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The task of providing the required dynamic performance of technical systems is one of
the main tasks of the automatic control theory. The synthesis of such systems is carried out
based on certain criteria that characterize control quality. Today the most common criterion
of the functioning of a dynamic system is an integral quadratic form, which includes not only
the coordinates of the object, and also the control influences. It should be noted that the
inclusion of the control component in the integrated quality criterion allows, in the case of its
minimization, to receive control influences of limited amplitude, which is especially important
during the design of the a control systems for electromechanical objects. Thus, one of the
modern approaches to creating optimal linear stationary dynamic systems consist in:

—  writing equations that describe such systems in the state-space form;

— formation of systems optimality criteria in the form of an integral functional of the

quadratic forms of these variables and control influences;

— minimization of these functionals by constructing regulators as a set of feedback

based on state variables and synthesis of coefficients of these connections.
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Optimization of the electromechanical system by formation of a feedback matrix based on state variables

The problem belongs to the class of variational problems and in general, it is reduced to
solving Riccati equations, differential or algebraic: differential for nonstationary systems,
when the matrix P, which is included in this equation, depends on time and the integral quality
criterion has limits of integration from ¢, to #,, or algebraic, when we have a stationary system,
it is clear that the matrix P does not depend on time and the limit of integration of the quality
criterion is from zero to infinity. It is for many electromechanical systems that it is advisable to
minimize such a criterion at long intervals. Such systems include tracking systems, stabili-
zation systems, etc. Thus, the problem of synthesis of the optimal electromechanical system by
finding the control influences of such a system based on the principle of analytical design of
regulators, as the problem is called in Ukrainian literature, or as in Western literature —
"linear quadratic regulator".

The article contains problem statement, the research relevance, purpose statement,
analysis of the latest research and publications, presentation of the main material, conclusions
and bibliography.

Keywords: control systems, linear—quadratic regulator, Riccati equations, state-space
representation, transients.i

Problem statement
Based on the above-mentioned principles, to synthesise a set of feedbacks of a specific open
electromechanical system, to build transients of the coordinates of the object and to compare the results in
terms of overshoot and performance.

Topicality of the research
The relevance of the study is due to the accepted currently requirements for the formation of
transients in dynamic systems, in particular in systems described by state variable models.

Aim and objectives
The purpose of this article is to synthesize the optimal electromechanical system by finding the
control signal of such system based on the principles of the linear quadratic regulator problem.

Analysis of recent research and publications
General questions of the synthesis of optimal linear stationary dynamical systems based on the
solutions of the Riccati equations are given in [1-5]. In [6, 7] the issues of synthesis of optimal linear
systems with quadratic quality criteria based on the principles of Bellman Dynamic Programming are
considered, using Riccati matrix equations again. As we can see, this is a powerful apparatus for the
synthesis of optimal dynamical systems, despite the fact that [8, 9] indicates some difficulties in solving
nonlinear Riccati equations, especially for high-order systems.

Presentation of the main results of the research.
Suppose we have an open loop electromechanical system for a DC motor speed control [5], the
block diagram of which is shown in Fig. 1.
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Fig. 1. Block diagram of the studied electromechanical system
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The signal graph of this system is shown in Fig. 2.
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Fig. 2. The Slgnal graph of the studied electromechanzcal system

Here the state variables are x; = w,, — angular motor speed; x, = i — field current; x3 — interme-
diate coordinate.

Based on the above structure of the controller, we can find the relationship between the state
variables x3 and X5, to form a model in the state variables.

This relationship is calculated by subtracting from the linear dependency between the variables » and

us the path indicated by the branch with a transmission factor of 5 [10]. Therefore,
545571 —20s71 -20 5(s +1)
——5= — or +5=—-——
145571 1+ 5571 s+5 s+5
and the relationship between x3 and x, is represented by a branch weighing -20 Then the graph of a closed
looped system will look like Fig. 3, where the existing regulator is represented by a parallel connection of a

branch with the factor «5» and a branch with the factor %.

Fig. 3. Graph of a closed loop system

Let's form a closed loop system as a state variables model system. Then the vector-matrix equation
of such system will be written as follows:

X = AX + BU
-3 6 0 0
whereA=|0 -2 -20(; B=|5].
0 0 -5 1

Now, selecting the optimization criterion in the form
J=J (X" Q- X + a- U?)dt - min.
where there is a component o - U% | and not UT - R, - U, because the system with one input and one output,
and a = 0.5, which means that the components of the criterion are equivalent, and Q — identity matrix,
let’s write the control signal as
U=-K-X,

where K — feedback matrix.

In [6] it was proved that for a linear stationary system under the quadratic optimization criterion the
control signal has the form

U=—-a'-BT-P-X
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where P — a matrix that is found by solving the algebraic Riccati equation
AT-P+ P-A—a'-P-B-BT-P=-Q,
and the feedback factor matrix is written as
K=a!-BT-P
To calculate the time processes of the state variables of such a closed electromechanical system, it is
first necessary to synthesize a matrix of feedback coefficients.

Therefore, taking into account the matrices A and B and assuming that Q — is the identity matrix, we
write the Riccati equation in the following form

-3 0 0| |P11 Piz Pis Pi1 Pz P3| |-3 6 0

6 —2 0|-(P21 Pap P3|+ (P21 Poy Po3|:|0 -2 -20|-

0 —-20 -5l IP3y Pz, P33 P31 P3; Ps3 0 0 -5
Pi1 Piz P3| |0 Pi1 Pz Pgs 1 0 0

—OL_I'P21 Pzz P23'5'|0 5 1|'P21 P22 P23 =—[0 1 0:
P31 P3 P33l 11 P31 P3; Ps3 0 0 1

Multiplying the matrices and solving the resulting system of equations in symbolic form using the
automatic package "Mathematika", we get seven options for solutions not only real but also complex-
conjugate. Based on the compliance with the Sylvester criterion [11] and the system stability conditions,
we have chosen a solution when P;; = 0,1389; P;,=P,,;=0,0899; P,,=0,2978; Pi3=P3= - 0,1618; P3;=P,;= -
0,8228; P53 = 3,2378, in which the matrix P is positive-definite.

Given the expression for the matrix B', we find the feedback matrix as:

P11 P Py
K=—a10 5 1|T-|Py1 Pz Py3|=—-a"1:|5P;; +P3; 5Py, +P3; 5Py3+ Pss
P31 P3; Ps3

and, accordingly, the expressions for the feedback coefficients for the state variables will be as follows:
Ky = =2(5P;; + P31);  K; = —2(5P;; + P33); K3 = —2(5P;3 + P33).
Therefore, the control signal will be written as:
U = —2[(5P;1 + P31)x1 + (5P;2 + P32)x; + (5P;3 + Ps3)xs).
And, taking into account the chosen solutions for Pj, we get
U=-0,576 x;- 1,332x, + 1,754x5.

Now there is a question of construction of transients in such electromechanical system where it is
necessary to use a set of feedbacks based on state variables x; and x, and x; and the synthesized values of
these gains factors.

To do this, in the Simulink environment of the MATLAB package we will create models for
calculating the time processes of the state variables in the form of Fig.4 (a, b).
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Fig. 4a. The system is closed by three feedbacks
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Fig. 4b. The system is closed by a single feedback

The transients of state variables with the feedback coefficients K; and K, and K3 synthesized by
solving the Riccati equation are presented in Fig. 5.
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Fig. 5 - Oscillograms of transients of state variables x,(t), X,(t) and x;(t)
of the closed loop system with three feedbacks (K;, K; and K3)

Analysis of these processes shows that in a steady state the state variables have the following values:
X1est = 0,53; X305t = 0,265; X305t = 0,1.
The magnitude of overshoot of the state variables are
ox; =0,020r3,7%; ox, = 010r188%; ogx; = 0.
and, accordingly, the performance of the processes will be as follows
t; = 0,55s; t3 = 0,55s; t3 = 0,25s.

If the feedbacks are formed only by two state variables x;(f) and x,(¢), namely assuming that the
feedback factor by the coordinate x3(¢) is zero, then we have the following picture Fig.6.
As a result of the analysis of these processes we will receive:

X1est — 0,55, X3est — 0,225, X3est — 0,1,
ox; =0040r7,2%; ox, = 01or18%; ox; = 0;
t; = 1,5s; t3 = 1s; t3 = 1,55s.

Figure 7 shows the processes of change of variables x(¢), x,(f) and x3(¢) for the case of a closed loop
system with traditional single feedback by output coordinate x; ().
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Fig. 6. Oscillograms of transients of state variables x;(f), X,(t) and x3(f)
of the closed loop system with two feedbacks (K;= 0)
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Fig. 7. Oscillograms of transients of state variables X;(t), X5(t) and x;(f)
of the closed loop system with single feedback (K;= 1)

The indicators that interest us for the processes of Fig. 7 are as follows:
Xiest = 0,5 X3e5t = 0,25; X3est = 0,1;
ox, = 0,10r 20 %; ox, = 0,23 or 46 %; ox3 = 0,02 or 4%;
t; = 2s; t3 = 1s; t3 =0,5s.
Finally, Fig. 8 shows the processes of state variables x1 (t) and x2 (t) and x3 (t) for the case of an

open loop system.
Accordingly, the static and dynamic indicators for this case are as follows:

Xiest = 1; Xzest = 0,5 Xzest = 0,2.
ox, =0,020r20%; ox, =020r20%; ox3=0%;
t; = 2,5s; t3 = 1,55s; t3 =0,5s.
Analyzing the data of these figures, we conclude that in the case when there is no feedback on the
variable x3(¢), namely K3 =0, we have an increase in overshoot ox; = 7,2 % for Fig.6 against ox; =

3,7 % for Fig. 5 and a significant reduction in the performance of the processes of all state variables with a
slight difference in their established values.
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Fig. 8. Oscillograms of transients of state variables x,(t), X,(t) and x;(f) of the open loop system

As for the comparison of processes on Fig.5 and processes in the open loop system on Fig.8, there is
a clear decrease in the established values of state variables in Fig.5, but we have a significant improvement
of the dynamic indicators of the processes in this figure, including overshoot and performance.

In the case of only one feedback on the state variable x;(¢) with the traditional value K,;=1, we have
the processes of Fig.7, where established values of state variables are almost identical to the processes of
Fig.5, but significantly worsened dynamic indicators such as overshoot and performance. Thus, the
synthesized dynamical system with state variables feedback coefficients K;, K, and K; proved to be the best
in terms of process dynamics. It is clear that the required established value of the output variable can
always be adjusted by selecting the right value of task signal.

Conclusions
As our research has shown, modern software allows us to analytically find solutions of the Riccati
equation and check them for compliance with the Sylvester criterion, and thus provide the ability to
effectively use the principle of linear-quadratic regulator for the synthesis of dynamic systems, in
particular, the synthesis of optimal electromechanical systems with the set indicators of dynamics such as
performance of processes and their overshoot.
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ONTUMIBALIS EJIEKTPOMEXAHIYHOI CACTEMM
JIAXOM ®OPMYBAHHSA MATPHUII 3BOPOTHUX 3B’A3KIB 3A SMIHHUMU CTAHY

© Jlosuncoxuii A. O., [lemxis JI. 1., Jlosuncoxuii O. FO., bireyvkuii 1O. O., 2020

3anavya 3a0e3neveHHs] NOTPIOHMX IMHAMIYHMX MOKA3HUKIB TEXHIYHUX CHCTEM € OIHI€I0 3 OCHOBHHMX
3a1a4 Teopii aBTOMATUYHOIr0 KepyBaHHs. CHHTe3 TAKMX CHCTeM 3ilCHIOETHCS HA OCHOBI THX YM iHIIMX
KPUTEPIiB, sIKi XapaKkTepu3ylOThcsl SIKiCTh KepyBaHHs. Ha cborogHimmii JeHb HaiOWIBII MOMIMPEHUM
KpuTepieM GpyHKIIOHYBAHHS JUHAMIYHOI CCTEMH € iHTerpaNbHUil KpUTepii Bix kBaapaTH4HOI (hopmu, AKa
BKJIIOYA€ He TIIBKH KOOpPAMHATH 00’€kTa, a i Kepyloui BrmiumBH. TyT ciin 3ayBaskuTu, 110 BHECEHHS
KepYI04oi CKJIAJ0BOI B iHTerpajbHMil KpuTepili sIKocTi gae 3mMory B pasi ioro MiHiMizamii orpumarn
Kepylo4i BIUTUBH 00MEKEHOI aMILIITyM, IO 0COOINBO BAaXINBO MiT4ac MPOEeKTYBAHHS peaJlbHUX CHCTEM
KEPYBaHHSl eJIEKTPOMeXaHiYHUMH 00’ekTamMH. Takum 4MHOM OOWH 3 Cy4acHHX HiAXOAiB /10 CTBOPEHHS
ONTHUMAJTBHUX JiHITHIX CTALIOHAPHUX IMHAMIYHUX CHCTEM MOJISITA€ B:

— 3anuci piBHIHb, IKi OIMCYIOTh TAKi CHCTEMHU B MOJIEJISIX 3MIHHHX CTaHY;

— «¢opMyBaHHI KpHUTepiiB ONTUMAIBHOCTI CHCTEM y BHIVIAAL iHTerpajabHoro ¢pyHknioHaay Bin

KBAaJPAaTUYHUX (POPM LIMX 3MiHHMX i KepyIOUHX BIUTUBIB;

— MiHimi3anii nux GyHKIioHATIB IIJIIXOM KOHCTPYIOBAaHHSA PeryJsiTopiB ik HA0opy 3BOPOTHUX

3B’SI3KiB 32 3MiHHMMU CTaHY i cuHTe3i KoedimieHTIB HUX 3B’A3KIB;

ITocTaBiieHa 3a1a4a HAJIESKUTD 10 KJIacy BapialiifHux 3a1a4 i B 3arajibHOMY BUJIi BOHA 3BOJAUTHCS /10
po3B’si3ky piBHsiHb Pikkati, mudepeHuiagbHoro yn anredpaiuHoro: audepeHmiaaibHOro 1Jisi HecTamioHap-
HHUX CHCTeM, KOJH MaTpuus P, ska BXoauTh B Iie piBHAHHSA, 3A1eKATH BiA 4yacy i iHTerpajbHmMii kKpurtepii
SIKOCTI Ma€ IpaHuli iHTerpyBaHHs BiJ #; 10 %, a00 ajaredpaiuHoro, KOJIM Ma€EMO CTAIIOHAPHY cCHCTEMY,
3po3yMmino, mo Matpuus P He 3ajexuTh Bif yacy i rpaHuni iHTerpyBaHHsl KpUTepis SIKOCTi € Bix HyJs 10
HeckiHyeHHOCTi. Came 11 0araTbox eJeKTPOMeXaHiYHHX CHCTEM BBAKAETHCA NOLIIBHMM MiHiMi3yBaTH
TAKUH KpUTepiii HA TPUBAJMX iHTepBaJiax Yyacy. /[0 TAKHX cMCTeM MOKHA 3apaxyBaTH CJIiIKYIOUi CHCTeMH,
cucteMM craditizanii, Tomo. OTke, BAHUKAE 32Ja4a CHHTe3Y ONTHMAJIBHOI eJeKTPOMEXaHiYHOI CHCTeMH
IUIAXOM 3HAXOMKEHHS KepyH4YMX BIUIMBIB TakKoi CHCTeMH BHXOASYM 3 NPHHIMIIB AHATNITHYHOIO
KOHCTPYIOBAHHSI PEryjsiTOPiB, Ik HAa3MBAEThCS HaBeldeHa 3ajaya B YKpaiHCbKiil JjiTepaTypi, a6o sik y
3axigHiil JirepaTypi — «3agadi npo JiHiiiHMI KBaAPATHYHMIA PeryJIsTOpP».

CTaTT MiCTUTB: NOCTAHOBKY HpPo0/eMH, aKTYaJbHICTh NOCJiIKeHHS, MeTy po00TH, aHaJI3
OCTAHHIX J0cJiIKeHb i myOaikaniii, BUK/IaJ OCHOBHOI'0 MaTepiaady, BACHOBKH i CIMCOK JiTepaTypH.

Kniouosi cnosa: cucmemu Kepysanusa, ananimuyne KOHCMPYIOBAHHA pe2yaamopie, pienanna Pikkami,
DIBHHAHA 6 3MIHHUX CMAHY, nepexiOHi npoyecu.
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