YK 528.34:629.783
JI. JI. KOPOTKOBA

JIbBOBCKHI IOJTUTEXHHUECKHH HHCTHTYT

BBIBOPOYHBIE ®YHKILUU U UX UCNOJb30BAHHUE
B FrEONE3UN U CEJEHOJILE3HUHU

Ilpu onucaHuy W H3YUEHHH TPABUTAIMOHHOTO HOJS 3eMJH H pPas-
JIUYHBIX €ro XapakTepHCTHK IIHPOKO HCHOAB3YIOT C(epHUEeCKHe,
¢ysgnun. OnHako Gosee AerajibHOe H3ydeHHe MOJsl TpeOyeT ympo-
LIeHHs] NIPHMEHSIEMOr0 MaTeMaTHUECKOro amnapara, MHOCKOJbKY BO3-
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pacraer 00beM BBIYHCIHTENBHBIX PaGoT, 00yCAOBACHHBIX HEOOXO/LH-
MOCTBIO yueTa OGOJIBLIOTO uHCJIa NapaMeTpoB moJs. Hampuwmep,
li3y4yeHHe KOPOTKOBOJHOBBLIX JeTaJell reonja NMpoTsKeHHOCThIO B 1°¢
norpeGyer pasjcxkeHHs no chepuyeckum Gpyuxuuam g0 180 cremenn
H nopsAaka, T.e. yuera (180+41)2=32761 unena B pasioKeHHH IIO-
TeHIHaJna W pajuyc-BeKTop reoupa [10].

Ilns ympoileHHst BHIYMC/ICHHE ¥ MX aBTOMaTH3anuu B 1968 r. B
SAO C. A. Jlyuaxsucr u JIx. E. O. Jxkakanus npeaJoXHJan HC-
N0JIb30BATh BMECTO C(epHUECKHX (YHKUHI HX JIMHEHHBIe KOMOHHA-
ugd (Tak HaswplBaeMble 8b.60poUHble (hyHKyuu) — sampling func-
tions [4—10].

Ilycte Ha coepe, oTHeCeHHOH K reorpaduuecKHM KOODAHHATAM

T
A — mojrora; ¢ — IIHpora; = 5= q>), 3ajiaHa HekoTopast (QyHK-

uust (g, M), IpeacTaBaeHHAs PSIIOM CdepHuecKHX (GYHKIMEA 10 He-
KOTOpO# cTeneHu N:

N n
f@N) =Y Yin(@2) =Y Y (4 cos mA+B" sinm)) P, (sing).
n=0 n=0 m=0 (l)

B reopun BmGopounnx ¢yHknuii BMecto psina (1) sanuceBaioT

N 2k
flp,3)= 2 2 f (Pr )‘kj) ij (p,2), (2)
k=0 j=0
rae @i, Ar; — KOODJMHATHI TaK HA3LIBAEMHIX B8blOOPOUHBLX TOUEK,
00BIYHO BHIOHpaeMBIX PABHOMEPHO Ha cdepe:
b o= | 9| ]
2N + 1 2
e e h 0 [EJ 3)
2N + 1 2
e — =012 5N;
Ni————15 :
2k + 1 J =012k
Zrj(@, A) — BuIGOpOuHBIe (GYHKUMH; [(@r, Axj) — TaOyJaHPOBAaHHBIE

3HAyeHHs] ONHCHIBAeMOH ()YHKIHMH B BBIOODOYHBIX TOYKAX.

B xaxnoii u3 BHIGOPOYHHEIX TOYEK TOJBKO E€JHHCTBEHHAsl COOT-
BeTCTBEeHHAsl BHIOOPOYHAsl (DYHKIMSI HMeeT HEHYJIeBOe 3HAUeHHe, T. €.
Kaxznad N3 BHOOPOYHHIX (YHKUHH HMeEeT 3HaueHHe eJHHHIB B
OfHOIl BHIOODOYHOH TOUYKE H HYyJb — B OCTAJbHBIX. DTO CBOMCTBG
BHIOOPOUHBEIX (DYHKIHH HA3BIBAECTCS CBOHCTBOM L0KQAAUSAUUL:

1 npu k=i; 4)

O bl B TGO REONCREDAT S
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BriGopounbie (yHKIHH Ha MHOXECTBe BBIOOPOUHBIX TOUEK 06.1a:]

[IaI0T ellle CBOMCTBAMH OPTO20HAAbHOCTU }
2% ‘
Z /\_, Loy (Pps )‘ki) Z g (9 )‘kj) = 8pgq, st (5)

k=0 j—0

H HOPpMAABHOCTU
Af

hie

k=0 j

Zy(®)) = 1. (6)

||M§

Paszmoxenns f(¢,A) 1o cq)epﬂqecxmm dbyuguusm (1) mo creneHs
u nopsinka N u no M BHIGOPOYHBIM QYHKUHSAM (2) MOJHOCTHIO 3KBH-
BaJIGHTHBI, TOCKOJIbKY KaxKJaasi W3 HHX IPEeACTAaBJSeT pPasJoXKeHHE
no M uesaBucumbM (6GasucubiM) (yHKuEsM Ha chepe. B paborax
[6—10] npuBeensl hopMyJisl, BEIpaKaollie BEIOOpOUHbIE (yHKIHH
yepe3 cepuueckrHe U HA000POT.

BriGopoutble (YHKIHH OPUMEHSIOT H IPH ONHCAaHHH (DYHKIUH
3% mepeMeHHBIX B OKPeCTHOCTH cdepsl paauyca ro. Harsisanbii

IpPUMEp — pasJioKeHHe MOTEHIHAJa CHJbI TAXKECTH
o, A
Viren =Y Lol
rll+1
n= 0
KOTOPBIH NPH yCeYeHHH psilia MOXKHO NpPeACTaBHTh KakK
N 2k
V(r, Q, )\) =2 Z V(rk, c_?k,)\kj)ij(r, @, )\). (7)
k=0 j=0
3nech V(rx, @r, Axj) — 3HaUYeHHs TOTEHIHAJa B BHIOOPOUHBIX TOY-
KaxX; Qr, Arj; BBIUHCJASAIOT 1O (opMysaam (3) rp — paguyc reouaa
Ha JAOJroTe A H LIMPOTE (p, onpeneasieMblil mo ciaeaylomei ¢op-
myae [6]: =
I"—-‘-‘I'OZ ZAannm((P’)‘)’ (8)
n=0 m=0
HJIH
N 2
r P> )‘k
Sy Lot 7, a0, (©)
; coS mh
rae Yam(@, M) =Ppm(sing) { e 3JIeMeHTapHble MOBEPXHOCT-
sin m
Hble cepHueckue rapMoHuku; Zp;(r, ¢, A) — BEIOOpOUHBIE (PYHKIHH

(B maHHOM c;ryqae KOMOHHALHH U_IapOBbIX (bYHKIHT) :

II r
Ly (r.e,h) = S‘ V Bnm Yom (7. @, 1) = Y' (:) B"mynm(‘Pv 1).

HJIH = = 0'"” =NE (10)
Zy(r2) = (™ )zk, 0.0+ )“ N B Vo (@0 -
n=0 m=0 (1
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4 2 2 4
5

2 4
r (A
rer N ((p: ) Z,-(o,0);
k

=0 j=0 0

| R

[IpuBeneM KOHKpeTHBIE NIPHMEpPHI paszJyioxKeHHsT TNo dopmyae (7).
Ina N=2, korza M= (N+1)2=9, 310 pasjioKeHHe HMEET BHI:

ﬂ=0, 0 = —T, f = —T, ). _0 )\ 1= —T, ) =—m, )\2 =0’
0 1 2 5 3 0

2 4
V(’a@:)‘)zz 2 V(rk’q’k')‘kj)zkj(r’ @, 7)) =V (Fo, @y ) X

£=0 j=0

X Zoo (7, @A) + V (7, 91,00) Zio (7, 9,2) +V (ry, @5, 1) X

X2y (ry @, )4V (1, @, M2) Zi2 (7,9, W) -V (72, @, hog) Zog (1, @, %)+

+ V(72 @2, R01) Zoy (r,0,2) + V (72, @2, hss) Zoo (7, @, ) 4
+ V(72 92y 2a3) Zog (7, @, %) + V (72, @5 Ry) Zoy (7, 9, 2).

Ananoruuno gass N=3:

2 4
)\“__?1:, )\32=;7:;
6 8 10 12
l"’ — 0 )°=_T!"a —vﬁ’l':—ﬂ,
BT e LN L
3
”(‘Pk )‘kj)
?‘_ Z_, Zi (9,);
3. 16
V("’(Pv")—z Z V(7 Prs b)) Zii (1,9, X) =
=0 j—0

=V (70 P05 }oo) Zoo (7, 2:X) + V (715 @1y 210) Z1o (1, @, 1) +

+V(r, @uM) Zy (1,9,0) + V(7 @, o) Zia (19, M)

+ V(720 @2, o) Zog (7, @, 1) +V (7o, @ay hoy) Zoy (1, @, 1) -
+ -+ V(73 93,036) Z3 (7, @5 ).
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3amernm, uro BEIGOpOuUHBlEe GYHKIMEH (7) TrapMOHHYECKHE, |
CKOJIbKY OHH SIBJISIOTCS JIHHEHHBIMH KOMOHHAIHSIMH 3JieMeHTaphy
IIaPOBBIX (QYHKIIHH.

BriGopounbie (YHKIHH HAYHHAIOT WHPOKO IPHMEHSTHCH
BLIYHCJICHHH DajHyC-BEKTOPOB TeOHJd, TOMOrpadui MOBEpPXHOM
VCKODeHH# M IOTeHUHala CHJIB TsKecTu. Bmepsee C. A, Jlya)
kpuctT u JIxk. E. O. Ixakamus [6—10] me TosmbKO BCECTOPOH
paspaborany MaTeMaTHYeCKHil annapar BhIGOPOUHBIX QyHKImi,
W yKasaju 00JacTH NPAaKTHUECKOTO €ro IpHMeHeHHS.

B panpmeiimeM mnpo6GnemMaMu NpPaKTHYECKOTO HMCHOJb30OBAHN
BEIOODOUHBIX (DYHKIMI NPH ONMCAHHH TEONOTEHLHANA 3aHAMAIY ™
I'. IlIMuar, KOTOpEII clesan pacueT Mo 5THM (GYHKUHSM s N
=19,22 u 24 [11—13]. PesyabraTsl ero uHccJjefOBaHHN O3B0
CAeNnaTh BHIBOA O TOM, YTO BBHIOOPOUHBIE (DYHKIHH 1eHCTBHTEIb
MOTYT 3aMeHHTb cepHueckue or 36 mo 180 cremenu. j

B 510 ke Bpems A. Jlpoxunep [1] usyuan HekoTophie Teoper
UeCKHe aCNeKThl PA3JI0KEHHsI TeONOTeHIMaNa B PSI/ 10 BHIGOPOYHHY
(QYHKUMAM, HCIOJNB3Ysl KOHCTPYKIHIO BEKTOPHOLO NPOCTPAHCTRL
(opmasbHBIX JHHEHHBIX KOMOHHAUKHA HA HEKOTOPOH CHCTeMe 06bek
T0B. OH Takke CPaBHHBAJ 3TOT METOJ C METONOM pPa3JOKEHHS i
pAR no cgepuueckuM ¢yHKHESAM g0 N=4 B TOM cayuae, KOrj
pacrpejiesieHHe BBIOODOYHBIX TOYEK BeLeT K OPTOHOPMAJbHBIM BH:
GopouHBIM (YHKIMSM C BECOBOil (PYHKIHEH, TOXKIECTBEHHO PasHo
eJIMHHAIIE.

Bribopoutibie (GyHKIHH MOXKHO HCIOJb30BAaTh ¥ IPH ONHCAHHL
W H3YYeHHH I'PABHTALHOHHEIX MOJIEH, PA3JHYHBIX HX XaPaKTePHCTHK,
penbedoB Apyrux mianer. Tak, B 1974 r. B FocyaapcrBenHOM acTpo-
HomuueckoM uHcTHTyTe HM. I1. K. IllTepubepra H. A. Uyiikosa [3]
Clesiala CPaBHHTEJbHBIH aHaJ M3 pasjioxkeHus ¢urypsl JIyuel 1o
chepnieckHM H BbHIGOPOUHBIM (YHKIHSM H IO0Kasaaa NpenMylle:
CTBA NMOCJIEIHHX.

Ananusupysi pesysbTarhl 3TOfi paboThl, MBI NPHILIH K HEKOTO-
PBIM BHIBOZAM OTHOCHTEJIbHO NPAKTHYECKOTrO HCIOJbh30BAHHS BHIGO-
POUHHIX (QYHKIHH, a HMEHHO:

1. UcnonbsoBanne BHIGOPOYHBIX (YHKUMEH [JA€T BO3MOMKHOCTE
SHAYHTEIbHO COKPATHTH 00beM HCHO/Ib3yeMOH HCXOTHOH HHGOpPMa-
nun. Tax, nust pasnoxenus: peabeda JIyuel no chepuueckum ¢yHxk-
IHAM NOTpeGoBaoch 316 HCXOAHBIX BBICOT, a 1O BHIGOPOYHBIM —
TOJBKO 81 BEICOTA TOYEK, BHIODAHHBIX B COOTBETCTBHH C TpeboBa-
HHSIMH TeOpHH obcyxnaeMblx ¢ynkuuii [3].

2. Ilpu pasoKeHHH IO BEIGOPOYHBIM (DYHKLHSM 3HAUHTEJBHC
yMmenblIaercst o0beM BbuncaeHuil. Eciu xo3(duuuents pasnozxe-
HHS 1O chepuuecKuM (GyBKUHAM Anm, Bnm HAXOAAT H3 pelIeHHs
YPaBHEHHI CII0CO60M HaWMeHbIIHX KBAZpaToB Mo cucreme 316 ypap-
HeHHH TOTPEINHOCTEH, TO HCHOJb30BAaHHE AannapaTta BbHIGOPOUYHBIX
(GYHKUMH N03BOJIAET HAHTH 3TH KO3((GHUIHEHTH C TOH YK€ TOYHOCTDIO
U3 pelleHHs TOJbKO 81 ypaBHeHHs, 4TO MOATBEPKAA0T Taba. 1 u 5
u3 paborsr [3].
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3. Ilo 316 ucxoaHBIM BHICOTAM NyTEM TapMOHHYECKOTO aHAaJH3a
jo crenenu 13 B paGore [3] Oblin onpegeseHsl OCHOBHBIE II0Oaib-
HHe XapaKTeDPHCTHKH JYyHHOH (UIypH: CMellleHHe LEeHTpa (GUTYDH
OTHOCHTEJIbHO I[IEHTPAa MacC BAOJb OCH, HANPaBJIEHHOH K 3emJe,
BJI0Mb 3KBATOPHAJBHOH OCH BpalleHHs, CIKATHE JIYHHOTO 3JIIHIICOH-
Ja H NOJIOJKeHHe ero IeHTPaJbHBIX OCeil OTHOCHUTEeJIhHO oceil Kac-
cini. OnHOBpeMeHHO OIpefeNsH CpeHHe KBaJpaTHUECKHe OIIHOKH
aMMPOKCHMALHU BLICOT, AMCIEDPCHOHHbIE XapaKTEPUCTHKH, CTPOHIH
KOppeJISIHOHHbBIe KPHBEIE BHICOT pesbeda H KapTy BhcOT. Kak Buu-
HO #3 Tabuuubl OMIKHOOK AaNIpPOKCHMAIUH HCXOAHBIX BBICOT C IIO-
MOILIbI0 pa3JoKeHMsi mo chepuueckum PyHKuuam (tabna. 2 us pado-
5 [3]), ommbku mpu N=8 naasi BHINMOH CTOPOHBI IOCTHIAIOT
3HaueHMH OIHOOK HCXOAHbIX AaHHBIX. CjiefoBaresbHO, AJISI TOJY-
YeHHS] YKA3aHHBIX BBIIIE XapPaKTEPUCTHK MOXKHO OTpPaHHYHTHCS
BOCbMBIM IOPSIIKOM Pa3JioKeHHs Mo BbIOOpouHBIM (yHKuuaM. IIpu-
yeM MOJyYeHHBbIE XapaKTePHCTHKH, KOPPEeJIsIHOHHBIE KPHBHIE BBICOT
penbetha, KapTa BHICOT MO JETAJbHOCTH H IO XapakTepy HOBeJeHHS
H30JIHHHH, IOJYUYeHHbIE HA OCHOBe pa3yioxkeHus mo 81 BEIOOPOUHOH
T0YKe, OJM3KH K aHAJOTHYHBIM XapaKTepHUCTHKaM, NMOJyUYeHHBIM Ha
OCHOBAaHHH pasJyioXeHHsT 1o cdepuueckum GyHkuuam g0 N=13
(raba. 1—6, puc. 1—8 [3]). PesysibraThl TakOro cpaBHeHHs, KpOMe
I0Ka3aTeJqbCTBA ABYX 3KBHBAJIEHTHBHIX Pa3JIOXKEHHs, NaIOT BO3MOXK-
HOCTb TIPEATIOJIONKHTh, YTO HCIOJb30BaHHE ammapaTra BHOOPOYHBIX
(GYHKOEH NO3BOJHT YMEHbIUIHTh HOPSJOK PasJjIOKEHHsI H3yuyaeMBIX
BeJJHYHH.

4. X0oTs1 pasJyioKeHHe IO BHIOODOYHBIM (DYHKUHSIM B OKOHYATEJb-
HOM BHJ€ W 3KBHBaJICHTHO PAa3JI0KEHHIO MO cHepHYeCKHM, anmapar
BHOODOYHEIX (DYHKUHH CHOCOOCTBYET MOJYyYEHHIO OINTHMAJIbHOTO
pasnoxeHus no cepuueckuM Qynruusm (taba. 7 [3]) xax ¢ ToukH
3peHHs] NPOCTOTHl €0 OUpefieNeH s, TAK H C TOUKH 3PDEHHS ero Ka-
YeCTBEHHBIX XapaKTepPHCTHK.

5. OnHakKo cjegyeT OTMETUThb, YTO, HECMOTPS Ha Psl IpPEHMY-
IECTB HCIOJB30BaHHS (YHKIUH @pPH ONHCAaHHH XapaKTEPHCTHK
JIyHEI W APYTHX IIJIAHET, NMOJYYHTb 3HAUEHHS] H3yYaeMBIX BEJHYHH
HENIOCPENCTBEHHO B BHIOOPOUHBLIX TOYKAX BeCbMa TPYIHO.

3ameTuM, 4TO BBIOOpOuUHBIE (YHKIMH Ha cdepe ObIH BBEAEHBI
B Tpynax [6—10] mo ananoruu ¢ BHIOOPOUHBIMH (DYHKIHSIMH, HC-
NoNb3yeMBIMH B TeOpHH caydaiinbix npoueccoB [4]. Ommako uay-
yaeMble TAM CBOHCTBA (DAKTHUECKH B TEOLE3HH II0OKA HE HCIOJIb-
aylorca. B cBsI3W ¢ 3THM BCHOMHHM, 4T0 B pabore [10] ormeuena
(B3b TEOPHH BBIOOPOUHBIX (YHKLOHH H C TeOpHEeH HHTEPHOJHPO-
BaHHS, M3 KOTOPOH BBEITEKAIOT OCHOBHEIE CBOHCTBA BBIOOPOYHBIX
(QyHKUHH. YYHTBIBAs, YTO OCHOBHAsS 3ajaya HHTEepPIOJHPOBAHMS
$YHKIMH MOXKET PAcCMAaTPHUBATHCS KAK YACTHBIH CAydail CMellaHHOH
3ajaun TeopHH NpuONHKeHHs ¢yHKumi [2] npu k=n (B — uucio
Y3/10B HHTEPIOJHPOBAHHS, 1 — <«CTemeHb» 000O0IEeHHOro MOJHHOMA,
T. €. TUHEHHONH KOMOUHAUMK 1 (QYHKIHHE OPTOHOPMHPOBAHHON H MOJI-
HOi B HEKOTOPO# 3a/laHHOH OJHOCBS3HOH 00.1aCTH T CHCTEMBI {0i})
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HMeeT CMBICJ B JAaHHOM CJyuyae BOCHOJb30BATHCS PE3yJabTar
crathu [2].
W3 yxasannoii TaM TeopeMBl IIpH k=n ciepyeT:

D = (WT)-1.F, (8!
4, fi 3 g

d, b |

®1g, Opoyeeey, O, 3

V= (oias | Feuuratn o |

=

Oniy Opoye e oy Wpy l

3nech D — BexTOp-cTOJGEN HCKOMBIX KO3((UIHEHTOB B MPECTa) -

adennn pynsknui feL? mo cucreme {w;}; F — Mannua-CTomefH'

3aJlaHHBIX 3HauYeHW# GyHKHuH [ B y3nax; W — ocHOBHasi Marpull

3ajlaul, Tle @;; — 3HayeHue i-H (QYHKIHH CHCTeMHl {@;} B j-M y3m§I |
Beengem o603HaueHns:

D= (0,,0,...,0,) =@ ,; A= (WT)= (mﬂ)n, - '
3necs @ — MAaTPHIA-CTPOKA NEPBBIX HCIOJIb3YEMBIX (GYHKIHI crt
teMbl {@;}; T — WHIeKc TpaHChopmuposauus. Toraa

f =@ - Dp1=@, -A7! - Fa 1. (13
YUHuTHIBas, 4TO 0
A-1==,
A
rjae Q;; — coio3Hnas marpuua, A=det A, u o6o3Hauas
Zl,n:q)l, n'A;:ln, (14]
HOoJIyyaem fa) iz B (1)
rae Zyn=/(Zy, Zs,..., Zn — MaTPHULA-CTPOKA BBIOOPOUHBIX (YHKILHIL

Takum obpasom, ¢opmyna (15) maer B MaTpHuHOM BHIE Pasio:
Kenue ¢yukuuid [ (BeicoT H (@, A), TOTeHHHAJ a CHJBI TSIKeCTH
V(r,,A), ...) 1m0 IpHMeHsieMHIM BHIGOPOYHBIM (YHKUHAM {Z;}
COOTBETCTBYIOIIUM HCXOJHOH OPTOHOPMHPOBAHHOH cHcTeMe {0}
OTciona Jierko BHIBECTH OCHOBHBIE CBOHCTBA BHIGOPOYHBIX (YHKIHI
NpHBEJIeHHas TPAKTOBKA KOTOPHIX IHOJ€3Ha KaK IIPH PelIeHHH Of
JleIbHBIX NPAaKTUUeCKHUX 3a/au TeOfIe3uH, TaK W MPU HCIOJb30BaHHIL
YIOMSIHYTOH TeOpeMHBI H3 cTaThu [2].

Cnucok aureparypbi: 1. /[poocunep A. Hexkotopble 3aMeuaHusi O pasJiOKeHH!
reornoTenn#aia B psij BeiGopounbix (yHkumi. — HaGmopenns UC3/Tp. cemunapa
«/laHaMHuecKHe BONPOCH CIYTHHKOBOH reofeswn», M., 1974, Ne 13. 2. Meuweps:
kog I'. A. Tlpo oany sMmimaHy 3ajgady teopii HaGuamxeHHs (pysKuiii. — Jlonosig
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PaGora mocTynusa B peakoaneruio 11 siHBa-
psi 1978 roma. PekomeHZoBaHa Kadenpon
TEODHH MaTeMaTHYecKoii oOpaGoTKH Treoje-
3HYECKHX H3MepeHHH JILBOBCKOTO MOJIHTEXHH-
YeCKOro HHCTHTYTA.



