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1. Introduction

A large number of heat and mass transfer processes are characterized by the availability of a complex,
inhomogeneous structure of the medium, that often contains homogeneous thin inclusions. Solving
the advection-diffusion problems in such mediums requires a lot of computational costs using standard
numerical methods including the finite element method (FEM) [1]. On the other hand, inaccurate and
even inappropriate results may be obtained without taking into account the small scale features of
the medium. Besides this, solving the advection-diffusion problem by FEM in the case of large Peclet
numbers becomes highly complicated because of the instability of the computational process.

The multiscale finite element method (MsFEM) [2,3] was designed for solving the diffusion problems
in an inhomogeneous medium. It captures correctly the large scale components on the course grid
without accurately resolving all the small scale features of the solution. This effect is achieved by
incorporating the local microstructures of the differential operator into the multiscale basis functions.
It was shown [4–7] that MsFEM is also efficient for solving the advection-diffusion problems with large
Peclet numbers. In [8, 9] the advection-diffusion problem in the homogeneous medium with a thin
curvilinear channel was considered. The two-dimensional equation in the channel was reduced to the
one-dimensional case and the bubble functions FEM was applied to solving the obtained problem. In
this paper MsFEM is applied to solving the advection-diffusion problems with sufficiently large Peclet
numbers in an inhomogeneous medium with a thin channel.

2. Formulation of the problem

We consider an inhomogeneous medium with a thin channel (see Fig. 1). Let us construct the curvilinear
coordinate system α1, α2, that is related to the middle curve of the channel so coordinate α1 corresponds
to the direction of curve tangent and coordinate α2 corresponds to the direction of curve normal [7–9].
We suppose the middle curve is smooth and is defined by the parametric equation

x1 = x1(α1), x2 = x2(α1). (1)
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Let us denote by A the Lame coefficient of curve (1) and by K the curvature of the curve [10]

A =
√

(x′21 + x′22 ), K =
x′′2x

′
1 − x′′1x

′
2

A3
.

According to [7], the advection-diffusion problem in the thin curvilinear channel is as follows:
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where H = A (1 + α2K), U(α1, α2) is the unknown function, λ = const > 0 is the diffusion coefficient,
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Fig. 1. Medium with a thin channel

Let U1(x1, x2), U2(x1, x2) be the unknown functions in Ω1,
Ω2 respectively and let 2h be the channel thickness. We assume
that the channel is thin, that is hK ≪ 1. Under this assump-
tion the solution in the channel can be presented in the form
of linear function of the variable α2 [8]

U(α1, α2) = u1(α1) +
α2

h
u2(α1),

where u1(α1), u2(α1) are the unknown functions. There-
fore, the advection-diffusion problem (2)–(4) can be reduced
to the one-dimensional case [7] and the mathematical model of
advection-diffusion in the medium with a thin channel is as follows:
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Here λi(x1, x2) are the diffusion coefficients, wi = {wi1, wi2} are vectors that characterize the speed
of the advective transfer, wij = const are the advection coefficients, fi(x1, x2) are functions that
characterize the intensity of internal sources, Um

i are the values on the boundaries Γi, i, j = 1, 2;
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where uk, ũk ∈ V , Uk, Ũk ∈ Vk.
After applying the integration by parts and the Green’s formula to bilinear forms ak (U, ũk),
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∫ αe
1

αb
1

2h
λ

A

(

∂u1

∂α1
−

hK

3

∂u2

∂α1

)

∂ũ1
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We take into account conditions Ũ1|Γ− = ũ1− ũ2, Ũ2|Γ+ = ũ1+ ũ2, conjugation conditions (12) and
add together all bilinear and linear forms. Note that some of addends on the common boundaries Γ−

and Γ+ annihilate each other, so bilinear and linear forms can be written in a simpler form. Therefore,
the variational formulation of the problem (5)–(12) is as follows.

Find functions U1 ∈ V1, U2 ∈ V2, u1 ∈ V , u2 ∈ V which satisfy the variational equation
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where U1 = u1 − u2 on Γ−, U2 = u1 + u2 on Γ+,

a1(U, ũ1) =
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4. Multiscale finite element method

We generalize the equations (5)–(8) into the following advection-diffusion equation

Lu = f, (14)

where Ω ⊂ R
d, d = 1, 2, Lu = −∇· (λ(x)∇u)+w∇u, λ(x) is the diffusion coefficient that characterizes

multiscale inhomogeneities of the medium, w is a vector in R
d that characterizes the speed of the

advective transfer, u(x) is the unknown function, f(x) is the given function that characterize the
intensity of internal sources, x ∈ R

d.
Let us consider the application of the multiscale finite element method to the generalized equa-

tion (14). The main idea of the MsFEM is to construct the special multiscale basis functions. Let Ph

be a partition of the domain Ω into finite elements by points xi, i = 0, n. We call this partition the
coarse grid and assume that it can be resolved via a finer resolution called the fine grid. Let ϕ0

i be
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the piecewise linear (or bilinear in the case Ω ⊂ R
2) functions, which are the nodal basis functions of

FEM. The multiscale basis functions ϕi can be obtained from the condition

Lϕi = 0 in K, ϕi = ϕ0
i on ∂K, ∀K ∈ Ph, K ⊂ Si, i = 0, n,

where Si is the support of ϕ0
i , K is a coarse grid block of the partition Ph.

The next step of MsFEM is the global formulation, or assembling the global matrix on the coarse
grid. We introduce the space

V =
{

u(x) : u(x) ∈ W
(1)
2

}

and multiply the equation (14) on the arbitrary function v ∈ V . Integrating the result on Ω we obtain
the following variational formulation. Find such function u(x) ∈ V that satisfies the condition

(Lu, v) = (f, v) ∀v ∈ V. (15)

We take v = ϕ0
j , j = 0, n in (15). Analogously to FEM we look for the solution of (14) in the form

ũ(x) =

n
∑

i=0

uiϕi(x)

and obtain the following system of equations

Au = b,

where A = (aij) is the global matrix with elements aij =
∑n

s=0

∫

Ks
Lϕi(x)ϕ

0
j (x)dx, i, j = 0, n, b = (bj)

is the vector with elements bj =
∫

Ω f(x)ϕ0
j (x)dx, j = 0, n, u = (ui) is the vector of unknown values of

the function u in nodes xi ∈ Ph, i = 0, n.
Therefore, the small scale information of the inhomogeneous medium and the local properties of

the differential operator are incorporated into the multiscale basis functions within each coarse grid
element. Then the small scale information is brought to the large scale through the coupling of the
global matrix. Thus, an accurate approximation of the solution is obtained on the large scale without
resolving the small scale details, and the small scale information is correctly captured due to the
multiscale basis functions.

5. Numerical experiments

Example 1. We assume that the medium inside the channel is homogeneous, so λ = const, and
the medium outside the channel is inhomogeneous, multiscale and periodic, so λ1, λ2 depend on the
variables x1, x2 and some small parameter ε that determines the small scale of the problem. Let us
consider the layered medium shown in Fig. 2. Here λ = 1, λ1(x1, x2) = 1

4+p(sin(2π
x1
ε
))

, λ2(x1, x2) =

1
4+p(sin(2π

x2
ε
))

, p = 3.8, ε = 0.0078. The speed of the advective transfer is selected so w12 = w22 and

the Peclet number is 150 in the channel and 100 in the inhomogeneous medium. We use the partition
to 8 finite elements on the coarse grid in both x1 and x2 directions in Ω1 ∪Ω2 domain and to 64 finite
elements on the fine grid, that is for every coarse grid block.

For simplicity, we take the homogeneous boundary conditions and the squared medium with the
rectilinear channel in the middle for our experiments, so Ω1 =

[

a; a + b−a−hthin

2

]

× [a; b], Ω2 =
[

a +
b−a+hthin

2 ; b
]

× [a; b], Ω =
[

a+ b−a−hthin

2 ; a+ b−a+hthin

2

]

× [a; b], where hthin is the channel thickness (we
denote by h the size of a coarse grid block). We use the following values of parameters for numerical
experiments: a = 0, b = 1, hthin = 0.015, f = f1 = f2 = 1. We take the direction of advection in the
medium the same as in the channel (from a to b along the x2 axis), so w11 = w21 = 0.
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Fig. 2. The layered medium.

In Fig. 3 the multiscale basis functions are presented in Ω1 and Ω2 respectively. As we can see, the
multiscale inhomogeneities are incorporated into these basis functions.
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Fig. 3. Basis functions in the layered medium.
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Fig. 4. FEM solution in the layered medium.
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For comparison, the solutions obtained in the whole domain Ω1∪Ω∪Ω2 by classical and multiscale
finite element methods are presented in Figs. 4–5. It should be pointed out that the MsFEM solution
is much more stable, while the solution obtained by FEM contains unnatural oscillations. Besides this,
the FEM solution behaves in the same way in both multiscale mediums Ω1 and Ω2, and even in the
homogeneous channel Ω with higher Peclet number. The MsFEM solution, in contradistinction to the
FEM one, behaves differently in these three mediums and this behaviour corresponds to the natural
advection-diffusion process.
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Fig. 5. MsFEM solution in the layered medium.

Example 2. Next we consider the same multiscale medium in both Ω1 and Ω2 with λ1(x1, x2) =
λ2(x1, x2) =

1
4+p(sin(2π

x1
ε
)+sin(2π

x2
ε
))

, p = 1.9 shown in Fig. 6. The speed of the advective transfer here

is selected so w12 = w22 and the Peclet number is 100 in the channel and 70 in the inhomogeneous
medium.

Fig. 6. The multiscale medium.

It was shown in [3] that the MsFEM solution converges to the homogenized solution in the ho-
mogenization limit, that is as ε → 0. The estimate in the case h > ε is O

(

h +
√

ε
h

)

, where h is the
size of a coarse grid element. This estimate is obtained for the diffusion problem, but it is easy to see
that it can be obtained also for the advection-diffusion problem in the same way. In order to confirm
the given theoretical estimate we use the partition to 4, 8 and 16 finite elements in both x1 and x2
directions on the coarse grid and 16, 32 and 64 finite elements respectively on the fine grid in our

Mathematical Modeling and Computing, Vol. 7, No. 1, pp. 146–157 (2020)



Numerical investigation of advection–diffusion in an inhomogeneous medium with a thin channel . . . 153

following numerical experiments. As ε should be less than the coarse grid element size, grater than
the fine grid element size and tend to zero, we use 0.0625, 0.0156 and 0.0039 values for ε, so the ratio
ε
h

is 1
4 ,

1
8 and 1

16 respectively. All our next experiments are obtained in Ω1 ∪ Ω ∪Ω2 domain.
For comparison, we show the homogeneous results together with the multiscale one, so it is easy to

see how the MsFEM solution converges when ε → 0, h → 0 and h > ε. We take the average value of λi,
i = 1, 2 in the multiscale medium and use it for obtaining the homogeneous results, so λ1 = λ2 = λh,
λh = const and λh is different for every ε and independent of x1 and x2. In Figs. 7, 9, 11 the
homogeneous and multiscale basis functions are presented for 4, 8 and 16 finite elements respectively.
Note that the multiscale basis functions contain the medium inhomogeneities and converge to the
appropriate homogeneous basis functions.
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Fig. 7. Homogeneous (top) and multiscale (bottom) basis functions for n = 4.
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Mathematical Modeling and Computing, Vol. 7, No. 1, pp. 146–157 (2020)



154 Mazuriak N. V., Savula Ya. H.

In Figs. 8, 10, 12 the homogeneous and multiscale solutions for 4, 8 and 16 finite elements respec-
tively are shown in isolines view. In Fig. 13 the homogeneous and multiscale solutions for 16 finite
elements are shown in 3D view. As we can see, the MsFEM solution is stable and indeed converges to
the homogeneous solution in the homogenization limit.
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Fig. 9. Homogeneous (top) and multiscale (bottom) basis functions for n = 8.
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Fig. 10. Homogeneous (left) and multiscale (right) MsFEM solutions for n = 8.
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Fig. 11. Homogeneous (top) and multiscale (bottom) basis functions for n = 16.
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Fig. 12. Homogeneous (left) and multiscale (right) MsFEM solutions for n = 16.
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Fig. 13. Homogeneous (left) and multiscale (right) MsFEM solutions for n = 16 in 3D view.
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The convergence results of the above experiments are shown in Table 1 for different norms. Here
um is the MsFEM solution, uh is the homogeneous solution,

||u||max = max
06i6n
06j6n

|uij |, ||u||
W

(1)
2

=

√

√

√

√

n
∑

i,j=0

(

u2ij +

(

∂uij

∂x1

)2

+

(

∂uij

∂x2

)2
)

,

||u||F =

√

√

√

√

n
∑

i,j=0

u2ij , ||u||1 = max
06j6n

n
∑

i=0

|uij |.

The obtained results confirm that the MsFEM solution converges in the homogenization limit for
sufficiently large Peclet numbers.

Table 1. Convergence results.

n ε ε
h

||um − uh||max ||um − uh||W (1)
2

||um − uh||F ||um − uh||1

4 0.0625 1
4 0.0141 0.1301 0.0355 0.0526

8 0.0156 1
8 0.0082 0.0708 0.0180 0.0292

16 0.0039 1
16 0.0061 0.0500 0.0129 0.0165

6. Conclusions

The multiscale finite element method was applied to solving the advection-diffusion problem in the
inhomogeneous medium with a thin channel. The case of large Peclet numbers and the multiscale
medium was considered. It was shown that the solution obtained by MsFEM is stable and corresponds
to the natural advection-diffusion process, while the FEM solution contains unnatural oscillations and
does not take into account the small scale inhomogeneities. Numerical experiments confirm that the
MsFEM solution converges to the homogenized one in the homogenization limit. Therefore, the mul-
tiscale finite element method is efficient for solving the formulated problem with large Peclet numbers
in the multiscale medium.
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Числове дослiдження адвекцiї–дифузiї в неоднорiдному
середовищi з тонким каналом рiзномасштабним методом

скiнченних елементiв

Мазуряк Н. В., Савула Я. Г.

Львiвський нацiональний унiверситет iменi Iвана Франка,

вул. Унiверситетська, 1, 79000, Львiв, Україна

Розглянуто задачу адвекцiї–дифузiї в неоднорiдному середовищi з тонким каналом.
До розв’язування цiєї задачi застовано рiзномасштабний метод скiнченних елементiв.
Показано, що отриманий розв’язок є стiйким та збiжним для достатньо великих чисел
Пекле. Наведено та проаналiзовано результати обчислювальних експериментiв.

Ключовi слова: рiзномасштабний метод скiнченних елементiв, адвекцiя-дифузiя,

неоднорiдне середовище.
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