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ON TITE MODEL AND OPERATIONAL APPROACEES
TO THf, CONSTR{JCTION OF THE EARTII'S RADIAL DENSITY

A. N. Mnlchcnko

(Slde Ani,,etsit! "],ti' Polwchnic", Lvie' Uktaitte)

Ahst act. Legendre-Laplace, Roche an{i Gauss continuo s tudial density dlsttibutiots rcpresenting the Slobal fend
oJ piecevise llensity ploJile were tsed fot the ffeation of nnplest stabilize^ and the construction of radial densitv

;tiitiburon. In addition, the operctionat apprcach as sl1ldied that leadr ta the baditional lea squarcs colacation

Intoductio

Recendy, inslead of the slallard polYnomial

representation of a piecofise rddial densily (PREM-
model (Dzi€\ronski. ard Ande$on 1981), etc.) solne

famous hworheses for density distribulion (see,

Bullen. l9?5) werc analyzed especially in view of
Claira l and Willianrson-Adams equalions. The latter
leads 10 the sludy of t].le hydrost'atic/adi1batic Eath
and goes back to i]le Ga6.sra, distubulian ol tl\e
Earth's radtal densily (\Iarchenko. 1999; MarcheDko,
2000) ln contrist to Laplace-Legendre and Roche's
models. the crealed conhnuous Gauss' rddial profile is
in a good agre€ment with the piece$ise PREM (see

Figure l) idth mean deviatio ^ 0 t g/cm3. This fact
leads to the idea to apply s'uch simple fend of the
radnl densiry .rs additional inioflnalon for the

inversion of seisr c dala. Thus. the goal of this paper

is the construcilo of appropnate stabilizers of
solution of the mentioned ill-posed invefe pmblem in
the frame oi reguladzation approach.

According to (3ullen, I 9?5) the oldesl solutions of
l-/drla/r:r equahol for the radial dcnsity p rs

Leeandre - Laplace law
snr0r)pG)- po o)

yx

wtrere x = f/n is the dimensionless 'radius-vector"

regading to dr€ mean Earth's mdius R=637 I kmt p" =
const and nray be considercd herc as the density at the
orisir The second one is Rocrs '.i lav

p(.r) = po lL Kr'J=.l+rr'.
(a= pr >0, b=p"K<A). (2)

Ornjdng here Darwin's law (1884) of densit, we

p le/c^11
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Figwe L Legendre-Laplrce. Roche, and Gauss confiruous alens es regarahng the PRIJM-nrodel



note again dut special consideralron oI llillianson-
.lddnr equation for tlle parameter @ (wlich co necls
i{ standa]d $'ay }vith seismic velocities Vp and ,', as

i,r,ri,J d,r. @ . A(.\ v(,J', - /(r)/ , Iead, ru as
j

panial solution as Gar,r.r' funchon
pl.rl p^ erip\- 0 r'). /f Lonst. rJ)

where th€ power 2 is the lowest poirer tor which we
may gel a non-zero vdl e @ at thc odgin. Noie also
thal Taylo( series exp,rnsion of (l) or (3) yields ir
practice Roche's model (2) if we disregard orher
Iigh€r powers of .r. As a resxh. we try to construct
beiow llrc conesponding stnbrlizers of solutior for
every menioned model On the other hard, iNtead of
such model approach w€ shall corsider the operationat
:rpproach ill vie$, ot the stable sohilion of strdying

I. Lineaization

ln accordance wlth the gadidollai operaiioDal
approach of phvsical geod€st' we shall start iiom the
'-measuremc ts as lroilirear functlonats, (MoriIz.
1980). In such a lornn ation seisndc observarions will
depend on dre Earth s densitv distribuiion- so that for
each seisruc easurcmerrt /=@*e nt]y wrjte

t = rlp?)I
Here pfx, denotes ihe Eadh's iadial densitv
distrrbuuon .Lorr.Fuous or pre.e\vise) funher $e
shdll assune fiat l{i, rlrav be represented as lirc sum
of it cenain '\ornul or _r€d" parr p,f.r, and dre
rudral dersity alonury:

p(x) = p,(x) r zp(,). (5)

The ftnctron pf, belongs on the whole to some s€t of
rhe .pare l:{y.10 l r ol squue drregrabte Nnciions
h sucfi a formr trion the functional F lrill Fesenl a
nupp g of Z?(r.€10, il) tuio the set of reat numbers.
Si ce $€ mat have some different kirds of
measurenl€lrts. in Lhe tota] wc shrll obtain th€ diffcrenr
firnctionals F. which in llle ge enJ case aje nodinear
ones. Because pfil belongs to the jnfinitcly
dimensional space ,r. and a umber. of measuemells
or trnctionals of ta.rl alwavs fini1e. the inverse
probleln has not a u que solutjon. As a nrle, an
inslability of solrtion is accompalied 10 ihe absence
of unique solutioa that is cnnsed, for exanple, b!
prop.rties of inilal operator and errors of idtid
|formJEon lr othet words. Lllc means tn prriltce
I\il we lu\e all rmprnperiy po5ed or rtt-po.ed probtenr
of the detenninatiou of the Eafi's density.

feoAsi,r

Cleariy thal the dircct usirrg (5) fiuv be
complicated ir piactice. 11 is possible to show that iD
the fiame ol onr assun)Fions one of tire sirnplesr \r,av
js dre consideDtion this itverse ploblenl with respect
to lhe mean densi6, ,f, bccause the function ,fx) is
contiNo s. lo any case such possibilifi is the subjecr
of separare paper and we recall hcte thal rradiriorud
\jr?y oI a solution of lronb ear Fob]ems consists of it
iineanTrlion by Tallor's tlreor.em arid tilrther direct
solrtion of linear pmblem. Such apFoach is thc base
for nethods of dala processing (rha1 comrects with
possible gred number of measurements). Obviously, a
norlinear problem can be spli1,l\lo lulearization and
lolutian of s)tstem of Iinedl ?qrdrior"s. Thus, we conle
to the standard iterative narure of that: a solulion of
any nonlinear problem ay be treated as the
dillerenlial improvenent of a set of suitable
paranelers in dr€ frame of linear problenr

Therefore we start *om the linearization
nonlinear functionals bv ntroducing
approxi atron A/, ro the radial density pf,
rewrite (5) as

/p(x)= p(x)- p,(r)
where the drflercncc (6) is considered to be s all n
(5) as some anomilous densitr We assume also llul
overrghg of (6) for fi€ srudying domain is equal io

AII abo.ve-melrtion€d modcls (1), (2), and (3) have
or y ?=2 paftmetels that we reflected below by the 2-
dimensiorr.:ll colunm vector X oI these paltun€1ers of
"t end nodels" and llle correspo ding column vector
ul\ o[ rhei] correltrons. so lhe lolto\ rng c\pressron
is valid for (4)

4x)= rlx * 
^x,p,(x)+ ^p(;)1. a)

Nexl, Tarlor's expa$ion of (7) gives

/=F[xn,p,]*Atax*zap. (u)
bv negl€cdng the seco d ard hjghet oder remN. Here
A is the column vector that consis{s of the ordinary
partial deivatives .41, (k-t. 2) of F[X0.p,l wirh
rcspecl to dle componerrt Ik of re vector X; the
approximale values X0 and p/ar, are taken instead of
the values X ard pfxr:

of
dre

and

(6)

(4)

'4r, =
e-\x". p,

ilr
TIIe tern (ArlX) is the s*Iar Foalucl; t/p exFcsses
dre operctor I alnng on thc dJromalous dejl.tN /p,r.
Then $e reiuh ot lDeari,,alion rcpre\enrs rhe neK
sjnDle difference

/(x)= Flx, p(t')l- Flx,,p,(,)l , (10)

(e)
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wrrere f[X,p(r)] is ihe obsenatior: tt[xo,p,(r)]
is Ir approxrmate value. Al tsthe abrprya o" ninut
canputation The lileilrired systen (withoul enors
of observations) can be \rritte{ 1low as

al' = Ai lX + ItaP'

A1, = A! 
^X+ 

L.Ap. {ll)
I

Al,j = A,rqax+ L,lAp.'l

where 4 donotes dl€ rumber of obserr'ations On the

whole our finction pax, rnat be differcd fronr one of
the contiluous distributions (1)"(l). For this reason wc

sha11 adrrnl to consider instead of p(r) 
^ orc

conplicated functjon ther (l)-(-?) for that the

lfrdilional old denotalron p,f.r.l is keepirrg.

2. Least s.I@fts .o[ocation

Nolv we rervrjte the system (II) of lirear equations,
which was forurd by the lircarization

basic pmblems of physical geodesy under ihe least-
squa.'es principle with tlrc coidrtion (12)i

srC."" ls + nrC,, 'n =min. (16)

Here rbc lollourng nolrnons ?ue rdopted. $e use in
(14). (15) two "signal" vectors

t=BAp, (17)

ll=AJX+B/p+n. (12)

Here /X is the p-vectd (p=2 for one of conlinuous
nmdels) that consisls of the conections 4Y, 10

parameters of initial nodel; /l is the q-vector llal
consists of the components (10). fhe nutrlx A of
partial denvalives has the dinensioD (q x p) ,rnd B is
the operalor, which can be formed fiom q functionals
.l-,. Thus. n€ pul

I at.) hll I 1,1| | t :t1/t.l l.\: I lL.
^t-'-'l a \''') R-l (l)'

irl..lttt1.tt,) J 
ol 11.,1

ass nlng thal A has a full rad( (p<q). The g-vector n
re{lects lrerc the inJluence of rneasrLring enors
(..lroise ); the leclor zlx and thc anomalous densjry_

,lp should be determircd from various kinds of
n€Tsurcmcnls rn (12) Thus. lo our o\\n.urprise ue
luve got a basic model (12) for € detemin.tior of
dr paranreters 8. at],d Ap in the frame of leasl
squares collocation method.

As a resrlt, the opentionrl approach to the
considered iwerce problenr leads 10 well-known
solutior ofthe system (12). which may be r€preseoted
formally in the trnditional form

^\ = lA'( ,, C",)'{l A'ic,, Fc,,,)'ar.rr.r)

^p 
=c ",(c,, 

+c,,)t(^r-A^x), (r5)

and dral nre obiahed in (Modtz, 1980) for sohltior of

ard Oe next covanancc and ooss^n\rriance maviyes

C". = cov(r,s), C,? =cov(r,l),
c,, = cov(,I), c",, , (18)

where dr€ lasl covariance rnatnx represonls the
mathematical exTectatiol of 'hoise" n and reflects
influence of measunng grron. Thus we come to the
leost-squaves collocation sollltion (14), (15) of tlle
system (12) as the conespoading |atiatianal problen
(16). As well-kloim this soluiion admils a cerlai!
statistical treaEnent.

Nole also that collocation method crr be
coffldered as a special vercion of Tikhonov's
regulalizatlolr of a solutron ol improperl] posed
probiems (fiklrcnov ,nd Arsemr, 1974). For this
reaso( \r'e shall tr€at collocalion as a slable iircar
estimation that was developed in 1ie ftame of 1be

operaaional approach. As a malter of fact, a real
achievement oi stable solutions is possible only bv
invoh'ing some additional infumnhan abo!n ltje
Ear$'s densib distribution. The la$er is {eflected bl,
the equations (14), (15), where such additiona.l
informalion repesented in thc generalized folrl by the
cowriance lunchon and co|arinLe ,natrix Css of the
a onaLous densir. OU]€[ covariance llutrixes C{ ard
C" cdn be cor'suLled by rndan. or lhe co\ananLe
propagation n e CMoritz, 1980). Now we note lhat the
d€leminatior or y the Eafih's densiv aend part in the
consjdered way (14) requir€s also lhe necessrt' of the
abov€ covadance matrixes, jusr lor $e sable lin€ar
esiimatior of this pi t. Naorally $a1 srch solution
(14) (aM (15)) leads to addilional difrc lties. if these
covanance function of the anomdous densitt and
covariance matrixes nrust be constncl€d, For tlfs
reason, we shall consider son'Ie Nnolhor approach to
thc derefi'rndlon of,lX oi con eclions{ ecrot ilr one
of the initial models in the frame ot the standard
regularizalion method.

3. At ptiattin t ofthe rcgulniaotinrr sthod

Now w€ surt from ihe EadrlionAl corfeclion of lhe
parameters in (l), (2), ard (3) in the irame of rhe well-
known lineanzed model
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or in practice the st,stem of linear equrtions in the
t$ditional least-squares adjustmenl by pammelom
with standard .v.€ctor v, lvhich is reflccted an bllrc ce
oi measuring errors and accltract of ihe
approximatron The nodel (12) nuy be trrated as the
gen€ralizallon of the srdndard t-effion (19) tt js
obvious that the first temrs of il2) or (19) .an be
considered in fhe 4-dimensional Erclidean space Rq.
The second lerm of (12) includes llre anomatous
densily /p dld cin be feitted as an element ol the
Hilbe space Z,

For this reason we rctum to ihe sohdon of the
lradibonal $slent {ltl, and rccollccl agarI d, an
irverse problenr rs crlled br dre propcrtv pJsed
according to Hadanw il it sotution salisfies lo the
follorling req1rirenlerls:

II jr rrell-tnn$ tirr rhe $slem ttt) l.16 a rniqur
solution in thc followiu lorln

d = (e'cje)-'a'cjr , (20)
if dre oratrix A lus ? tull lalr1{ (p<4). Th€ expression
(20) is the solution of the nomnt qsten of linear
equadoDs thal corrrcides wllh $e nain or narrna!
pseudasoluhon. f]r\is \ie conre to the conchsion tlrat
firsl lwo conditions oflhe properry posed prcblen de
salisfied for (20), if pnrarneterizarion of density
dislribution is chose . The third requiremelf connects

in practice with conlinuio' of the solutior /i on tle
,,injtral drta' /l Such dependence is lror always
continuom. Hence tll€ thid rcqujremefi may be
violared (Tikhonov and Arseiin, 197,1) altd ihe
corresponding probleft !.ansforms to the in4rcperly
pa\ed ptublen. There are nuny exarrptes
(Marche*o, 1999; l\..{aichel1ko. 2000, etc ) where rfie
constnrction of noflral solutio{s for 1l€ Earth,s
piecewise radial profiles (1). (2), and (3) leads jusr ro
the unslable results if all (r!vo) panmclels of models
for e\,en shell are determiD€d. Note also rhat ihis
problen \i,js solved by neans ot the deternrjoalion
olrly one pffameter for e\,cry shell \airl the appliolior
or sonre ;.ddrriorDl .( rdrrion! tI l.Lc basic covari.urce
fimction of the aro alous densiry is absen! rve can
expect tlul such a sitll^iion should be beuer if instead
oI the least squares condirion (16) some anolher
sindlar pinciple wil be apptied (Tildronov and
Ar5enin, l9?4). ior insttulce. ln rr tolto$iro
1r'.d1ionrl forn

where () is the so-called stabitizer of solution, which
reprcsents on the whole non-negalive funclional; , is
the pammetel of regularizalron. There exist some
b:rsrc alnroccheq tor , delernxnrlron For the probl<rn
ofthe Iddial densrn derermrnatro one ol l]le <intplesr
methods was build recentiv br (Abrjkosov, 2000) and
firther we slull consider such a situation when ihrs
paranlcter ,1 is chosen

\erl. dle ,tab h,,er. for each sh€ll separarct\
vrll be rpplieo rs tle lollorvrng quadnuc funalonals

r\ = Iap(x)')c'-, 122)
):l

,T
o, i'],pt'l' fuott))" la" Pt,

;, 1 \ dx )

\dich correspond to the sq ared dorms of Sobolev
spaces W! - 1, and ttt respecrivety Here r and
-v,-r rcpresenr tlvo boundary of one shetl. h is evident
that for the wllole Earth as one shell xr=0 arrd rr-1. n
is evidenl that thesc stabili-ers Or al}d O, are differcnt
for conditions of smootlluess 3ld the approximatjon of
deril atives and functions rlithh every slell.

As well-kno\.trr $e solulion of fte variational
problem (2 1) has the n€xt uique form

^x =[A'c*A- iF] 'A,CJ^t. (14,

*,hele the mairix F is nothing else b some stabilizer
qmsidiagonal natrix (sholl q, shell) wit}I dominated
nu]n diagonal. which leflects the includiDg of the
slabilizalion regarding to (20); /i; is the estimarion
oi correflrons i to pdrmerers b\ nrer s of .lera[ons

the lrame of such reg arizahon technique. Since
tlrc fom la (24) reflects only onc step of irenhve
esdmation, Ure const$ction of the r)atrix F should be
considered as limjkd case al tlrc rcighborhood of zero
con€.tions to drc pammeters conesponditu (l) or (2)
or (3) separately. In othei words we shall consider
(24) as the same standard algodthm for every stcp

Thus q,e come to tlrce possibte slabiljzerc for
every sludyirg model :nr(l sta{ here from simplesl
Rocre lr lor. ln this case &e diffeience bctween lnirial
and improving dcnsity models can be writen as

Ap(r) = 76a 76rz , (25)
'*here dre coefir:rents & and ,lb sholtd be
determincd in iire frame of (24) Ior orc iteratiol
Sr$stitution (25) iilto (22) and (23) after rnregalion
leads inmredrately to the follo$mg subilizer nratrixes

vrC,, lv+1O 
=min , (21)
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/ tr. -r )
-" l' ' tl'''''-r 1,"'
" =lit'' -.:, tr. -.'1 rr. -',1]
ll .s obvrous lhal the appLcauon of t.)ll n r 24, gi\ e'
befter resDlts in comparison witl (26): we ge1 srnlller
€lemenlE of lhe main diagonal in (26) t]tar in (2?).

Omitting here all auxiliary assunptions and

compulations, nole tljnl in t}le case a[ Legandre '
Ldplace Ia {t) ard aja&rs normsl iaw (3} we car
applv the next approximate diagonal stabilizrrs

r'=n.'-l*''' -'' 'lI 0 ,)l 
i:u,

r," =rs =1""' "'nJ' | 0 t))
L\dr rcllecl d $e"rk dcpeoderrLe on $e cone'lron! ir
the paramets / in Legendre"Laplace law and dle
pmafleter p in Gauss' nrodel respectr1)ely. Fina[y,
such a conclusion we have got, in facl h the pactical
estin ion. ot Lcgandre.Laplcce ind Gau(s piolewisc
deNity proflles (see, for inslanc€, I4archenko, 1999;

Marcheriko, 2000; Marchenko, 2000a).
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