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IN THI VARIATIONAI- PROBLf,M OF DATA PROCESSING

O. A. Abrikosov

6tute Anrr'ercity', Lrit porytech,ric")

Absttu.t. Thrce r*Jferent princrylet verc co sidered Jat the deternnatt)n of the regutarizatian patunetet m the
vanahonal problen ol data prc.:ers]/:.g The.,e pwrtples arc based dcluflyely on prapeftes ofthe cayunnce nat-
nxes and they are treated as analogies of h'aditional ptinupter oI nscto.wrc, quasisohtian and sntoathxtgfunc-
tional, respecttwl) It t.\ lemarkahle, that the classical cdse afthe teast;-Wares ottacation (Nth lhe reguLa;i;atlot1
parat eter e q al b I ) \'a! obtaned as ane af the rca! s of the equatrcn correspanding to the 

'7'ilctostce ifinuple.

wher€ I is the obsen,rtian vector, s is the sgrral vector,

whrch is charactenzed by the covariance maldx C,. ,

and n is dre noise vector, .$,hich is clxfactedzed by the

covariance maUjx C," By nsing 6e stlurdard
vaiational principle (Montz, I 980)

l. Mil.Iosu,c principle

lf ill= iii j = ",, (./)

r'herc dre value e,, characlcrizes a-priori nagnitude of
ll,e nLisclosure (Morozo\. o8'r'ro,l dre norm. rs usu-
al Euclidean vector norm (Horn ad Johnson, i986).
Ho$€yer. wc should keep in mind tlat ir the model
( lr te rorse veclor n is Lhanctenzed b) $c a prion
co1'ari c€ matnx C", whereas t]rlj estination (4) of

,e rnis.lo.U-e rc chnrxderired b! the a poslL'iorr co,

Let us consider the funrous solution of well-hown Traalitional approach ro the determimtuon of.f is based
variational problem of datr processitrg The equatjons on nisctosur;;rinciple (Tiklonov snd tusenin. 1986:
of observations without a systenatic parr (Morirz, Nevman. 19?9:Mor;zov, 1987) lvhich in the rerns ot
1980) are 0) and (4) may be \rntrcn as

(l)

@".u =pnrC;ln +cr.srC,]s =min . (2)

with the ron-negalive weighting coefficienrs (* and ll, variarce natrix
w€ can obtan esrimalions for signal and nois€ in the t,, = f2C,.(C." +.tc,,)-r(C,. +C,,,)x
following fonn:

(C", + tC,,)-)C",
3 = C",(C-, +1C,,,)-rl,

fi = yC,,(C." +1C,,,)''t .

, (8)

x'irich tl1ay be derived in elemenrary \,vay by appj.ying
the famous covarialce propagahon rule O4orita 1980)
10 th€ estimation (4). NoIv it would be naturdl to
coNider the next jnleresdng case

jc". e".ll= |yrc,,. = *" (e)

fD' dre ir,nler detemun:tuol af I Here rhe lolln rs

Euclidean matnx nomt (Hom nnd Jollnsoq 1986)

l]A]'? = Trace(ArA) =trace(ae') (r0)

(3)

(4)

y=9t0. (5),p
Inview of(3) lu1d (.1), we can r€wflre (2) as

@, = n'c,ln +ys'c;]s - mi" (6)

The iuctional (6) is nothhg €lse bu1 Tikhonov's and A is a real natdx of general kild.
smoothing fufictional (likhonov arrd Arsenn! 1986) in A-fter some obvious lransfonnations. tie rcsidual

which the quaabatic fomr src.]s is frc srabilizs a d nutrix AC,, nuy be rcprose ted m drc form

Iisthereg larizalion p3rali]eter lt Ls obvious, that the AC,,=C".(C,"*1C,,)Ix
Lr.e t-l le-Js lo d.e tmdirional .e-c \qutuesco'r^., I
on 

'oluuon lcrcrorc. ". -," u.",..'., rq",,il'.ii- [-v'c", 2vC"' ( .] (lIr
locntion as the paltirle case of Tikhonov's regulariz- (C- +TC,,,,)-|C,,.
rion,Neymff 1979, Nflenheless or,r god Lonsists
of the detemrination of th" *g.,,lrrizarior;pr.-"r;.', 8ec?use Lhe cov'riance matnxes c"" and c,, are

in the irame ofthe rariational lroblem (6).' posju!€ delincd (Montz 1980), we can see that
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extremal propenies oi t]Ie nulnx AC,, are delfiled

oilr by the tenn

D,("r\ = .,y1C,, +ZyC,, +C.". (r2)

As a rcsull. the requircmenl

llD,(r)l = -*

2. Q asisoluti,.n pincipte

Another pdnciple, \.'hich can be used for the
deteminatron of tho regularizalion larameter, rs so-
called qlasisolulion pdnciple (Morozov, 1987). ft nuy
be w.ifle in dre iemls ofthe estinution (3) as

may be considercd as ar equivalenl of (he rcquhenlenl
(9) and lreated as corarialrce rurtsix analogy of
misclosure principle (7).

Minimum of lhe norm (13) holds 1br those values

oI y rvhich fulfil 10 the equation

(l-v)*

Ir'1c,.,11' *24c,,,11' *1c,",c,,.;]=o, 
(")

wherc the _scalar product" of synmetnc posiltve

defined ,natnxes C", and C,, is i[rroduced bY

analogJ wth the norm ( l0) i

(C.,,C,,)= 1.u""19,.9,,, ) = Trace(C,,C* ). (15)

Frcn (14), we g€t immediately flrsl rematkable
root ofthis algebraic equation

1 = 1. (16)

It does not depend on covariance matrixes C* afld

C,, and corresponds to tsaditiona] least squares

coltocalio solution of the system (l). Therefore, we
come to the impona corclusio1,l: in view of (9), thc
leasl squarcs collocalion Eoluton satisfies to the
covariarce matnx miscios0re pnnciple. Note herc lhal
the vatue (16) provides zero value of tl€ first order
deivative ofthe alrix (12) with respecl to y:

9o,rv) = ztt rrc,,,. (t'7t

From ihe square equation

y'llc,,ll' + 2iLc""ll' , (c..,c,,)=0. 1r11

lhat follows fiom (14) for T + 1. we clm find socond

appi opnate root

1=1+

This also provides minimun
realiz€s the solution of (6)
principle.

ilql = "".
(19)

where the value e, is connected with an a-prion
infomation about the size of the donain which
consisb of the solulion. In our case such infortnalior
is Fovided by lhe a-piod covmiance matrix of the
signal vector i together with the a-posteriori
covariarce matrjx ofthe estinatjon (l):

6,, = c",(c--' +1c,,)'1c,, + c,"1 *

1C,, * 1C,,,i 'C,,' 
(20)

wlu,h rs obkined o\ rpplyrng the co\ ariance

Foprgatron tule (Monlz, 1980) to (3). On this ground,

we are col$idering agarn dre nexl special case

lc," -t"lj=1rc"1 ='-", (2r)

where the residual matrix AC.. nray be represenled

in lhe for-m

AC- =C,,(C., + yC,,,)-' x

[y'c,, * z1c* -c""]"
(c"" +€,,)-1c,"

(22)

It js evident, that exFemal propedes of the natrix
(22) arc defined o ly bY the term

D. (y) = y'?C,, + 2yC' -C,, (23)

Thereforc. the requircment

llD"(r)ll= *" (24)

may be considered as an equiva.leru of the requi.ement
(21) ard Ueated as covariance matrix analogy oi qlla-
sisolotion pdlciple (19).

Ivlinimum of the nolm (24) holds for those values

of 1 wl ch tulfil to dre third-ordcr equation

y'llc.,ll' +:r'1c,,.c,,;+

'lrilc.l' 
- (.-,c..1]- il.-f =o

(2s)

on tlreThis equaloo may be solved bv iterations
grormd of recurrcnce fomDla

llc",llr+ (c...c., )
(26)

(13)

. (t8)

trolm (13) and
the misclosure

of the

y'llc,, l' + 3r(c,.,c,")+ 2llc,-ll'
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wilh the starling vah€ ,t=0. Because in (25) ,nd (26)
all matrixes are posilive defined, rve can see thal the
equatror (25) has onlv o e posirwe rool, which
belongs to dr€ lntenal

o.y .!

3. Smoothing.fa ctionalp nciple

Third pdnciple, which cin be used for the
delernunrUofl ol tJre regulan,/a[or pariuneler, ts ro-
called smoolhing tnclional pdnciple O,Iorozov.
198?), wlrich is provided by joinr applicarion oI fte
misctosffe and qursisolrtion principles.

So, once again. wc w;ll study rlle ne),l rninin1um

Auslria area. In this modeling, gr{'ity anonalies rv€re
computed by means of ECM96 (Rapp ,nd Nerenl
1995) gravlt\, model stitltinB iion the degree t8l up
to degree 360. Such field was co sidered as the
rosidual a{onraly field ard was processed by means of
the fonnul. (i) witi adopko fie varian.c ot the noise
001 mcal' \\hereac rhe \ar6nLc ol fie lesrdual
gmvity anornalies was about 2t0 mcal'?. Results ofthe
compadson of predicted signals with rhe modeled
gl'rvi!, anonalies are pres€ ed in the Table L

,T4ul,1_1"!olq{!!q4lg_sryqj!9s4!1!!edicrion
I Fornruld for lhc reAdurirr'on orran'erer't (,",- I-,tsi l rro,- f ,ro'

^4i" 
--- -nio-- rrlss-'-onrl *{1)x

Mnx. 0.031 0.501 i.021 0.021
I\r1ean 0.000 0 000 0.000 0 000
Sld. dev. 0.001 0 035 0.002 0.002

1 ]'4l r,.4rq q49)

As we can see, all approaches ied rc centercd
eslinutions ofthe slgnal. Morco\,€r. vahe o{ standard
dEviatior ol residuals is dependenl on the value of the
rcgularizaDon paralr)c1er. Ilre last. in fac.t, pro!ides a
level of rle srgnd sxroollung Althorrgh the relauvel)
great midmal snd nlaximal reeduals talrc plrc€ al the
border ofthe data area in the case oj,appticatio of the
misclosure pdnciple *ith formula (18), we obtarn the
stardard d€v-iation talue essentullv smaller ftan a
pnori given {alue of enots (0. I mcdl).

Condasions

As a resuli, ile have realized three alifferenl pdnciples
for the determirutio of the regulariz(iofi paraneter
b the variational problem of data processing. Tlrcse
principles are bosed exclusively on propenies of the
covariance maldxes and they Bre treated as a tlogies
of h?ditional p{inciples of rnisclosure, quasisohrtion
al1d smootling functional, rospecliveiy. lt is renarkab-
le, thal the classical case of lhe lezs1 squares colioca-
tion (wth the r€gularization pararneter equal ro l) was
oblajned as Dne of the roors of the equalioD corres-
po irg to thc misclosure principle. All consldered
pdnciples werc tcsted numencallv ard led to appro-
prate results of gmvity aromaly prcdiction.
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(2 7)

llD,(./)ll' + lD,(1)l' = min ()8)

hr the terms of nomls (I3) and (24) we co e to the
thjrd-o'der equa!on

z1' c",, '+:1'1tc,,.c,,) lc,,f l-r
2?llc i - c,,'-rc .c,,,)1, (,el

(c.-.c"")-1c,. l' = o.

Ii rnay be shown, thal this eqrlalion has ontt, one
po.i'rve rool dnd rnr) be rolved b) ,lcrcrions wiih dr.
strrti g value F0. Iterations may be realized by the
Newton recurrence formda

/,(v)
| = U.\tl

(10)

in lvhich

f,(Y) = 4t' c"," *

'i,[tc.,.c",'1 1c,,1,f (31)

lc",1l' - (c",c",),

l; (r) = 3y1lc,,lJ'? :

4. Numeticol testin?

Numerical examiDrion of the above considered
approaches to the delemination ol the regulatization
prrmeter wfls crmed olr on $e brsis of procesrng
ol 2240 modeled gr !rD anom.li€,. dsurbure,l o\'er

:r'[c.,,c,,i-t1c,,,,1']* 6a

I 
c,, ll', (c.",c,,)+ lc,,ll'.
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O A6nrrocoB
ffO BI4HATIEHTUI NAPAMEI?Y PEry"{PI43AIII] Y EAPiA{tr4HM 3AAAII OEPOEKIA ,4AHI'{

Po3r.rfiryri rpn pfuHi npflrflryrn,l Br.Bfiaqefir{t raprMetpv peryffpll3ar{li y }apiaqiludii ]aaaqi o6po6s aalflrx. ql
rynrflrun ryysylorbcr Jrxrne na Brracfl{locrtx (oBapiar{iiir{IA Maplfl& !i TpaKr:tloTbct I aHajrorir TpJ,4llntHux
npnr4rniB {eB'{3(I,. $a3ipo3B r3q m 3rna4ir!'}oqora OyHrqioHijrl. Klladffflnil Bltrlarlol( capeIH}oi nBaApa-

rn rHoi nonomqii (3 rupaMerpoM pep1.]1'plr3arrii, piBrrrrM l) 6yB oAeprloHx tK oAfiH 3IopeHfu piBlLtHUi. uro

BiEroBiaa€ r1pftiulltrI'\, HeB r3rsr.

O. A6pnrccoB
OE O'IPEMNEH]4H NAP,AMETPA PE|YjUIPA3A44H B BAPT,IALMOIIHOI' 3AAAqE

OEPASOTKI.I IAHH}IX

PaccMorpenH rpn pa3n{q ,rx npr{Hrurna o4peaenel{flt fiapaMerpa pery'lsprt3:rlrnn 3 BapfiiiquoHHoi 3ra19e

o6pa6orM ,uaxHux ?Ia npnsql,lnH ocHola{6l miltxo Ha c}oficmax (oaapxaurcBfiloi Malplq Ir rpamysrct mt(
afia-1o .fn TpaArdll,roHlrux trpnHqlmoB seB*Iqt, K]asnpeueH[rl It crnatqBauorqero 4rt_I{krlltotrtula. Kjlaccrl'rec(trii
cny.aii cpeaneii xar"{paraq€c(oir l(onfioKalrjt (c naPaMerpor{ peryntplr3alllrl, par$[B{ l) noi}\eH fia( oAitx I43

Kopfi cil tpa3fi eHl{rr. coorBercrBymlllero np{I{qrtry IieBJr]Rt{.

IIOEyAOBA A,'TbTUMnTPO-rPABIilIETPUqHOTO rEOinA METOAOM
CEPEAHI,OI KBAAPATtrqHOi KOJIOITAUII 3 AOAATITOBIIMtr VMOBAMU

3.P. Tapra.rrHcH{a

geprcacqun rdzeryumen "Jlbsiaoka onbnexnix.1")

Dcmt"l

flpo6ne{ir Bucol(movHoi l1o6y!o]n ocnoBHoi piB-
HeBoi noBepxai - reoiAa - € Ha?$B[qaiHo 0rffla,Il-
rorc. II pdB'ByBarflr{M 3aiiMaer6cr 6ardro Halxolo-
AocniaHrrx ycraHoD n r4roMy cBin. 3ol?eMa - Mix-
Haponm cryx6a reolAa, ri(a e cKrraaoBoro qacTfiHoro

MirisaporrHoi acouiaqii rcorc3ii
lla chororHr polpo6rcsa {xrhi. veroruB qru lo-

]Bon uor! po1B r n rQ('6ncM\ . rhv'Lr rrr!.flr prB-

{ev m!fioc . TaKi MeroA[ Biapi3HnoTEcr rK Teope-
rr+rsfiM o6rptlrryraHnrM, TaI{ i oopi(oro trpeAcT a-

Atranirrqra oop]lra npeAcraBrreEn reoii.4a rpys-
ryerbcr H, anporcnMaqij 36rprcrcqoro noreH4ia-! ?'

na6opaMlr opTolo{axb}rrx a6o Harjr! Heoprorolra.r!-
HUx 6rucHy\ .!\ H'-lUn Cepe! DdnoBr rrofl\ veloiiiB.
tid ran,b aHarxrr,r.lHJ nperlrrBneHM rcoial. Ltr
Bla3Ha.flrTn MeTo.n nocJnAoRfiolo Mi,nhTunorI6lrofo

axar8a [3], B ocfioly riroro [oMa]Iem a[poftcrMa{it
6yporo'{oro noroHAiary Heoproror{arrlr.rrMr nmeH-
rriajl}Hfi fi OyAKrrixMJr fioreHrlianaMa r{eq9flTp:rnr-
roft PJji,,nt xr tf).Brrrno.oB PeJ!n5rarn. o,Iepxuur.
npn 3acroc]ljlr ri rForo Meroaa. MoxHa 3iraii_flr B

voHorpaoii [3]ra B po6orax [5,ft.
llficroBa ilopMa npeAcraB.reErr reoiAa ,BJue co-

6om qltyulricrl 3l{aqel{} Blrcor reoiir, o6.flrc,1eHxx
nu llyJxB aerhor pcrv rrpHoi c'r'{r1. c epe.r Merorrs.
uo 3a6$rcalrloTL slfi&arleHHr reoj,la r rardi OopMi,
BiA3Haer.rMo vemA lnBlrjlxoro rcperEopefiflr qt]?'e

[2] i Msroa cepeanLoi (Ba.qparrflnoi rcnor.ariii Ul,
.rnrif, Bn€ e (racr.rHuM. HeodxiAno riFA€cfl.tTu. qo
Be3lzDnaloqrj Ha r{drBHic"rb rloBo,.ri Berrxoi cyKym{oc-
ri pi3sovaldrnnx MsroAiB, MeroA noioxfllii ro cBo-

' roArli 3ajr{[ra€Tr,cr q]{ fie ocIroBHtM MeToaoM sE3r{a-
qerJHr reoiaa B uo6airbnoMy, perio{anbnoMy m no-
xr,rrlHoMy !racrrri:!64x.

62


