [14], to determine the coeﬃcient of internal moisture diﬀusion, the kinetics of drying a single
pellet of raw materials of the production of slag gravel, the pores of which are kinetically equivalent,
and a single pellet having the shape of a ball, were investigated. To analyze the process of intradiﬀusion mass transfer, the coeﬃcient of internal diﬀusion was determined based on the solution of the
following diﬀerential equation, which has the form:
 2 c

∂ w
∂w c
2 ∂wc
= Dwc
.
(3)
+
∂t
r ∂r
∂r 2

The dependence of the internal diﬀusion coeﬃcient on the temperature of the thermal agent for
such a model is:
T
293
Dw
= Dw
+ 2.5 · 10−10 · (T − 293).
(4)
Two models, which take into account the unevenness of its structure, of capillary-porous material
of plant origin are proposed in the literature [15].
1. A capillary model of a stationary layer, in which the diﬀusion eﬀects are explained by the diﬀerent
bandwidth and coordination angles of the individual capillaries, which form a continuous network of
short capillaries.
2. Model of a stationary layer with closed (unequally accessible) or stagnant zones, the presence of
which, when changing the time of the concentration ﬁeld, causes diﬀusion eﬀects, which are estimated
by the relaxation diﬀusion coeﬃcients.
However, as the authors point out, the complex conﬁguration of free space between elements of a
layer, which in most cases is formed spontaneously, complicates the creation of a theory that could
quantitatively estimate the average diﬀusion coeﬃcient in a layer. In the literature [15], the calculated
dependences obtained by diﬀerent authors are also given to determine the average diﬀusion coeﬃcient,
which in the general case can be represented as a dependence (2) with the corresponding coeﬃcients.

3. Results of experimental research
During the ﬁltration, the thermal agent passes through the stationary layer of beet pulp toward the
perforated partition. The thermal agent ﬁltered through its porous structure gives oﬀ its heat to the
wet material and is saturated with moisture vapor. At the outlet of the stationary layer, the thermal
agent has a temperature close to that of the wet thermometer throughout the drying period. Its
temperature rises only at the end of the drying process asymptotically approaching the temperature of
the thermal agent at the inlet to the stationary layer. From which we can conclude that the thermal
agent is saturated with moisture during the main drying time and its drying potential is used in full.
Mathematical Modeling and Computing, Vol. 7, No. 1, pp. 22–28 (2020)
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Filtration drying is of a zonal nature and during drying the mass transfer zone moves in the direction
of motion of the thermal agent where there is a wet and dry material. Therefore, the mechanism of
ﬁltration drying of the dispersed material is as follows:
— mechanical displacement of free moisture, which is held between the pulp particles by the forces of
surface tension;
— formation of the mass transfer front;
— simultaneous existence of the ﬁrst and second drying periods;
— simultaneous existence of dry material, ﬁrst and second periods and wet material;
— reaching by the front of mass transfer of the perforated partition;
— the existence of only the second drying period.
The authors of [2–4] investigated the dependence of the kinetics of ﬁltration drying of various
dispersed materials on the parameters of the thermal agent and the structure of the material layer.
However, the results of these works can be used only for a speciﬁc material, since the kinetics of the
drying process depends on the properties of the dried material.
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Fig. 1. Changing the humidity of the beet pulp layer
in time at diﬀerent temperatures of thermal agent
(v0 = 1.1 m/s H = 80 mm).
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Fig. 3. Speed of ﬁltration drying of pulp
at diﬀerent temperature of thermal agent
(v0 = 1.1 m/s, H = 80 mm).
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Fig. 2. Dynamics of moisture removal from a layer
of beet pulp at diﬀerent temperatures of the thermal
agent.

Since one of the determining parameters aﬀecting the
kinetics of the drying process is the temperature of the
thermal agent, therefore, we investigated its eﬀect in the
range of temperature changes from 318 to 358 K at the
speed of movement of the thermal agent (air) v0 = 1.1 m/s,
and height of stationary layer of capillary-porous material
of plant origin H = 80 mm (Fig. 1). Analyzing the inﬂuence of the drying temperature on the moisture content of
the material (Fig. 1), it is seen that with increasing temperature the slope of the slope of the straight section of
the kinetic curves increases and decreases the drying time,
this is explained by the increase in the drying potential of
the thermal agent, as well as the increase in the coeﬃcient
of the internal factor.
In Fig. 2, we observe that with increasing temperature
of the thermal agent, the intensity of moisture removal
from the material layer increases. This phenomenon is
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explained by the increase in the magnitude of the drying potential of the thermal agent, the increase in
the coeﬃcients of heat transfer, as well as the amount of heat brought into the layer with the thermal
agent, respectively.
Of great practical importance are the graphical dependences of drying rate on time, which allow
to determine the energy costs of the process and to choose the rational drying mode, which are widely
used in the industry when designing drying machines.
c
c
In Fig. 3, a graphical dependence of the drying rate of pulp dw
dt = f (w ) depending on the humidity
is shown. As can be seen from Fig. 3, the rate of ﬁltration drying increases with increasing temperature
of the thermal agent, since an increase in temperature leads to an increase in the drying potential of
the thermal agent and an increase in the internal diﬀusion coeﬃcients of moisture from the center of
the pulp particles to its surface. Also the analysis of Fig. 3 shows that at low temperatures of the
thermal agent (318 − 328 K), the warm-up period is absent due to the small temperature diﬀerence
between the wet material and the thermal agent.

4. Mathematical modeling
It is known that the coeﬃcient of internal moisture mass transfer is a function of two parameters:
the moisture gradient and the temperature gradient [12]. Under the same conditions, the diﬀerence
between the internal moisture content and the temperature factor will be crucial in determining the
et c
e t c . The method for determining the internal diﬀusion coeﬃcient D
internal diﬀusion coeﬃcient D
w
w
is based on the mathematical solution of the internal diﬀusion diﬀerential equation. To describe the
process of diﬀusion of moisture in the material layer, we accept the following assumptions:
— each particle in the layer is evenly washed with a thermal agent;
— the values of the moisture content on the surface of the particle correspond to the values of the
moisture content of the thermal agent;
— the initial moisture is evenly distributed throughout the volume of the particle.
For particles of cylindrical shape of ﬁnite size, given the above assumptions, the problem is reduced
to an initial-boundary-value problem with boundary conditions of the ﬁrst kind, when the moisture
content wc is a function of three variables (time t, radius r and coordinates z), and the diﬀusion
equation is presented in the form [13]:

 2 c
1 ∂wc ∂ 2 wc
∂ w
∂w c
+
,
(5)
= Dwc
+
∂t
r ∂r
∂r 2
∂z 2
where Dwc is internal diﬀusion coeﬃcient, m2 /s; deﬁned r, R are the radii of the particle changing and
outer respectively, m; l is half the length of the particle, m; wc , wpc , wnc are changing, equilibrium and
initial moisture content of the material, respectively, kg H2 O/kg dry mat.
Area of change: t ∈ (0, +∞), r ∈ (0, R), z ∈ (−l, l) (τ > 0, 0 < r < R, −l < z < +l)


wc (r, z, 0) = wnc ,



wc (r, −l − 0, t) = wc ,
p
(6)
wc (r, +l + 0, t) = wpc ,



wc (R + 0, z, t) = wc .
p

Then the solution of equation (5) with boundary conditions (6), with respect to the deepening of
the evaporation zone of the moisture (the boundary between the separation of vapor-moisture in the
capillaries of the wet material) will have the form [18]:
∞ X
∞
 z
 r
X

wc − wp
cos
µn
exp −(µ2n + µ2m Kl2 )F o ,
µ
A
A
J
=
n
n m 0
c
wn − wp
R
l
n=1 m=1
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where w is changing value of moisture content, w is equilibrium value, An = µn J12(µn ) , µn = (2n − 1) π2
is Bessel root functions of the ﬁrst rate of zero order, Am = (−1)m+1 µ2m , µm = (2m − 1) π2 .
Introduce dimensionless variables: Kl = R/l, F o = Dw τ /R2 is the Fourier number.
The solution of Eq. (5) with boundary conditions (6),
F
regarding the change in the average moisture content of
0.0
beet pulp particles by volume of the particle will look like:
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Fig. 4. Dependence F on the time of ﬁltration drying of beet pulp at diﬀerent temperatures of the thermal agent.

ln ∆wc = ln(Bn Bm ) − (µ2n + µ2m Kl2 )F o
or
−

16

e w , m2 /s
D

∞

XX

wc − wp
Bn Bm exp −(µ2n + µ2m Kl2 )F o ,
=
c
wn − wp
n=1 m=1
(8)
where Bn = 4/µ2n , Bm = 4/µ2m .
To simplify the calculations by highlighting the regular
mode, we will use only the ﬁrst roots of the characteristic
equation.
w c −w
Let us denote wc −wpp = ∆wc and prologify the depenn
dence (8) with the following simpliﬁcations:

ln (∆wc /(Bn Bm ))
= Fo
µ2n + µ2m Kl2

c

/(Bn Bm ))
= F and present it as a graphical
denote − ln(∆w
µ2 +µ2 K 2
n

m

l

dependency F = f (τ ) (Fig. 4).
Analyzing Fig. 4 shows that the experimental data can
be approximated by a straight line and by the tangent
of the angle of inclination of the straight line to the abscissa axis, the internal diﬀusion coeﬃcient can be deterT , or:
mined Dw
c
Dw = tan α · R2
(9)

12

8

4

T, K

0

Let us represent the value of the internal diﬀusion coeﬃcient as:
T
ew
D
c = Dw c · A,

where A is dimensionless coeﬃcient (A = 10−9 ).
In Table 1, the values of the internal diﬀusion coefFig. 5. Dependence of the internal diﬀusion
e T c are shown, at diﬀerent temperatures of the
coeﬃcient on the temperature of the thermal
ﬁcients D
w
agent.
thermal agent a in Fig. 5 data in the form of graphical
dependence are presented.
Table 1. The values of the internal diﬀusion coeﬃcients
From Table 1 and Fig. 5 we see that as the
e T c at diﬀerent temperatures of the thermal agent.
D
temperature of the thermal agent increases, the
w
value of the internal diﬀusion coeﬃcient Dw
T, K
293 318 338 358 378
from the pulp layer into the environment in2
T
e wc , m /s 1.44 2.33 4.40 7.65 12.1
D
creases, which does not contradict the physical
essence of the process and is well correlated with the literature data obtained by other authors [6, 15].
In order that the obtained experimental data can be used in practice for other temperatures, Fig. 5
shows the experimentally determined values of the diﬀusion coeﬃcients depending on the temperature
approximated by a power function.
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e T c in the temperThen the calculated dependence to determine the internal diﬀusion coeﬃcient D
w
T = D T · A, (A = 10−9 ) can
293 = D 293 · A, D
ew
ew
ature range 293 6 T 6 380 K, with remembering that D
c
c
w
Wc
be presented as:
2
−3
T
e 293
ew
.
(10)
D
c = Dw c + 1.48 · (T − 293) · 10

Comparison of the dependence (10) with the analytical dependences given in the technical literature
to determine the internal diﬀusion coeﬃcient Dw as a function of temperature indicates that for a
biological object the eﬀect of temperature is much greater than for other objects, especially of mineral
origin.

5. Conclusions
The process of intra-diﬀusion mass transfer during drying of wet beet pulp is mathematically described.
On the basis of the proposed model of internal diﬀusion, its dependence on temperature was investigated. The calculated dependences (7) and (10) were obtained to determine the coeﬃcient of internal
diﬀusion of moisture from cylindrical particles. The calculated values Dw of the internal diﬀusion
coeﬃcient of beet pulp during ﬁltration drying by means of the dependence (7) are in good agreement
with the experimentally determined values. Generalized theoretical and experimental studies of the
dynamics of heat and mass transfer will allow us to predict for the various productivity and initial
parameters of raw materials the required overall dimensions of the equipment and the residence time
of the material in the drying zone, which will provide the required quality of the ﬁnal product.
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Моделювання внутрiшньодифузiйного масоперенесення пiд час
фiльтрацiйного сушiння капiлярно-пористого матерiалу
Гнатiв З. Я., Iващук О. С., Гринчук Ю. М., Реутський В. В., Коваль I. З., Вашкурак Ю. З.
Нацiональний унiверситет “Львiвська полiтехнiка”,
вул. С. Бандери, 12, Львiв, 79013, Україна
У статтi представлено теоретичнi та експериментальнi дослiдження щодо визначення
коефiцiєнтiв внутрiшньої дифузiї вологи iз капiлярно-пористих матерiалiв рослинного походження пiд час фiльтрацiйного сушiння бурякового жому, побiчного продукту
цукрового виробництва. Для знаходження коефiцiєнта внутрiшньої дифузiї використана модель, що базується на розв’язку диференцiйного рiвняння внутрiшньої дифузiї з вiдповiдними початковими та граничними умовами.
Встановлено, що процес сушiння бурякового жому вiдбувається у другому перiодi, а
лiмiтуючою стадiєю є внутрiшньодифузiйне масоперенесення.
Ключовi слова: фiльтрацiйне сушiння, буряковий жом, гiдродинамiка, тепловий
агент, дифузiя, моделювання.
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