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B pobomi posenanymuii 3a2anshuii ananimuyHuil po3e *A30K 3a0a4i 3HAX00HCEHHA GIACHUX YUCEN
ma 61ACHUX 8EKMOPI6 CUMEMPUUHO20 MeH30pa Opy2020 paHzy . Bukonana ix oyinka mounocmi
Ha OCHOBI NpasUa cmMpo2020 nepemsopenna Kosapiayiii . Po3e’a3zanna npoinlocmposano na npuxnadi
3HAXOO0XHCCHHA BNIACHUX HUCEN MA 61ACHUX 6eKMOPie men3opa spasimayilinozo cpadienmy .

B pobome paccmompeno obujee anarumuyeckoe peutenue 3a0a4u HaxoncoeHUA coOOCMEeHHbIX
yucen u cODCMEEHHBIX 8EKMOPOE CUMMEMPUYHO20 MEH30PA 6MOPOIl 8ANEHMHOCIU .
Boinonnena ux oyenka mounocmu Ha OCHOBAHUU HPAGUNA CINPOZ020 NPEOBPA30CANUA KOBAPUALLIL .
Pewenue npouniocmpuposarno na npusepe HaxoncOeHus COOCMEEHHbIX YUCET U CODCMBEHNbIX
GEKMOPO8 MEH30Pa ZPAsUMAKUOHKO20 2paduenma.

Introduction

The study of the Earth as a planet leads in practice of geosciences to well chosen mathematical
methods solving various tasks of Geodesy, Astronomy, Geodynamics, etc. Very often different
applications in natural sciences may have the same mathematical tool. Tensor analysis represents one of
such general approaches: “A particularly important role in applications (physics, engineering) is played by
tensors represented by 3x3 symmetric matrices: strain tensor, stress tensor, inertia tensor, etc.” (Moritz and
Hofmann-Wellenhof, 1993). The Earth’s inertia tensor, in view of the planet’s rotation theory and density
distribution, was considered by (Moritz and Mueller, 1987) and Moritz (1990) using mainly the coordinate
system of the principal axes of inertia. Determination of the principal deformations and the orientation of
the principal directions is one of central tasks of the strain tensor theory. Hence, the transformation of the
mentioned 3x3 symmetric matrices to the diagonal form requires the solution of the eigenvalue —
eigenvector problem that is the point of departure to obtain the principal values and principal directions of
the corresponding tensors in various applications.

A suitable analytical solution of such eigenvalue — eigenvector problem for one partial case of the
matrix—deviator was given by Marchenko and Abrikosov (2001) and was developed essentially by
Marchenko and Schwintzer (2003) for the rigorous error propagation from the 2nd degree harmonic
coefficients of the geopotential and dynamical ellipticity to some fundamental parameters of the Earth. The
last paper represents rather a geodetic treatment of the problem.

Permanent using of the remarkable textbooks of Professor Helmut Moritz, my translation into
Russian of his book “The Figure of the Earth”, and numerous scientific discussions in TU Graz and
different meetings (1983, 1988, 1990, 1991, 1992, 1993, 1994, 1996, 2000, 2001) together with the
mentioned investigations are provided, in particular, the author’s general viewpoint on the above problem.
That is why the main goal of this contribution is to extend the previous studies to the analytical solution of
the eigenvalue — eigenvector problem, including the rigorous error propagation, for the general case of a
tensor of order 2 represented by 3x3 symmetric matrix. As an example, the derived solution is applied to
the gravitational gradient tensor (Moritz, 1989) using the dynamical model of the Earth’s gravitational
potential.

" Paper was written to the Festschrift for Prof. Helmut Moritz on the occasion of his 70 birthday
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Eigenvalue-eigenvector problem

As well-known, the principal values and principal directions of the tensor T=[¢,] of the second order
represented by the 3x3 symmetric matrix (Kochin, 1965):

hy hy b Le Yy U
T=(t, tp I3|= Esant s (1)
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and defined here in an adopted Cartesian coordinate system (x, y, z) can be found from the solution of
eigenvalue-eigenvector problem. In order to prepare the error propagation we prefer to use the analytical
approach to this problem and the suitable separation of the tensor T to the following two parts
T=T+D. )
The first one is described by the factor y:

_ traceT

T =y I, traceT =1, +1  +1,, 3)

and the diagonal unit (3x3) matrix I or the Kronecker tensor. The second one represents the so-called
deviatoric part or the deviatoric tensor (Kochin, 1965):
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The matrix (4) has remarkable properties. For instance, the first invariant of (4) is /; = traceD = 0.
Note also that both tensors T and D=[d;;] have the same principal directions. The following relationships
for the second invariant of (4):
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I =—5[|Dﬂﬂ_i = <0, (5)
is valid for an arbitrary matrix-deviator and can be found straightforward by comparison of 7, and the

33
squared Euclidean norm ||D|[fta =22d§. of the matrix D. The latter leads to the identical algebraic
i=l j=I

equations solving the eigenvalue problem for the deviator (4):
1
R +LA-I; =0, JI.S—EHDH;A—IszO, 6)

taking into account the relationship (5). We prefer to use below the solution of the second equation of (6)
and get the eigenvalues A, A,, and A; of the symmetric matrix (1) in the following form
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where the eigenvalues (Z,j;,j;) are the so-called normalized solution (see, Marchenko and Abrikosov,
2001); the characteristic angle ¢ is expressed

MENGS

@=sin [——7=—=1, (8)
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via the usual Euclidean norm of the matrix D and the third invariant /;
I, =detD. )
Then any eigenvector X, corresponding to a certain eigenvalue A; or A;:
x; mabdi g ), (10)
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can be found according to (Marchenko and Schwintzer (2003) through the non-unit vectors Z, (j=1,2,3):

Z,=P+AS+AE, (11)

P=t, Xt, +t, Xty +t,Xt, =T, -t, +T; -t, + T -t, , (12)
S=t +t,+t; , (13)

E=e¢ +¢,+e;=fl 1 1], (14)

(hereafter the symbol T denotes transposition) where the matrices T, T,, T; are defined below by
(32)-(34) and
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are the column-vectors of (4); ey, e,, e; are the unit vectors of the matrix I.
Error propagation for the eigenvalue problem

The result of solution of the discussed problem is a set of closed expressions reflecting a functional
dependence between eigenvalues and eigenvectors of the matrices (4) and (1) and their components. This
fact allows considering the error propagation from given elements to the principal values and principal
directions.

We start from the deviatoric part (4) using the following auxiliary vector

t_[trx’ Lyyslazalyt xz’)z]r (16)
which is formed by the six components of the tensor (1). Thus, the vector t and its (6x6) variance-
covariance matrix C, are adopted as given initial information. Then, following to (Marchenko and
Schwintzer, 2003) and setting the vectors

“BOA@ALOT,  3=[pe). 0] a7)
we introduce the (3x6) matrix
o _
ot o ot %)

of partial derivatives of the eigenvalues A;, A,, and A; of the deviator (4) with respect to the elements of the
vector (16). After simple manipulations we get the first component in the right hand side of (18) as the
(3%2) matrix
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The second component or the (2x6) matrix may be formed as
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where t;, t;, and t; are the column-vectors defined above by the relationships (15). Using the standard
expression for the squared Euclidean norm ||D||i,3 , the (6x6) matrix a is found by direct differentiating
(aJ/at):

(2 -1 -1 0 0 0]
=1 2"=10"0"0
=1 =1."2" 70 0:0
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The (3x6) matrices A;, A,, and A, are represented by the following derivatives:
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Thus, the relationships (19)—(25) allow the error propagation for the computation of the (2x2)
covariance matrix C,; of the invariants ||, and Z,:
I _ (arY
C,=—C,|— |, 26
I at tt[ at ] ( )
the (3x3) covariance matrix Cy; of the eigenvalues A;, A4,, A; of the deviator (4):

QL (oY "o, (Y
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the variance var(y) of the parameter Z—TraceTB-

ax dy 1
= % —==—l; 1, 1; 0 0; 0}, 28
var(y) = ( = ] == 1 (28)
and the (3x3) covariance matrix CM of the eigenvalues A, A,, A; of the initial symmetric matrix (1):
N g oY
=|E*+— E-—5+— 29
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where the vector E is defined by the expression (14).
Error propagation for the eigenvector problem

The eigenvectors X; (j=1,2,3) are nothing else but the unit vectors with the same directions as Z,
Nevertheless it is sufﬁcmnt to use Z,, Z,, and Zs, which give access to simpler expressions for reqquecI
derivatives (see, Marchenko and Schwintzer, 2003). Remembering the definition (15) of t;, t,, and t; we
come to the non-linear functional dependence (11) on the six components of the vector t:

Z,(t)=P(t)+2,(t)- S(t)+ A2(t) E (30)
The differentiation of (30) with respect to the elements of t and some elementary transformations
gives the (3x6) matrices of partial derivatives

b I ——+,1 (s 22, E)—— (=1,2.3). 31)
ot ot
where the (3x6)-matrix dA/dt is determined already by expressions (17)—(25).
Then we introduce the auxiliary skew-symmetric matrices
0 ~t,, L)
T =| 1. 0 =2 =t =1 )13 (32)
=t U@t =1 0)/3 0
0 Sl G =1 =1.)/3
T, = 1o 0 ~t ) (33)
=@ )= b )IB ity 0
[ 0 —Qt,—t,~1,)/3 1,
T, =) @i 1= 1)/3 0 =t |y (34)

constructed for every vectors t;, t,, and t; respectively. Omitting here algebraic manipulations, we get the
final relationships for the required (3x6) matrices as

aal: (T, ~T,)A, + (T, T, A, +(T, - T)A, , (35)
‘;—S-A +A,+A4A,, (36)

where A, A,, and A; are defined by (23)—(25). Therefore the relationships (18)—(25) and (35)—(36) allow
computations of the partial derivatives (31) and the variance-covariance matrices C 22"

0Z,
Cyz, =—at—c . | (37)



leodesis, kapmozpagbisa i aepoghomosHimarHa. Bun. 64. 2003 49

Let @, and /TJ denote now the geocentric latitude and longitude of some pole where the straight line

Z; cuts the unit sphere. These coordinates can be expressed through the components of the vectors
ij[zfsziiszif]rz

) — "; .
?; =sin"[;—3] ; A =tan"'{:—i_] ™ 5o :JZ}ZJ " (38)
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that gives the partial derivatives of the elements @ e }{_J of y, = [6}., Z;]T with respect to the components

of the vector Z,. The result is the (2x3)-matrix
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and the required variance-covariance matrix ijw; :
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Gradient tensor and concluding remarks

Note in conclusion that the analytical solution of the eigenvalue-eigenvector problem and error
propagation are given above for the symmetric matrix (1) of general kind. In the case of the error
propagation for the eigenvalue problem the expressions (17)-(29) represent the generalization of the
previous results from (Marchenko and Schwintzer, 2003). Excluding a general form for (32)—(34), the error
propagation for the eigenvector problem is performed in the same manner. Since the inequality 772 < @ < /2 is
valid for the parameter (8), the consideration of the limited cases is necessary. We will illustrate briefly a
possible example using the dynamical model of the gravitational potential of a planet.

Let the external gravitational potential V of the Earth is given in the global body-fixed Cartesian
coordinate system Oxyz together with the derivatives 0V /dx, d¥/dy, and dV/dz at the current point P.

To reduce the algebraic manipulations we apply according to (Marchenko, 1991) the following model
representation of the function V' by the potential of one non-central point mass

V(P):GTM, t=((P)= \Hx—xc)z +(y-yo ) +(z-2,) , (41)

where M is the Earth’s mass; G is the gravitational constant; x, y, z are the coordinates of the point P; x¢,
Ve, z¢ are the coordinates of the instantaneous attracting center located at the point C of the planet's
attraction; { 1is the distance between the points C and P. These coordinates can be found in the following
way

F F, F
xc=x+f7:—, _vc=y+f?’, zC=z+f—?, (42)
_7(P) v Y (avee)Y (vee)Y oM
f_F(P), F(P)= [ = ]+[ 5 ]+( = ] FoiE (43)

The expressions (41)~(43) represent exactly the external Newtonian potential of the solid Earth and
the corresponding attraction vector F (with the magnitude /' and the components F,, F,, F.):
F=(F,F,,F, )=@v/ax, av/dy,aV [oz)= gradV , (44)

by the potential of attracting center in the frame of Newton’s law of gravitation.
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The non-deviatoric gravity gradient tensor or Eotvos tensor W, which is considered traditionally in
the local coordinate system (Eotvos, 1896; Moritz and Hofmann-Wellenhof, 1993), consists of the
gravitational V (deviatoric as a consequence of the Laplace equation) and rotational ® parts. We will form
the tensor V in the global coordinate system (see, Moritz, 1989) using the 2nd order partial derivatives [V}]
of the model (41) with respect to the coordinates (x, , z):

ARRLE TR bl L A
V=Wl Vo Kall =W, o, W=

x w P
VI3 V23 . V33 pi\:z Vyz VZ.Z
| 3RS =0 Bb=xe)G=ve) 3e-xc)E=zc)
=L =X )=ve) 30—y ) =0 -y )e-zc)|. (45)

3e=xc)e~2c) 30—y )e—2c) Se—zc) =0
Then the substitution of (42)—(43) into (45) gives
1 3F}-F* 3FF, 3F,F.
V== 3EF, JE-p 3EF. | (46)
3F.F, 3F,F v\ 3F} —F?
the gravitational gradient tensor corresponding to the model (41). Because all invariants of the matrix (46)

are independent of the linear transformations of the coordinate system by applying the relationships
(3)-(15) we get at any P:

S LTt ) ) i

I,=traceV = 0, [V[5. = AR T ek (47)
the constant value of the characteristic angle ¢:
@=sin"'()=x/2, (48)
the diagonal form of the deviator (46):
A0 O -F 0 0 -V 0 0
0%0=%0—F0=£2—0—V0, (49)
0 0 A OS82 0 0  2r
and only one eigenvectors Xi:
X,=F[F, F,, F[=F" grady. (50)

The eigenvalues A,=4, and A5, given by (49), can be proven using the Hamilton-Cayley identity
written as (V-A1)*(V=A;1)=0. But the equations (10) — (15) lead in this case to impossible by the
definition zero eigenvectors X,=X,=0 caused by the model (41). Other difficulty is that the derivatives (18)
have uncertainties for ¢=+7/2 caused by tan(¢) in the expression (20). Hence, the error propagation when
@=*m/2 is unworkable and requires a special attention.

Remembering the important role of the gravity gradient tensor W in the differential geometry of the
gravity field, we consider a possible geometric treatment of the gravitational gradient tensor V given by
(49). For this reason, the Gaussian fundamental quantities of the first (E A F ) 5) and second (E, M L R})
kinds are derived for the equipotential surface W(x, y, z)=F,=const, passing through the point P, by

applying (41) explicitly
2 2
~ ~ FF i F:
E:]J,[%_], FoBEy G=l+(——}-], (51)
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L0 e sepR ~ FF ~ F?_F?
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The Gaussian fundamental quantities (51) and the unite vector (50) allow to determine the
orthonormal eigenvectors X; and X,:

=p[F,0-FT, X, =F'-F.F,p", p-F,F.p° [ . p=[F2+ 2, (53)

taking into account the obvious condition for the vector product X;xX;=Xs. These vectors (X;, X,, X3)
form a moving together with the attraction center C orthogonal triad where the unite force vector X is
normal to the surface V(P)=const and two vectors X, and X, span the tangent plane at the point P.

Then, considering P as belonging to this eqmpotentlal surface, the Gaussian curvature at P can be
found in the following way

st : (54)
EG-F. {2 . F>
The mean curvature at P is expressed now via the distance to attraction center

J= EN- IU*";M"-I—GL__1.=:?_*"'= (M +4) (55)
2AEG-F?) s 2Fawi

Since the principal curvatures k#k, of the equipotential surfaces of the actual potential V' are
assumed to be always positive (no singularities in the gravitational field), they characterize surfaces of the
elliptic kind. In the frame of the chosen model (41) we get k;=k; at the point P due to A=A, and only point
approximation of the surface V(P)=const of the elliptic type by surfaces of the spherical kind defined by
the model (41) (despite of the exact representation of the given F,, F), F,, and V). The mean curvature (55)
in the case (41) can be treated as a simple ratio “Attraction/Potential” taken at the point P. The radius of
this curvature is nothing else but the distance ¢(P) between P and the attracting center C. The Gaussian

(54) and mean (55) curvatures of the equipotential surface are proportional at P to the values F and V,
respectively. In the case of the gravity gradient tensor W=[W;] or Marussi tensor [w; = —W,/g], the same
results can be found by applying the limited case @w—0 for the angular velocity @ of the Earth’s rotation
when the gravity g—F is transformed to the force F.
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