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Abstract. Purpose To determine the two-dimensional thermoelasticestata semi-infinite
solid (half-plane), weakened by a system of peciddiernal cracks under conditions of local
heating on the edge of the half plane. Heat flug thufrictional heating on the local area of the
body, causes changes in temperature and stresgeshody, which significantly affects its strength
as it can lead to crack growth and local destrucfitherefore, the study of the problem of frictibna
heat is of a practical interest. This paper propdseinvestigate the stress-deformed state in the
vicinity of the crack tip, depending on the permiccracks placement

Methodology.The methods for studying two-dimensional thermd&lastate of a body with
crack as stress concentrators are based on thednetlcomplex variable function. Reducing the
problem of stationary heat conduction and thernsdieity to singular integral equations (SIE) of
the first kind, the numerical solution by the metlad mechanical quadrature was obtained.

Findings.In this paper, we present graphical dependenciasre$s intensity factors (SIF) at
the crack tip on the angle of orientation and anrédative position of cracks. The obtained results
will be used later to determine the critical vabighe intensity of the local heat flux from equoats
of limit equilibrium at which crack growth and thecal destruction of the body occur.

Originality. The originality of our solution lies in the factaththe new two-dimensional
problems of heat conduction and thermoelasticityafbalf plane containing a periodic cracks due to
local heating by a heat flux are obtained.

Practical value.The practical value is the ability to extend ouowtedge of the real situation
in the thermoelastic elements of engineering strest with cracks that operate under conditions of
heat stress (frictional heat) in various industrgggticularly in mechanical engineering. The rissul
of specific values of SIF at the crack tip in graphay be useful in the development of sustainable
modes of structural elements in terms of preverttieggrowth of cracks.

Keywords: crack, heat flux, heat condition, thermoelasticéifyess intensity factor, singular
integral equation.

Introduction

Elements of many modern structures are often dedidor their operation under conditions of
thermal heating; such conditions contribute toehgergence of their thermal stresses. This is tpoca
tools and structures in the heat industry. Thellefreoncentration and intensity of these stre#sesmme
areas, for example, in the neighborhood of non-lgeneities (cracks, inclusions) of technologicaunat
largely determine their operability. Therewith, tinecture of materials is caused by the presenchaip
concentrators of stresses such as cracks. Therdfwestudy of thermoelastic state near a crack is
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necessary for calculations of strength from thenpof view of fracture mechanics, which is espdgial
important for structures of high strength anddiglastic materials, which are under the actioditéérent
kinds of heat loads.

The multiple cracks problem in an elastic half plas formulated into a singular integral equation
using the modified complex potential with free trae boundary condition. A system of singular intdg
equations is obtained with the distribution diskima function as unknown, and the traction appbedhe
crack faces and the right hand terms in the papgrlh the paper [2], the problem of the stress
concentration in the vicinity of the crack tips farcrack of finite length located perpendiculartiie
interface of two elastic bodies — a half plane anstrip is considered. Using the method of germgdli
integral transform, the problem reduces to solutiba singular integral equation with a Cauchy kérn
Values of the stress intensity factors of the nérstigesses in the vicinity of crack tips are obeairfor
different combinations of the geometrical and pbglsparameters of the problem.

The two-dimensional problems of thermoelasticity Semi-infinite bodies with cracks have already
been investigated in the literature. Thus, in palér, the thermoelastic state of a half plane aairtg an
internal rectilinear crack at different temperatanel force conditions imposed on the crack lips @amthe
edge of the half plane were analyzed in [3], [8], The method of SIE was used for the analysithef
plane thermoelastic state in a half space contgiaminternal arbitrary oriented rectilinear crd@k [7],
internal curvilinear crack [8], edge crack [9], iaclusion and a crack [10] due to local heatingraveart
of its free surface by a heat flux.

In this paper, a thermal problem for thermoelabadf plane, weakened by a system of periodic
internal cracks under conditions of local heatingtlee edge of the half plane is considered. Thidehis
the development of the previous models to deterriiretwo-dimensional thermoelastic state in a semi-
infinite solids, weakened by a system of intermaktks.

Problem statement
Consider an elastic half plane containing a petiayjistem of cracks when in the main band of
periods of widthd (along the axi€Ox) there areN of internal rectilinear crackg, (k :1_N) . We assume

that all contourst(kzl,_N) do not have common points. Each contour is coewdegtith a local

coordinate systenx, O, y, whose axisO, x, forms an anglex, with the axisOx, and the point, are

determined in the coordinate syster®y by complex coordinateg’. The problem is studied under the
conditions of a stationary temperature field.

Consider the problem of heat conduction with tHe¥ang conditions of thermal contact .We will
assume that the cracks lips are thermally insulated

‘;: =0,  tOL, k=LN. )

Here n is the outer normal to the left face of the dng(kzl,_N); T(x, y) stands for the

temperaturet, are the complex coordinates of points on the eaostd, in local coordinate systems; the

plus and minus indices indicate the boundary vabfethe corresponding values on the left and on the
right of the approach to the contoly. In the problem of thermoelasticity, we suppdss & domain of

bounded width2a located on the edge on the half plane is heatesd firiodic heat flux with intensity .

The other parts of the edge of the half plane laeemally insulated. Assume that the cracks lipsnaten
contact and are free of the loads in the procesggfoirmation:

[N(t) +is(p)]*=0,  tOL , k=LN. (2)

In the relations (2)N(t,) and S(t,) are the normal and the tangential componentseolioéd.
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Problem solution. System of integral equations ohe problem of heat conduction
We represent the total temperature in the halfeplaith a periodic system of cracks in the form:

T N=T(x Y+ T(x Y,

where T,(x, y) is the temperature in the homogeneous half platfeout cracks causebly the periodic
heat flux of intensityq and T (x, y) is the perturbed temperature generated by crddies.temperature
field T,(x y) is described in [7].

We represent the temperatufe(x, y) in the form of T, (x, y) = Re f(z), and we use the complex
temperature potentidf (z) = f'(2) [11]:

51 nwed Ze.- 3] a0 (@ B ol

k(tk):Vk(tk)- (k=tk+23-

The function F,(z) determines the temperature fi€fg(x, y) in a continuous homogeneous half

F(2=FR(2)+-

5_||—\

(3)

plane, and the functiof, (x, y) is periodic with respect to the coordinatewith periodd.

By satisfying the boundary conditions (1) with tidp of the complex temperature potential (3), we
obtain in the heat conduction problem the systeid sihgular integral equations of the first kind the N

unknown functionsy/, (t, ) (k =1_N) on the contours of cracks:

—2 j 1M Ky (67 )H ()0t = Lt o7 JH (€ Jdlt ] =
(4)
=m{ [F,@)]e" )} 7,01, n=1N.

Here:

Ko (s T)_Ee Ctg|: (Zk n)},

ia,)

€

Vi T I—
Lo (6 7o) = ——=——cCtg| —|{ ~ ; =1, +2;
et =5 i(Z,~1,) g{d (4 ’7")} T "
F,(2) = To(% Y) _ 0T, (x Y '
ox ay
The solution of system integral equations (4) nsasisfy the condition:
[(t,)dt,=0, n=1N, o
Ln

which provide continuity of temperature by pasding contours of crack. Under condition (5), thetesys
of integral equations (4) for an arbitrary its figiand side has a unique solution.
System of integral equations of the problem of thenoelasticity
Since the stationary temperature fie'lpl(x, y), in the absence of internal heat sources, does not

generate a stresses in a homogeneous simply cednealf plane [13], we find the stresses generhyed
the perturbed temperatufé (X, y).

Complex stress potentials can be represented ifothe[11]:

D(2) =P (9+P,(3, Y()=W.(9+W¥,(2, (6)
where
qnl(z):%kz:;j Q(L)ctg{%([k— z)} & df, 7 =te™+7; (7)

k
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+=(¢, —?k)coseég(?k - Z)me’"’k?&}

kIJZ(Z):%ZN: {Q(tk)[ctg[g(i_k— z)}+% coseé{%(?k - ﬂ & dt+

e e e o]
xg(g—k_gk)cosea[g(g—k-z)}me—wa}

Qk(tk)=g’k(tk)+%[f+(tk)— ()], t,OL, k=L N.

The functions f * (tk) are defined as the limiting values of potenfigt). The unknown function
gL(tk), which is the derivative of the jump of displacertsein passing through the cracks contour, is
sought in the class of Hélder function with intdgeasingularities at the crack tips.

Here are the following designationg:=(3- ) /(1+ ), B'=a'E(1+u) are for a plane stressed

state;a', G, E are the coefficients of linear thermal expansgigar modulus, Young’s modulug, is

Poisson’s ratio material of the matrix.
By satisfying the boundary conditions (2), with tiep of the complex potentials (6), we obtain in
the problem of thermoelasticity the systemNo&ingular integral equations of the first kind fiie N

unknown functionsQ, (t,) (k =1_N) on the contours of cracks:
o3 [[Ru(G7) QU ek SY(&7 Y QLY d=0, 7,0L,, n=IN. (®)

2 k=1 L,

Here:
RULT) = Ru(ter )= & x| Badf(n,-2.)
dr.

+C g2 ctg{g(qn -7, )} + g(fy_n —/7n) cosed (/7_n -7 k) [C ”d_r: x

><[1—e‘2“”n + Zg g2 (/7_n—/7n) ctg(/Tn —Zk)}} ;

Su(t7) =S4T+ 35 € |- B (7,7 Jeoseb(r -7.)

+(1_e—2iak ) o Etg{g(ﬁn _ Zk)} +7_c;[ C, giak (’7_n_’7n) cose%:[]—;(ﬂ_n_ ¢ k)i|} ;

Ru(t70) =2—Z{é"k Bnctg[g(i k—m)}+ e C;% ctg{’—;(_k—n_ ﬂ}

n
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siay _ 3y T _ N7 _
S (1) =55 (G 6% - @) o 2(¢: 1) |- 5(@ -,

3 [ (2. IT)}} 1,=1,8 +2.

In the class of function@'k(tk)D H" (k :1,_N) the system of integral equations (8) has a unique

solution for an arbitrary its right-hand side unttex conditions:
jgn t,)dt, =0, n=1N. )

Conditions (9) ensure the unlqueness of displac&srtanpassing the contours of cracks. By using
relation (7), we represent condition (9) for thellgnansulated cracks in the form:

__ap _
1ty [[ntn;/(tn) dt,, n=1N. (10)

The algorithm used for the solution of the analypeablem can be described as follows: the system
of integral equations (4), (5) of the problem ofaheonduction is used to find the functiom§(tk)

(kzl,_N). These functions are then substituted in systenedpfations (8), (10) of the problem of

thermoelasticity to find the unknown functio@(tk) (k =1_N) Then the stress intensity factors (SIF)

K, andK, are found according to the formula [11]:

Kz |K,,-_+tlum[,/274tk—|;pk(tk)] k=1N, (11)

where the lower signs correspond to the beginnfrtge)crack(lk') , and the upper ones correspond to the

end of the cracl(l[) .

System of single periodic cracks

Consider a half plane with a periodic system oérin&l cracks when in the main band of the period
there is one rectangular crack at an angléo the axisOx. The centers of the cracks are on one straight
line y=-h, where h is the distance from the centers of the crackth¢oedge of the half plane. The
distance between the centers of neighborhood ciadke same and equal tfy. Let the edge of the half
plane be locally heated by a uniform heat fiyx const on the section in widtBa, and this section
changes periodically along the coordin@& with the periodd,. The edge of the half plane outside the
area of heating and the lips of the crack are aiedl and free from external forces. Then the basic
temperature fieldTo(x, y) in the half plane without cracks changes peridificaong the coordinatex
with the periodd,. The center of the coordinate syst&hx'y', wherex = x+ d, y'=y is chosen in the
middle of a section of heating distant from thesaQy by distanced (Fig. 1).

The stationary temperature field of the thermo@asalf plane without cracks caused by the heat
flux q takes the form [7]:

T,(x y)= ——qun (X=&)+ y* & =

:i{(x+d—a)ln\/( x+ d— a)2+ y - (x+d+ a)ln\/( x+ d+ a)2+ y + (12)

m
+y[arctg(X+ d- a]_ arctg{ xt d+ aﬂ+2a}.
y y
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Fig. 1. System of single periodic cracks and heat fluxes

To found of the disturbed temperatufe(x, y) generated by cracks, integral equation in the hea

conduction problem takes the form:

%Tlt[tl—lxi+L(t1-Xl)}yl(tl)dt1: F(x), [l <, (13)

with the kernel [11]:
L(tl,xl):dﬂRe{é” ctg{g( t- %) é’}}+§ R{ € ctfo( x, )]}

Q(x,4) =2 (% - 1e -21);

F(x)= _—aTO(X’ ) =Sina—a1a( XY - cosnf—a B x Y
ay, 0 0X =0 oy 420

Additionally, the solution of integral equation 1Bas to satisfy the condition of continuity of

temperaturel " (x, y) around the crack contour:

Ij;/(tl)oltlzo. (14)
The integral equation of the probl_r;m of thermoddégtcan be written in the form:
I[[R(n, X))+ 1% QP d=0. [x|<I, (15)
where the kernels are given as [11]:
R(yx)=057 ¢ ctg{d—lz( - x) '@} . ct%%( £ ¥ *é} +057 o
R x,}x (16)

><{cth(>g,t1)+ e ct( x, 1t)—2dﬂ.( tsina - hcos

x{l—e‘z“’ _4d£ & ( xsina - ct@( g(lt)ﬂ ;
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S(t, 4):0.5d£(é‘” - é“){zd—m(ltsim— hcose®( x )+

+(1_e-2ia)ctM—2d &% ( xsina - hcoset( x.} |

Q(t)= g’(t1)+2iﬂfy(t1)/(1+x). B =a'E.

By using relation (16), we represent the condi(’[tml) for insulated thermally crack in the form:
' 2i
Ja(=-27 IW (17)
-l

which ensures the uniqueness of displacementsstwrpgathe contour of crack.

Numerical analysis

The solution algorithm of considered problem canlégcribed as follows:

1. From the integral equation (13) and the condifit4) the derivative of temperature junp/p(tl)
is calculated;

2. The next, having the functiop (tl) the integral equations (15), (17) will be solveidhwespect
of function Q,(t,);

3. Then the stress intensity factors (SIKs)and K, , which are the real quantities that characterize
the stress-deformed state in the vicinity of theckrtips, are found according to the formula:

; =itliml1I2771tl$l|(Q (t,)- (18)

The numerical solution of the system equations, ({3)), and (15), (17) are found by the method of
mechanical quadratures [13].
The calculations of the dimensionless stress iitiefactors (SIFs)

K= KIAQ+ ) /gl and K= KEAQ+ x) [ ggli
are derived for the cracks system normally to thenolary half planeq =90°). In this case, it follows
that k' =0, and the dependencies df on the dimensionless period, =d,/ h for dimensionless
parameters =a/ h=0.25; d = d/h=1; 1" =1 /h =0.5; 0.€ are shown in Fig. 2.
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Fig. 2. The dependencies of the dimensionless StFn the dimensionless periat] for a =90
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The dashed lines correspond to the lower 0.5 tip of the crack k;, k; ), whereas the solid lines
correspond to its upper tipk{, k;). The increasing of periodi, leads to an increasing of SIFs,

particularly it can be observed for long cuts £0.9). Moreover, close distributed cracks reciprocal

unload one of other and this configuration is saffian in the case of single crack [7]. For mechalnic
loading this result was presented in [11].

According to the results presented in [7], for agi crack and” =0.5 there arek; =0.635,
k; =-0.195 as well as fol" =0.9there arek; =0.635, k; =-0.147. These stress intensity factors are
obtained with the accuracy of 1 % from Fig. 2 foe ¥alues of periodsd, =6.3 for k; andd, =1.7 for
k; under the assumption that=0.5; for I" =0.9 we haved, =10 for k; and d, =3 for k; . So, the

influence of periodd, on the SIFs is observed more strongly in the céseng cracks at the tip near the

boundary half plane.
In the considered problem, the lips of the crack aot in contact. Then, according to the

o, -criterion (based on the hypothesis of the inigedwth of the crack) from equations of the boundary
equilibrium [14] it is possible to find the criticaalues of the heat flux|, at which the growth of the
crack and the local destruction of the body begocording to the formula:
q :K ch :—(1+X)/1
cr q ! q t !
co§62?*(k1t - &;tgazj a'EWr

where K. is a constant of the material that characteriresrésistance of the material to the destruction

and is determined experimentall§; is an angle of initial growth of the crack:
. 12 12
K -y(k) +8(k)
4k
In the partial case fol" =0.9 we obtain: if d”=2.5, then q, =1.6K,K,., if d”=4.5 then
0, =0.9K,K,, if d”=6.5 thenq, =0.8K K, ; for I =0.5 we obtain: ifd”=2.5, thenq, =2.2K K,,

6 =2arctg

if d“=4.5thenq, =1.6K K, if d"=4.5thenq, =1.4K K, . These results are obtained for upper tip of

the crack.

Conclusions

1. The two-dimensional mathematical models of thebjgms of stationary heat conductivity and
thermoelasticity for elastic half plane with a pelic system of internal cracks under conditiongocél
heating on the edge of the half plane in the fofraystem of singular integral equations (SIEs)haf first
kind on the contour of cracks are constructed. Bpigroach allows to obtain a numerical solutionhef
system SIEs by applying the method of mechanicaticatures.

2. A numerical solution of the system SIEs in thetipl case of a half plane with a system of gng|
periodic thermally insulated cracks under condgiof local heating on the boundary of the half play
given periodic heat flux of constant intensity atatained. Based on this solution, the stress iittens
factors (SIFs) at the crack tips are calculatedickvin the future will be used to determine theicai
values of the heat flux at which the crack begingrow.

3. Based on the analysis of the obtained critiedles g, of the heat flux, it follows: if the period

of width d, increases, then critical value of the heat ftyx decreases (at which the growth of the crack in

the left tip begins) and approaching the valuerashe case of a single crack. A similar situatien i
observed for the lower tip of the crack.
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