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Modern digital control systems make it possible to implement quite complex control
strategy, the complexity of which is limited by the hardware capabilities, the available software
and the implemented control algorithm. An important component of such an algorithm is the
numerical method, which allows to discretize the control rule on the basis of a continuous
prototype. Such application example is the classic PID controller, which has become the basis
for the development of digital control systems. Two mathematical operations are performed in
such a controller: integration and differentiation, which in a digital system obtain discrete
equivalents in the corresponding recurrent equations form.

The article considers a digital PID controller as a digital filter, which with the use of the
frequency characteristics (Bode diagrams) allowed to determine its most "narrow" place — the
high-frequency diagram region that correspond to the differentiating part of the controller.
This made it possible to focus the research on the practical implementation of the differential
part of the digital PID controller. It is shown that the traditional way of the differential
operation performing by the simple method of finite differences has some of disadvantages that
make it fundamentally impracticable, as illustrated by the corresponding graphs.

To eliminate the limitations of the traditional differential operation by the finite difference
method, two variants of structural schemes of a real differentiator are proposed. The first
variant of the real differentiator proposed to build on the structural scheme in feedback with
the integrator. The second variant of the real differentiator is proposed to build according to
the structural scheme with a parallel connection of the proportional and the first order blocks.
The application of explicit numerical Adams integrators (also known as Adams-Bashforth
rule) from the first to the fourth order under the conditions of physical realization is proposed
to perform sampling. A study of both their frequency characteristics and their behavior
performed on a noisy signal for these structural schemes.

All research in the article was conducted using the Control System Toolbox library of the
mathematical application MATLAB. It is shown that the use of the proposed real differen-
tiation methods allows simple and efficient implementation of digital PID controllers.

Keywords: differentiation, digital PID controller, digital control systems, noises, numerical
integration, numerical methods, real-time systems.
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Introduction

The using modern digital technology in automatic control systems has made it possible to implement
relatively complex regulation strategy. Such systems consist the built-in algorithms and programs, part of which
is the use of certain numerical methods. For example, it is claimed [1] that up to 90% of all industrial controllers
are PID controllers, where integration and differentiation operations are a controller part.

Digital control systems are real-time systems, so the use of numerical integrators in such systems is
limited to explicit multi-step methods with a constant integration step due to the technical implementation [2],
which do not provide in the process the next sample (not performed yet) of the measured coordinate (for the
implicit method). Therefore, both implicit multi-step methods and all single-step methods that require
intermediate values of the derivative for the fractional step are excluded from the studies due to the inability to
get information on the integrated function behavior in the interval between samples of the operational signal.

Note that:

e on the one hand, it is known from applied mathematics about the numerical methods effects for
solving ordinary differential equations on the behavior of the developed mathematical model —
this is corrected by choosing the appropriate integration step (in modern algorithms this is
achieved by automatic selection step);

e on the other hand, in real-time digital systems, the sampling period (integration step) is a fixed
value and determined during the design of such a system, which leaves a certain imprint on its
behavior [2] and limits the further adjusting possibility of the digital system behavior.

The use of PID-controller digital models, which are obtained using various classical discretization
methods, allows using the control theory methods (for discrete systems) to analyze and search for causes of
differences in the digital controllers behavior, considering them as digital filters [2, 3]. In this case, the use
of control theory methods, in particular, methods of analysis and synthesis of discrete systems using the z-
transform, has advantages that are associated with correspondence of characteristics in the frequency and
time domains for linear and linearized systems [3, 4]. This method of analysis using appropriate
mathematical applications [5, 6] allows to study the frequency characteristics of digital control systems.

In the plot of Fig. 1 shows the frequency characteristics (Bode diagrams) of a continuous and some
implementations of a digital PID controller obtained by the Control System Toolbox of the MATLAB application
[5, 6] with the following parameters: proportional gain K, = 1, integrator time constant 7; = 10 c, differentiator time
constant T, = 0.1 c, the time constant of the real differentiator filter 7,/100. The frequency characteristics of digital
implementations are built for the sampling step # = 25 ms and three ways to sample a continuous controller:
classical z-transform (marked on the plot by the letter z), Tustin method (Tustin) and a method for matching the
zeros/poles of the transfer functions (matched). This analysis makes it possible to determine the critical frequency
range in relation to the numerical methods used to discretization the continuous system.
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Graph analysis of Fig. 1 confirms that the obtained frequency characteristics of the considered PID
controller's digital implementations indicate the determining influence of sampling processes on the high-
frequency part of the frequency characteristics, which corresponds to the differentiating part. Thus, in the
case of a PID controller, it is rational to study the sampling processes influence of a continuous system on
the differentiating part of the digital PID controller.

Problem analysis, recent research and publications

The implementation of the operation of digital signal differentiation in control systems is one of the
problems of the digital systems development, which is associated with the presence of various types of
high-frequency interference and noise in signal circuits, which are not always effectively eliminated by
filtering. In particular, these may be the results of level quantization due to the route through an analog-to-
digital converter (ADC). It should also be borne in mind that the mathematical software used in digital
control systems performs finite accuracy calculations, which is often determined by the used hardware and
software.

The classical and most frequently used implementation of a digital differentiator according to the
known algorithm of finite differences of the first order % o i S _hxi_l
derivative signal for an ideal noise-free signal [5]. Unfortunately, there are always noises and interferences
in the operating signals in reality, the effect of which increases during decreasing sampling step % (see the
formula above). Example of unsatisfactory differentiation of a sinusoidal signal with a noise level 1% (note
that this level of interference is not even visible on the plot) for two sampling times 1 and 0.1 ms shown on
Fig. 2 (pay attention to the output value scale). For this example, MATLAB generated a uniformly
distributed random signal (‘“white noise”). It is clear that the use of such a result of digital differentiation
will lead to unsatisfactory operation of the control system as a whole.

A similar result is given by the route of the signal through the ADC — quantization by level
(“digitization”). Even a small change in the signal in the lower bit due to the small size of the sampling
time (again, see the formula above) leads to a significant value of the output signal, which is shown in the
case of a hypothetical 4-bit ADC (example for illustration only) in Fig. 3 and for a typical industrial 12-bit
ADC (Fig. 4) in the case of an input signal of 1 V and two different sampling steps 1 i 0.1 ms (again, pay
attention to the scale).

[3, 4] produces a satisfactory
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Fig. 4. The output signal of the digital differentiator according to the algorithm
of finite differences after the route of the sine signal through a 12-bit ADC

It is clear that the “digitization” of real signals with noise and interference in digital control systems
does not improve the situation, especially since all arithmetic operations in a digital control system occur,
as we recall, with limited precision, which is determined, as mentioned above, hardware and software.

Thus, in the digital PID controller from the point of view of practical implementation the most problematic
is the differentiating part.
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The aim of the research is to study the influence of numerical integrators [7] in the case of practical
implementation of digital control system, in particular, the operation of digital differentiation.

Main material

To reduce the impact of high-frequency interference and noise in the case of PID-regulator can be used
by a real differentiator [8], one of the options for which can be implemented according to the block diagram
shown in Fig. 5. The transfer function of such a real differentiator is found by simple transformations:

W, (s) = K _ K-T-s _ T-s
1+— T-s+K ls +1
X(s) Yo(s) T-s K
K —> In the case of digital implementation of the PID controller

according to this digital differentiator variant, it is necessary to use
the appropriate digital integrator. The physical implementation of
the numerical integration operation in the real-time control system
is possible only for using explicit multi-step formulas, which is
shown in [2]. At present, the most effective of these are still
Adams' formulas [7].

The process of obtaining a discrete transfer function of a
digital integrator for a real-time system and fixed integration

1
T-s

Fig. 5. Block diagram of
the real differentiator

step 4 shown by the example of the third order explicit Adams formula y,, =y, +%(23xi ~16x,, +5x,_,) [7]

YiZ=Yis

L a discrete transfer function of such
Yiz =DV

using method [2, 3]. Taking into account the theorem [3] {

31627 4522) %(2322 ~162+5)

integrator obtained W,(z) = — =—1 and used for next analysis. Applying

z-1 AR &
the known methods [2, 4, 9], we find discrete transfer functions for other 1st-4th order digital integrators,
which are obtained by discretizing the operation of continuous integration by explicit Adams formulas
(their discrete transfer functions are summarized in table 1). Given the results obtained in [10, 11], it made
no sense to consider discrete approximations of higher orders.

Table 1
Discrete transfer functions of numerical integration operators
Integrator Numerical integrator Digital transfer function
order
1 V., =y +hx nT
i+l yz i VVI (Z) = / i
z-1
2 h h
Vi =yi+5(3xi_xi—l) ﬁ(:sz_l)
Wy(z)=—5
z —Z
3
Vin =0, +i(23xi —16x_, +5x ) L(23zz —l6z+5)
12 12T
W(z)= —
4
V. =y +i(55xl.. ~59x,_, +37x_,—9x,_, ) L(ssi ~592*+37z-9)
2477 24T
W(z)= D
z —Z

The obtained discrete transfer functions were used to implement the model of digital PID controller
by means of Control System Toolbox (MATLAB) for further analysis of frequency characteristics and

39



B. Mopos, A. Bakapuyx

research of the output signal in the presence of noise and interference of the differentiating part of the
controller (differentiator) using structure Fig. 5. The obtained frequency characteristics of the digital PID
controller implementations using a differentiator (Fig. 5) are shown in Fig. 6 for 1-4th orders explicit
Adams formulas and sampling time 4 =25 ms. A somewhat unexpected result is a better approximation to
the frequency characteristics of the continuous PID controller the frequency characteristics of digital
implementations, which are obtained using low-order integrators.
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Checking the effectiveness of digital differentiation using structure shown in Fig, 5 is illustrated by the
graphs of Figs. 7 and Fig. 8 for two cases of application of explicit Adams formulas — 1st (fig. 7) and 4th (Fig. 8)
orders and sampling times 1 and 0.1 ms. Of course, this method of numerical differentiation is much better than
the classical method of finite differences, the result of which has already been presented in Fig. 2.

Regarding the efficiency of differentiation, it should be noted that there is practically no difference in the
results of this operation, regardless of the applied digital integrator order, as can be seen from the plots of Figs. 7
and 8.
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Fig. 8. The result of digital
differentiation by
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of Fig. 5 for different
sampling periods and fourth
order integrator

Another way to reduce the effect of high-frequency interference and disturbance is filtering. An
alternative structure for the real differentiator practical implementation is shown in Fig. 9, and its transfer
function is found by simple transformations:

K _K-T-s
T-s+1 T-s+l1
The process to obtain a discrete model in the recurrent
equation form for a real-time system for a fixed integration step
X(s) Yu(s) h is shown by the example of an third order explicit Adams

W,() = K -

formula y, =y, +%(23xi ~16x,_, +5x,_,) [7] using method [2,

3]. After substitution in the numerical integrator formula

K Y(s) derivative value ' = # from the ordinary differential
T-s+1

equation 7-y'+y=K-x and simple algebraic simplifica-

Fig. 9. Block diagram tions we obtain a recurrent modeling formula

of the proposed implementation Yin = [1 - ﬂ] v+ 162 Vi, - Sh Vi,
of the digital differentiator 121 121 121

h
+——(23x, —16x. . +5x,
12T( i i—1 1—2)

ViZ2 = Vi
Yz =y
h(232* =162 +5)
1272° — (12T - 23h)z* =16hz +5h ~
mentioned methods [2, 4, 9], discrete first-order transfer functions were constructed for Ist-4th order
explicit digital Adams integrators (their discrete transfer functions placed in Table 2). Again, given the

results obtained in [10, 11], it made no sense to consider higher orders discrete approximations.

Taking into account the theorem [3] { a discrete transfer function of such a first-order

block is obtained W,(z)= which is used in further analysis. Using the
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Table 2
Discrete transfer functions of the first-order block digital models
Integrator . . .
Numerical integrator Digital transfer function
order
1 Via =Y, +hx, W (z)= h
Tz—(T-h)
2 h h(3z-1)
L=y +—=3x, —x W.(z)=

%H yl 2( i 14) A?) 2722_(271_3h)z_h

3 h h(232* ~16z +5)
0 =Y, +—I(23x,—16x,_ +5x,_ W.(z)=
T =Y 12( : ) @) 1272° — (12T - 23h)z* —16hz + 5h
4 h h(552° =59z +372-9)
=Y, +—\55x, —=59x,_, +37x,_, —9x,_ W.(z2)=
T =T, ( ! ’ 3) @ 24Tz* — (24T —55h)z* —59hz* +37hz —9h

The obtained discrete transfer functions were used to implement the model of digital PID controller
by means of Control System Toolbox (MATLAB) for further analysis of frequency characteristics and
study of the output signal form in the presence of noise and interference of the differentiating part of the
controller (differentiator) using structure Fig. 9. The obtained frequency characteristics of the digital PID
controller implementations using a differentiator (Fig. 9) are shown in Fig. 10 for the 1-4th orders explicit
Adams formulas and a sampling time 25 ms. Again, a somewhat unexpected result was a better
approximation to the frequency characteristics of the continuous PID controller (prototype) frequency
characteristics of digital implementations using low-order integrators.
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Fig. 10. Frequency responses of the PID controller: a continuous controller
and its digital implementations using 1-4th orders explicit Adams formulas with a sampling time 25 ms

Checking the effectiveness of digital differentiation using the structure in Fig. 9 is illustrated by the
plots of Figs. 11 and Fig. 12 for two variants of explicit Adams formulas — Ist (Fig. 11) and 4th (Fig. 12)
orders and sampling time 1 and 0.1 ms. Of course, this numerical differentiation method is also much
better than the classical method of finite differences, the result of which is contained in Fig. 2, and
practically matches in efficiency with the previous method (Fig. 5).
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Regarding the differentiation efficiency, again, it should be noted practically no difference in the
results of the operation, regardless of the digital integrator order, as can be seen from the plots of Figs. 11
and Fig. 12. Both types of the proposed digital differentiators implementation, as shown by research (plots
because of space deficiency are not given), are effective for a wide range of input signals and are suitable
for a wide range of sampling times.

Conclusions
Analysis of the research results showed:
e Traditional methods of a digital differentiator implementing by the finite difference method can
be used only with certain restrictions on the type of signal and sampling time and require
sufficient filtering of the input signal.
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e Proposed in the article digital differentiator implementations provide sufficient differentiation
accuracy for different signal types and a wide range of sampling times.

o For the practical digital differentiators' implementation according to the proposed structures, the use
of low-order digital integrators is sufficient, as it is confirmed that there is no advantage of using
high-order integrators. This makes it possible to simplify the digital differentiation computations and,
accordingly, simplify the control algorithm and to use even low-power controllers.

Prospects for further research
As the frequency responses analysis showed, the use of numerical integrators in digital systems
makes additional changes of amplitude and phase in the resulting frequency responses of the digital
controller. The value of such amplitude and phase changes depends on both the applied sampling time and
the numerical method order. This numerical methods' influence on frequency responses requires further
research given the prospects of its use in digital control systems.
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CyuacnHi mudpoBi cucreMun KepyBaHHsI Jal0Th 3MOry Peasli3oBYyBaTH JOCTATHLO CKJIAIHI 3aKOHHU
Pery/IloBaHHs, CKJIAJHICTh AKHX 00MeKYEThCS MOKIMBOCTAMH ANAPATHOI YACTHHM, HASIBHUM NPOrpaMHUM
3a0e3neyeHHAM i 3aKJIAJeHHM AJITOPUTMOM peryJIloBaHHs. BajkinBo0 CKJIAZ0BOI0 TAKOI0 AJITOPUTMY €
3aCTOCOBAHMI YMCIOBMI MeTOl, fAKMI [Ja€ 3MOry AMCKPeTH3yBaTH 3aKOH KepyBaHHSI Ha MiACTaBi
HenepepBHoro mpororumy. IIpuknagom Takoro 3acrocyBanHs € kiacuunmii ITI1-peryasitop, sikuii craB
0a3010 111 pO3pPOOKH HU(PPOBUX AHAJIOTIB. Y TAKOMY peryJsTopi 30ilicCHIOIOThCA ABI MaTeMATHYHi onepauii:
iHTerpyBaHHsi Ta Ju(epeHUilOBaHHA, AKi B 1MGPoOBiil cucTteMi OTPUMYIOTH IUCKPETHI E€KBiBAJIGHTH Yy
BUIJISIIL BIATIOBIIHUX PEeKYPEHTHUX PiBHAHD.

Y crarri posriasinyto mudposmii III/I-perynsatop sik nuppoBuii (GiabTp, 0 3 BHKOPUCTAHHAM
anapartry 4acTOTHUX XapPAKTEPUCTHUK JAJI0 3MOry BH3HAYMTH HaiOinbm "By3bke' HOro micue — BHCOKO-
YacTOTHY 00/1acTh, 32 SIKY BiAnoBigae came audepeHuioya yactuHa peryiasrtopa. Le namo 3mory 3oce-
PeIMTH OCHOBHY YBAary JA0CJiIKeHb HA MPaKTU4Hii peasizauii tudepenuirooyoi yactuau uudposoro IIJI-
peryasitopa. Iloka3zaHo, o Tpaauuiiiauii cnocié BUKOHAHHS onepauii AudepeHniloBaHHsA POCTHM METOI0M
CKiHYEHMX Pi3HHIOb MAa€ HHU3KY HeIONiKiB, sIKi PoOJATH HOro NPAaKTUYHO HeNpane3JATHUM, IO W
MPOLTIOCTPOBAHO BiMOBiTHUMM rpagikamu.

1A ycyHeHHs HeoqiKiB TpaguuiiiHoi omepauii AudepeHUilOBAHHS MeTOAOM CKiHYeHHX Pi3HHIb
3aNPONOHOBAHO IBA BapiaHTH CTPYKTYPHHX CXeM peaabHOro augepenuiatopa. [lepumii Bapiant peansHoro
augepeHiaTOpa NMPONOHOBAHO OYIyBaTH 32 CTPYKTYPHOIO CXeMOI0 3 iHTerpaTopoM y 3BOPOTHOMY 3B'AI3KY.
Jpyruii BapianT peaqbHOro Au(epeHHiaTOpa 3aNMPONOHOBAHO 3[IHCHUTH 32 CTPYKTYPHOI0 CXEMOK0 3
napajeJbHUM 3'€IHAHHSIM NPONOPUIHOr0 0J0Ka Ta JAHKH NEpPIIOro mnopsiaky. i BHKOHAHHA
AUCKpeTH3anii 3alpornoHoOBaHe 3aCTOCYBAHHA 3 YMOB (pisM4HOI peani3anii IBHUX YMCJIOBHUX IHTErpaTopis
AnaMca BiJ nmepiioro 10 4eTBepToro nopsiAkis. JIjisi BKa3aHUX CTPYKTYPHHUX CXeM NPOBeIeHO AOCTiKeHHS
SIK IXHiX YACTOTHUX XapaKTEePUCTHUK, TAK i IX MOBeIIHKHM HA 3aLIyMJIEHOMY CUTHAJII.

Yei pochaimkeHHsi B CTATTi NpoBeldeHO 3 BHKopucTaHHAM Oi0miorexn Control System Toolbox
MaTeMaTHaHOro 3actocyiky MATLAB. Iloka3aHo, 1110 BUKOPUCTAHHS NMPONMOHOBAHUX CMOCO0IB peajibHOI0
nu(epeHiloBaHHS A€ 3MOry MPOCTOI Ta NMpane3aaTHoi peaizaunii uudposux IM1/I-peryasitopis.

Kniouosi cnosa: ougpepenuiiosanns, 3aeadu, cucmemu peanvhozo uacy, uugpoeuii IIIT-pezy-
AAMOp, YUPPosi cucmemu KepyBanHs, YUci06e iHMeEZPYyBanHa, YUC106i MEMOOU.
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