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Abstract

The purpose of this report is to investigate the accuracy o f determining three- 
dimensional air movements in ventilated rooms by means o f the photogrammetrical 
methods. Two approaches to determine the accuracy have been used. The first one is 
based on analytical calculation which analysis the relations between the image coordi
nates and the object coordinates. The second method is based on simulation by intro
ducing random errors to the image coordinates and calculation o f the object points. A 
relatively close agreement between the errors obtained analytically and by simulation 
has been achieved for the typical object o f size 3x3x0.3 m. Some other aspects like 
optimisation o f the network, a selection of a suitable mathematical model o f the proc
ess are discussed in this paper. Finally recommendations for further research and de
velopment are presented.
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Abstract

T he prediction m athem atical m odels o f  the random  and system atic 

errors influence in pho togram m etry  are given in this paper.

1. Introduction. Initial mathematical model.

Suppose tha t initial equations are described as 

A U  + I + 0  + A = V, (1)  

where A is m atrix  o f  the coefficients o f  the correction’s equations; 

U —  vector o f m ost probably  values o f  the unknow n param etries,
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(1 + 0  + Д ) —  vector o f  the m easured values,

1 —  vector o f  the true values o f  the m easurings,

0 —  vector o f  the system atic errors o f  the m easured values,

A — v e c to r  o f  th e  r a n d o m  e r r o r s  o f  th e  m e a s u re d  v a lu e s ,
V —  vector o f  residual deviations.
M in im is in g  o f  fV TV ) g ives:

U = - ( A T A j '1 A 1 (I + 0+ A).  (2)

F rom  this expression the d istortions o f  the vector U under the influence 

o f  the vectors A and 0  are :

dU,= ( A T A j '1 ( A T A) , ( 3)

dU2-  (  A T A J ' 1 ( A T 0 )  , (4)

The vectors d Uj and  d U2 perm it to  construct m odels o f  th e  accuracy 
prediction.

2. The model of a priori estimation of the accuracy 

in the presence of the random errors vector.

It is know n, th a t vector dU} and  corresponding vector o f  the residual 
deviations Vj are characterised by the covariance m atrix  Ku and  Kv :

K u =  a 2 (  A 1 A j ’1 , (5)

K v = о -2 ( A  (  А т А У 1 A T )  . ( 6)

In pho togram m etry  the  initial equations (1) represent either 
approxim ating  functions o r linear equations which is congenial by form . 
In  this case we can imagine the covariance m atrix  (5) as :
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where Л(/аге functions o f  the image size and  airsurvey param eters;

Qg j  a re  functions only o f  the  po in ts quantity  and  location.

Form  o f functions fo r Л,7 and  Q4IJ depends from  form  o f  the initial 
equations (1).

So, if approxim ating  (power algebraic) polynom s are used as the initial 
equations[l], m atrix  (7) i s :
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where a  —  standard  o f  weight unit,

Є аге the  elements o f  the m atrixiu

1 _
Ж ли a

(8)

Q 4 = ( A 4t  a  t ) - 1 , (9)

here A$ —  m atrix , and  it's і j  - th. elem ent is

f j  =  &kj ■ Vi 1 > & =  x ,  /  \c\ ; Hi  = y t / \ c \  ( 1 0 )

і = n (n - quantity  o f  the poin ts, which are used for

approxim ation);

j  = 1 ,..., m (m - quan tity  o f  approxim ating polynom  terms);

|c| —  the m odulus o f  the m axim um  value o f  the po in t abscissa (ordinate) 

on the approxim ation  area.



A fter the approx im ation  the vector d Uj causes a  residual deviations Vfi 

which are characterised by the covariance m atrix  according to  (6) and

(8)

K v = o2 ( A  z Q t  A$  r) .  ( H )

As approx im ation  is im plem ented w ith using o f  the pow er algebraic 

poiynom s, the m athem atical correlation appears am ong the  vector V} 

elements. O n these conditions, the m atrix  Q% which is a covariance 

m atrix  (with accuracy up to  a 2 ) o f the residual deviations fo r separate 

term s o f the approxim ating  polynom  for po in ts with co-ordinates 

\x \=\y\=c has a  p redom inan t im portance fo r the  prediction.

Then value o f  a dispersion the residual deviation for this po in t is

m m

i W Z  S ( Q . )  (12)
i=l j=l

U sing the  elements o f m atrix  Qf with various quan tity  o f  the control 

po in ts and  w ith various geometric schemes ot the  location ones it is 

possible :

to  determ ine the dispersion value o f  the residual deviation with the given 

precision o f  a  determ ination  o f  the approxim ating  polynom  separate 

terms.

to find the optim um  scheme o f  the po in ts location on  the images fo r given 

kind o f  the approxim ating  polynom .

If the linear equations o f  collinearity [2] are uses as the initial equations, 

(for determ ination  o f  the  elements o f  image absolu te  o iien ta tion ), then  

covariance m atrix  (7) is [3]:
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(14)

here Q* w as determ ined  by fo rm u la  (9);
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(15.2)

D -  n r - 12 , (15.3)

M atrixes (13), (14) are w ritten fo r case o f  the sym m etrical points 

location.

Matrix (14), by analogy with (9) is covariance matrix (with accuracy up to 

a 2) o f the resudial deviations Vc on the point with co-ordinate x=y=c. Each 

element o f the vector Vc is conditioned by error o f  the certain element of 

absolute orientation o f the image.

F o r  exam ple the num erical values o f  the m atrix  Ox elements for the 

approxim ating  polynom  o f  3th pow er w ith various schemes o f  the points 

location are given lower:

schemes poin ts location

1 2 3

n=16 n=24 n=40
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Ц) (\X ОгУ

fo r schem a I
щх2 алху  сцу2 «s*3 OjX у w " ЧУ

090 0 0 -061 0 -0.61 0 0 0 0
0 257 0 0 0 0 -227 0 -0.67 0
0 0 257 0 0 0 0 -0.67 0 -227

-0.61 0 0 0.56 0 0.33 0 0 0 0
0 0 0 0 0.17 0 0 0 0 0

-0.61 0 0 0.33 0 0.56 0 0 0 0
0 227 0 0 0 0 221 0 0.38 0
0 0 -0.67 0 0 0 0 0.57 0 0.38
0 -0.67 0 0 0 0 0.38 0 0.57 0
0 0 -227 0 0 0 0 0.38 0 221 _

«0 a x a2y

D = 0.9 g 2 
fo r  schem a 2 

a3x 2 a4xy a5y 2 а6х г Oj X2y asxy2 a9y 3
0.72 0 0 -0.50 0 -0.50 0 0 0 0

0 1.93 0 0 0 0 -1.69 0 -0.62 0
0 0 1.93 0 0 0 0 -0.62 0 -L69

-0.50 0 0 0.45 0 0.29 0 0 0 0
0 0 0 0 0.12 0 0 0 0 0

0.50 0 0 0.29 0 0.45 0 0 0 0
0 -1.69 0 0 0 0 1.62 0 0.40 0
0 0 -0.62 0 0 0 0 0.48 0 0.40
0 -0.62 0 0 0 0 0.40 0 0.48 0
0 0 -1.69 0 0 0 0 0.40 0 1.62

Dv=0.7a2
fo r schem a 3

ao axx а,У д3х 2 a4xy a5y 2 a6x 3 a7x 2y a,xy2 «9 У3
0.16 0 0 -0.12 0 -0.12 0 0 0 0
0 0.50 0 0 0 0 -0.47 0 -0.17 0
0 0 0.50 0 0 0 0 -0.17 0 -0.47

-0.12 0 0 0.19 0 0.05 0 0 0 0
0 0 0 0 0.1 0 0 0 0 0

-0.12 0 0 0.05 0 0.19 0 0 0 0
0 -0.47 0 0 0 0 0.57 0 0.03 0
0 0 -0.17 0 0 0 0 0.32 0 0.03
0 -0.17 0 0 0 0 0.03 0 0.32 0
0 0 -0.47 0 0 0 0 0.03 0 0.57

D=0.6o*
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So this m odel for the prediction uses m atrix  Q^ instead o f  covariation 

m atrix  Kv. By this such advantages as simplicity o f  determ ination  and

reliability are reached.

3. The model of the prediction of the systematic errors influence.

Assume, that the elements o f the vector <9 o f the systematic errors in (4) are 
described by power algebraic polynom. Then vector (9 is written as:

® = Apb, (16}

where Ap is matrix with elements:

/7-1,2,..., p; p - quantity o f  the polynom terms; 6-vector o f the polynom 
coefficients.

Im agine the d istortion  vector S  U2 as a function o f  polynom  term s for 

the  poin t with the co-ordinate x  = у  = \c\. Then :

(17)

6 U2 = Gu ■ d , (18)

where Gu =- (AT -A)'1 ■( A T - Apz),

d  = [d  , d  2 ... d  h ... d p ] T, 

dh = bh ■ c (k" +/"', ( 21 )

(20)

(19)

A p %—  the m atrix  o f  the coefficient with d h, where

a p m )  =  ft** • і!" - (22)

The residual deviations V2 caused by vector d U2 is 

v 2 = (Apt - G )  - d  

where G = A f  ( A f - A t )’1 -(A/Ap,*) . (24)

(23)
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I f  the initial equations are approxim ating  polynom s, the  elements o f  the 

m atrix  A% are determ inate by the form ula (10), and  vector 0  includes 

only unconsidered polynom  terms.

As the elements o f  m atrix  A$ and  Ap% are the function o f  the image 

points co-ordinates, the elements o f  m atrix  G and  (Ap$ - G) can be 

beforehand determ ined fo r various points quan tity  and  the schemes o f 

the location ones. A nd here the  m atrix  (Apg - G) elements show  w hat 

share o f  the  h th polynom  unconsidered term s (20) rem ains on  the control 

points after the approxim ation.

Therefore using com parison o f  values (Ap$ - G) fo r various schemes o f 

the po in ts location and various approxim ating  polynom  pow er it is 

possible to  find:

the optim um  schem e o f  the  poin ts location with the approxim ation  for

given polynom  power; 

the op tim um  pow er o f  the approxim ating  polynom ; 

the expected value V2 (in the shares from  dh ) for the given schem e o f  the 

po in ts location and  for the given polynom  power.

The analysis o f  the structure  o f  the m atrix  Gu and G (expression (19) and 

(24)) shows th a t the  basis o f  this prediction m odel is a  finding o f  the 

m atrix  Gu§, which is:

6 и%- ( А% ' A$)~ ■ ( A f  Apg) (25)

The m atrix  Gu% elements give possibility to  analyse how  does each term  

o f  the  approxim ating  polynom  reduce the  unconsidered term s o f  the 

higher pow ers(on poin t x  = у  =  c).

F o r any poin ts it is



( j h ) i -  G u4 (  j h )  • £  ik> ■ Л і 1 (26)

The num erical values o f  the m atrix  Gu4 fo r the unconsidered term s o f  the 

4-{h pow er are given lower:

fo r schemes 1,2 fo r schem a 3

V X і  y 2 x ’y x 4 / V x 2y 2 x 3y x 4 /
0 -0.99 0 -0.05 -0.05 0 -0.37 0 -0.20 -0.20
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1.0 0 1.07 -0.08 0 0.58 0 1.13 0.07

0.83 0 0.83 0 0 GUZ= 0.78 0 0.78 0 0
0 L0 0 -0.08 1.07 0 0.58 0 0.07 1.13
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 J _ 0 0 0 0 0

0.83 1.01 0.83 0.94 0.94 E 0.78 0.79 0.78 1.00 1.00

If  the initial equation  (1) are form ed from  know n photogram m etric  

equations, then the m atrix  A$ in (24) is a transform ed m atrix  A  under the 

condition th a t x, у are determ ined by fo rm ula (10) and  all elements o f  the 

m atrix  A^ are the result o f the simple transform ations do  no t depend on 

aerosurvey param eters and  image size [3].

F o r  task  o f  the determ ination o f  the elements o f  image absolute 

o rien tation  the m atrix  Gu4 elements (form ula 25)will show, w hat share o f 

the system atic errors dx (dy) on the po in ts  with co-ord inate x=y=c is 

abso rb  by each elem ent o f  the image absolute o rien tation  . A ccording to 

form ulas (25), (14), (15.1-15.3) the analytical expression fo r m atrix  

elements in  the form  o f  functions o f  the values t, r  ,n are obtain. 

N um erical values o f  the m atrix  G ^x and  G ^y which characterise the

G&

Gc



197

influence o f  the  system atic errors o f  the abscissa and  o rd inate  o f  the 

image poin ts are given below  for schem a 2 o f  the po in t location.

b0 bxx  l \y  b,xy b ,x  h- /  b6x f  h f t y  h,y?

1 0 0 0 -0.08 0.56 0 0 0 0

0 0 0 -0.92 0 0 0 0 0 0 %

0 05 0 0 0 0 0.25 0 0.42 0

0 0 0 0 0.40 -0.02 0 0 0 0 а

0 0 0 0.60 0 0 0 0 0 0 со

0 0 -0 5 0 0 0 0 -0.25 0 -0.42 к

S 1 05 - 0 5  -0.32 0.32 0.54 0.2.5-0.25 0.42 -0.42

bQ b,x b2y  Ь3ху b r f  b5y 2 b6xy2 h,x*y b ^  b9y 3

"0 0 0 -0.92 0 0 0 0 0 0 ' Xs

1 0 0 0 0.56 -0.08 0 0 0 0 Ys

0 0 0.5 0 0 0 0 0.25 0 0.42 3
0 0 0 0.60 0 0 0 0 0 0 а

0 0 0 0 -0.02 0.40 0 0 0 0 со

0 -0 5 0 0 0 0 -0.25 0 -0.42 0 _ к

1 -0.5 0.5 -0.32 0.54 0.32 -0.25 -0.25 -0.42 0.42

So the developed approach to a priori accuracy estimation solves to some 

extent the problem of the prediction of the influence of the random and 

systematic errors.
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ABSTRACT
A great variety o f different method and techniques are used for the processing of 

images that are got by photogrammetry survey. The methods o f the digital 
photogrammetry on the stage o f geometrical model constructing and analyzing results of 
measuring this model completely use the the apparatus o f analytical photogrammetry. 
Thus the elaboration o f different mathematical models is o f  great importance. The article 
presents the analysis o f the photogrammetry data and methods o f their adjustment. The 
authors formulate the generalized mathematical model that is universal concerning 
photogrammetry tasks. There is the theoretical solution for joint adjustment o f the 
measured quantities and their functions and control data given in the article. The authors 
supply with the examples o f partial cases that come from generalized model.

INTRODUCTION
The fundamental task o f the photogrammetry is to reconstruct the object and to 

define its metric parameter on the base o f their photoimages. This task is still very 
important. As it is known the methods o f the digital photogrammetry on the stage o f 
geometrical construction o f object model used completely the apparatus o f analytical 
photogrammetry. From this point o f view it is very important to elaborate mathematical 
models that were not enough investigated in the sphere o f analytical photogrammetry.

The analysis o f photogrammetry data and methods o f adjustment permitted to 
make a scheme containing main characteristics o f measured quantities series, extra 
data and geometrical conditions that appear in different photogrammetry tasks (see Fig.l).

1. MODELS OF PHOTOGRAMMETRY SURVEY AND METHODS FOR THEIH 
MATHEMATICAL PROCESSING

We are going to concentrate on some explanation o f this scheme, putting aside 
the classical points that do not need discussion.

1.1 Photogrammetry measuring suggests the direct measuring quantities on

photos. Usi 
processing і 

1. 2 '  
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