
44 feoAe3,ia, raryoepahih i aepobom@HiMaHHe. Bun. 64. 2003.

yIK 528.21

A.N. MARCHENKO
Lviv Pollrectrnic National University
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A A.N. Marchehko

B pofomi polawnltmti 3o2o.,t6 ai ananirrra.lttai pBe'*toK 3adaai S\axalJtce nt snacgax quceq
na eractaux seKmopis cltqempu.utozo me8opo lryzozo paA4. Btakoaa&a Lt oqiaKa moqiocmi

t$ oc4ooi npaauna cmpo2ozo ,repemsope Lt Roaapiaqii . Poss\3aEaL ,tpohtocnposa&o na paKradi
3At tootceEka eJracnut qucer ma orac,rut aekmopia ne8opa zpaeit ta4iAtrozo zpaAi€Hm! .

B pofiome paceraompe o o6a4ee a4o,numr4ecr@e peute&ue ,olaga ,raxoxleAetrat co6ct tieqnwx
4 ce.r a codcrrrseA$&* eekmopos cu,rr.Hempuq$o2o ,tEu,opa smopoi eane rrr ocmu .

B onqeua at oqeqKa moqqocrrru a oc4oaafita npaotuls cmpozom npeo1pa3osa\utt Kosapaa4ui .
Peueque npou,wcmpupoea4o a npkJ4epe Eeto clenut coflcrnseqafit,tacet u codcrnaeq btx

geKmopoa rne topa ?paeuma4aoaaozo epaluexn t.

Introduction

The study of the Earth as a planet leads in pmctice of geosciences to well chosen mathematical
methods solving various task of Geodesy, Astronomt Geodlnamics, etc. Very often diflelmt
applications in natural sciences may have the sam€ mathematical tool. Tensor anallnis represents one of
such general approaches: "A particularly imponant role in applications C'hysics, engineering) is played by
tensors represented by 3/3 symmetic fiatrices: stain tensor, st ess tensor, inertia tensor, etc.,' (Moritz and
Hofmann-Wellenhof, 1993). Th€ Earth's inertia tensor, in view ofthe planet's rotation theory and density
distribution, was considered by (Moritz and Mueller, 1987) and Moritz ( 1990) using mainly the coordinate
s)stem of the principal axes of inertia. Detemination of the principal deformations and the orientation of
the principal directions is one ofcentral tasks ofthe str-ain tensor theory. Hence, the transfomation ofthe
mentioned 3x3 s',rnmetric matrices to the diagonal form requires the solution of the eigenvalue -
eig€nvector problem that is the point ofdepartue to obtain the priDcipal values and principal dircctions of
the corresponding tensors in rious applications.

A suitable anal'tical solution of such eigenlalue - eigmvector problem for oDe partial case ofthe
matrix-deviator was given by Marchenko aDd Abrikosov (2001) and was developed essentially by
Marchenlo and Schwintzer (2003) for the rigorous error propagation from the 2nd degree harmonic
coefncients ofthe g€opotential and dFamical ellipticity to some futdamental para.ineteB of the Earth. The
last paper represents rather a geodetic t€atment of{e problem.

Permanent using of the remarkable textbooks of Professor Helmut Modtz, my translation into
Russian of his book "The Figure of the Ebrth", and numerous scientific discussions in TU Gmz and
different me€tings (1983, 1988, 1990, 1991, 1992, 1993, 1994, 1996,2000, 2001) together wirh the
mentioned investigatiods are provide4 in particular, the author's general viewpoint on the above problem.
That is why the main goal ofthis contribution is to extend the ptevious studies to the analytical solution of
the eigenvalue - eigenvector problem, including the rigorous erlor propagation, for the geneml case ofa
tensor oforder 2 represented by 3a smmetic natir. As an exampl€, the derived solution is applied to
the gravitational gradient tensor (Moritz, 1989) usitrg lhe dtramical model of the Earth,s gravitarional
Dotentral,

'r Pap€r wd wit&n !o the Fdtschriff tur Prcf. Helmd Mone or the €casion ofhis 70m birthdav
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ElgeDvdue-eigenvector Problem

As well-ktrown, the principal values and principal directions ofthe tensor T=[t, ofthe second oder

represented by the 3x3 slmmetric matrix (Kocbin, I 965):

Ir', r,, r,,l It" /" r-lT=l\, t)2 rul=lr* t* t.l. (l)
t-til
L/rr r71 tBl ltz rr tz l

and defined here itr a.n adopted Cartesian coordirDte system (t, ),, z) can be found ftom the solution of
eigenvalue-eigpnv€ctor prcblem. In order to prepare the error propagation we prefer to use the anal,'tical

approach to this problem and the suitable separatio! ofthe teosor T to the following two parts

T=T.tD.
The frst one is described by the facto. ,

T=l.l =:::j:.1. traceT = ro + l_ + /..

add the diagoMl unit (3x3) matrix I or the Kronecker tensor The second one represents the so-called

deviatoric part or the deviatoric tensor Kochin, 1965):

3

Q)

(3)

3

The matrix (4) has remarkable properties. For instatrce, lhe first invariant of (4) is 1r = traceD = 0

Note also that both tensors T and IF[da] have the same principal directions. The following relationships

for th€ second irwariant of(4):

1, =-+i4i, - 1,<0, (5)

is valid for a.n arbitrary matrix-deviator and can be found stnigbtforward by comparison of 1, and the

14, d,, d,'l
D=1d,, d', dr,l=

ldB d8 dr' l

-t L)t -t
6 --------. (4)

squared Euclidean r"r. ilq||, =t:d; of the matrix D. The latter leads to the identical algebraic
,.1'/=l

equations solving the eige nvalue problem for the deviator (4)i

| - ..,
,tr +/,,1-1, =0 . ,t --lDll'-,1-/"=0.2",.

taking into acco@t the relationship (5). We prefer to use below the solution of the second equation of (6)

and get the eigenvalues  r, Ar, ad Ie ofthe syDmetric matrix (l) in the following form

(6)

^,1 l,'" r, l - li ,i., 
1

l:l='.1t' ij='6 
ru"' ii kl=

.(o r\
srn| --- |

f3 3J
.o-sm- .

1

. lQ .,t I

(l 3.,

(7)
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where th€ eigenvalues ( \,ir,i") ue ta" so-"^ed normalized solurion (see, Marchenko and Abrikosov,
2001); the characteristic angle gis exprcssed

(, = sb-rl 
r'/o:'3 l.'-- lil"iltj' (8)

via the usual Euclidean norm ofthe rnahix D and the third invariant 13:

13 = detD '
TheD ary eigenvector \ cofi€sponding to a c€rtain eigenvalue .! or A/i

x,=fi2,. u.=t,z,t), (ro)
'lz)z'

can be found according to (Ma-rchenko and Schwintzer (2003) thrcugh the non-unit vectors ZJ 0=1,2,3):

(e)

(11)

(t2)
(13)

E =el +e?r€3=[ 1IL 14)
!*:"il:.r ft: stmbol T denotes rransposition) where rhe matrices Tr, Tr, T3 are defined below by(32)-(34) and

lzt.-r,-t,l | , .l

t_____--:_t | .n 
I

' =l 'r l'"=l'" 
-i-'l 

" 
=

t " I t '" l

Z j =p + ArS+ LjE ,

P=trxt2 +t2xtj +trxt, =Trt.tr +U.t, +T,t.t3,
S=tr+tr+tI

3
arc the column-vectors of (4); eL eL % are the u_nit vecto6 ofthe matrix I.

Error propagation for the eig€nvslue problem

The result of solution of the discussed problem is a set of closed expressions reflectmg a linctionar
dependence betwe€n eigenvalues and eigenvectors ofthe matrices (4) and (l) and thei_r components. This
fact allows considering the €ror propagation ftom given elements to tt" pdncipai vutues _O 6n"lpatdirections.

We start from the deviatoric part (4) using the follovdng auxiliary vector

t =f -,r,,t.,,r,t -,, *1, (16)

(l s)

which is formed by the six components of the tensor (l). Thus,
covadance matrix Cr are adopted as givetr initial infornation.
Schwintzer, 2003) abd setting the vectors

the vector t and its (6x6) variance-
Then, following to (Marchenko and

r-h0)r,,(r)4(J)1",
'=[q,1;,,r,r,f , (t7)

we inhoduce the (3x6) matrix

al_ar.aJ
t-al at ' (18)

of patial derivatives ofthe eigenvalues ,,r, &, and & oftlrc deviator (4) with respect to th€ elements ofthe
vector (16). After simple manipulations we get the frst component in the dgh; hand side of (lg) as the(3r) natrix
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wher€ tr, t2, and t3 are the column-vectors defined above by the relationships (15). Using the standard

expression for the squared Euolidean norm llnlll,. tte rox6) matrix s is found by direct differentiati[g

(aJ/at)i
2 -l -l 0 0 0

-l 2 -1 0 0 0

-1 -1 2 0 0 0

0 0 0 600
0 0 0 060
0 0 0 006

*- *6t.;o 
a$Jt, r= tr,ol,

o=ro o ot' +P=-'l-*1;l
The second component or the (2x6) matrix may be formed as

.=f4el=r ,'a 
Iat 

[ + .l 
Lrt' "t,t''l'*rt''t])tA,+tt,x!,)rA, l'

2

3

(le)

(20)

Q2)

Qr)

Q6)

The (3x6) mahices Ar, &, and A3 are represented by the following derivatives:

. *,n, r[i ; ; : ::l e3)",=--=tl;;;;;il
dr,.) fo o o 3ool

",=;=*l-,:-roool. Q4)

L0 0 o o o 3l

. ,.,u ,to o o o 3 ol

^,=,*-=rl o o o o o:1. Qs)

L-l -l 2 oool
Thus, the relationships (19){25) allow th€ eno! propagation for the computation of the (2r)

covariance matrix Cn ofthe invariants llDlli. and ,I3:

",,={""f{]',- dt -\dt,/

the (3x3) covariance matrix Cu ofthe eig@values ,q, ,L, ,2,. ofthe deviator (4):

c,, dr- t'ar \t al^ /arf=a,"[a,J=att'la.lj '
(27)



feod@ie, Kapnoepaei, i aepoeomo34iMaHlr. Bun. 64. 2@3.

the variance va(l) ofthe pammeter Z=TmceT/3:

,*o,=l*(*1, $=]rt ,, ,; o; o; ol,

and the (3x3) covariance matrix Cr{ ofthe eigenvalues Ar, ,\2, d] ofthe initial s}rhmetiic matnx ( I ):
/ r". 1.\ / 1 ..\T

c^^ =lrg+g p"f ag-g I . t2e)\ dr dr,/ _\ dt dt i
where the vector E is defined by the expression (14).

Error prop&gation for the eigetrvector problem

-, The eigenvectors & (F1,2,3) are nothing else bur the unit vecto$ with rhe same directions as z/.
Nevertheless it is sufficie\t to nse Zt, Za, ar\d 4, which give access to slmpler expressions tor requirea
derivatives (see, Marchenko and Schwinrzer, 2003). Remernbering the aefinition (iS) of q, tr, and r, we
come to the nonlinear fimctional dependence (l l) on the six components ofthe u""iori,

z, (t)= r(t)+.1,(t) s(t)+.lj(t) r. (30)
The dillerentiation of (30) $rith respect to the elements of t ard some elementary transformations

gives the (3x6) matrices ofpartial derivatives

dZ' dP 'ts;i=;+,t,::,{s.2,i E#. v_r.2.jr.
where the (3x6)-matrix aX,/& is determined already by expressions (17H25).
Then we introduce the auxiliary skew-s),rnmetric matrices

(28)

'l;
',=l. 

L-,,,, - t* - t,,) t3

(2tD-t*-t.)t3f-rl
-t*-t,;tz t,l; ;"1

(2t-

0

-t, t,, Io -(2t_-t y - t,,)/3I,
-tn-t".)/3 0 |

0

(31)

(32)

(33)

o=fo'--')-'''''
constructed for every vectors tr, t2, and t3 rcspectively. Omitting here algebmic manipulations, we get the
final relationships for the required (3X6) matnces as

where Ar, &, ard A.r are defined by (23F(25). Therefore the relationships (18)125) and (35H36) allow
computations of the partial derivatives (3 I ) and the \,?riance-covariance matrices Cz 

" , :

Q4\

(35)

(36)

.,,",=+"^(+l (37)
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Let q, and ,1, denote now thc geocentric latitude and longitude ofsone pole where the straight line

Z-l cuts the unit sphere. These coordinates can be expressed through the components of the vectors

alrz,=lt'.zi.zil:

49

*=.'"'(;l' o=*.'[+J, p,=^Er, (38)

rhat gives the partial derivatives of the element s E , , tr, ot 
'4t , =fu; , ' 

l',f with respect to the components

ofrhe \ ector Zj. The result is lhe {2\ Jlnatrir
| -t -t -i-l

olt, I r,p; t,p;
az, I z! zi

I r' r.'
T] v (3e)

(40)

(41)

and the required variance-covarlance matrtx C*,*, 
'

av, )- av, az, ^(ay,oz,\l
aE )= ;)r." ar'"lr\ " l

Gradient tensor and concluding r€marks

Note in conclusion that the analltical solution of the eigenvalue-eigenvector problem and eror

propagation are given above for the s]'nmetric matix (l) of general kind ln the case of the error

propagationfortheeigenva|ueproblemthecxpressions(l?F(29)representthegeneralizationofthe
previous results lrom (Marchenko and Schwintzer, 2003). Excluding a general fonn for (32)- (34), the elTor

propagation for the eigenv€ctor problem is performed in the same manner' Sincc the inequaliiy ,r/2 < q < t/2 is

valid ior the oarameter (8), the consideration ofthe limited cases is necessary. We will illustrate briefly a

body-fixed Cartesian

at the current Point P.

the following model

r=!!J. rtpl=
F\P )

(12)

. (43)

av. (

u'."'I

possible example usingthe d]'namical model ofthe gravitational potential ofa planel

Let the external gravitational potenlial ,/ of the Eanh is given ii the global

coordinaie s)stem OtJz together with the derivatives dll /dx , dV ldv . and Al/ idz

To realuce the algebraic manipulations we apply according to (Marchenko, 1991)

representation of the funclion I/ by the potential ofone non_central pomt mass

uet=9!' - tP)-,[,-" i-['-': l'-L-'J '
l'

whereMistheEarth'smass;Gisthegravitationalconstant;.:r',J,tarethecoordinatesofthepointP;nc,
lc, zc are the coordinates of the instantaneous attracting centef located at the point c of the P/dret'r
'attrortion; t is the distance between the points c and P. These coordinates can be lound in the following

Theexpressions(41.)(43)representexactlytheexlernalNe\'!'tonianpotentialofthesolidEathand
the corresDonding afiractionvector F (with the magnitude F and the components F- Fr, 4);

F =l!",F,, F,)=(arla,, dvl ,,dv li)z)= gradlt, (44)

bythe potential ofattracting center in the frame ofNewton's law of gravitation

+ (z! J'
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. . The no -deviatoric gravity gradient rensor or Edtv6s tensor w. which is considered traditionally inthe local coordinate slsrem (Eiitv6s, 1896; Moritz and ttofmann_We enhoq--ilii.y, 
"on.rru 

of rfr"gravitational v (/elidror"ic as a consequence ofthe Laplace equalion) and rotational o parts. we rvirt torm

,}il:":::l jll[*::l_"^Yli::ry:lG"e,.Moritz, re8i)usingthe znaoraerpariiir ae.ivatives 1r,u]ui urr lruocl t<+ t ) wtm respect to the coordinates (1, v, :):

lr,, ,,,, /'f lv_ r.,
v =lv, r, r.l=lr. r,,

1r,,, r,,, v") lt.. i,"

oul ̂ u"- 
-, , -t' J!^-t.1,),-v, l

- r. llfr t ,ty- y, , 3ty . y. t, _r1

l3(x_ xc)k -zc.) 3(r_yJc_zc)
Then rhe.ubstirulion of{42r t4J, into(45} give.

,l3F_F. JFF, tLr Iv=_l :rr, 3F:-F, 3F,F. l. (46)' 
| 3F.t, lt_.F, lr, F. 

I
the gravitational gradient tensor corresponding to the model (41). Because all invariants ofthe matrix (46)are independent of the linear transfonnations of the coordinate .y; ;; ili;;;'th" relarionships(3) ( 15.) we get ar anyp:

/. =tracev= 0 ll\1,:.-.4-9{ =!!-. ,.-.4' zr' -zt'l/, t, to y, ,. ;" 
.

the constant value ofthe chamcteristic angle g:

the diagonal form of rhe d€viator (46): 
Q = sin-t (l\ = 

'r 
I 2 '

i)
t1,-,,;16-",.t1
3(r-yc)e-zc)1.
3e-",f-P l

t: 
:)

f4 o ol ,l ' o ol ,[,'
lo 4 ol=;l o _F o l= .lo
lo o 4l 'lo o :rl ''l o

t='.[il, ,=*, u=,,(?l

(45)

(47)

(48)

and only one eigenvectors X3:

(4e)

x, =r 'h, r,, r.f=r'.r,u6y. (50)

. The eigenvalues )''=\ arul ),7, given by (49), can be proven using the Hamirton-cayrey idenrity
nT rtten as (v-2rD'(v*,LI){. But the equations (10) (15) lead in this case ro imposslbre by thedefinition zero eigenvectors X1=Xr=0 caused by trr. -oa"r r+l l. b$,.. j#*utr, i, it 

"i,t " 
c".,uu,,u., 1, ryhave uncertainties for F+/d2 caused by tan(g) in the expression (20). Hence,ihe enor propagation when(Ffl2 is unworkable and requires a special attention.

Remembering the important role of the gravity gradient tensor W in the differential geometry of thegravity field, we consider a possible geometric treatment of the gravitarionuf g.uJi"nii"nro. v glu"n Uy
(49). For this reason, the caussian fundamental quantities of the first 1E,F.,G; una 

"""ona 1i,fi,fij
kinds. are derjved for the equipotential surface ,(n, r, z)=l/o=const, passing th.ough the polnt p, byapplying (41) expticitty

(51)



feodoJie, rapmoepahie i aepabom@HiMaHHn. Bun. 64. 2003.

i=F'-F: t't -r't ' i=F -l- F,t F,'' F'|l
The Gaussian fundamental quantities (51) and the unite vector (50) allow to

orthonormal eigenvectors Xr and X2:

.. |.fi-rt, r )i.
^=-=-=-=.EG - F' I.' F'

The mean curvature at P is expressed now via the distance to attraction center

. EN 2FM.GL I F \)" ).,
2(iG - F'z) 1 t/ 2F

x,=p-'[r,,0,-4f , x,=F lF"F,p .p.-r,r.p'l .p="[q'+r;, (s3)

taking into account the obvious condition for the vector prcduct XrxXr=Xj. These vectors (Xr, Xr, Xj)
form a moving together with the attraction center C orthogonal triad where the unite force vector X3 is
normal to the surface l(P)=const and two vectors Xr and Xr span the tangent plane at the point P.

Then, considering P as belonging to this equipotential surface, the Gaussian curvature at P can be
found in the following way

51

(s2)

determine the

(s4)

(55)

Since the principal curvatNes ir*t2 of the equipotential surfaces of the actual potential Il are
assumed to be alwa)s positive (no singularities in the gravitational field), they characterize surfaces ofthe
elliptic kind. In the frame ofrhe chosen /rd,/e/ (41) r€ get trr=t2 at the point P due to ,11=,1, and onlyporrl
Ltpptodmation ol the s\\rface l(P)=onst of the elliptic t)?e by surfaces of the spherical kind defined by
the model (41) (despite ofthe exact reprcsentation ofthe given F,,4, F,, and ,1. The mean cur,,,ature (55)
in the case (41) can be treated as a simple ratio "Attraction/Potential" taken at the point P. The radius of
this curvature is nothing else but the distance l(P) between P and the atiracting center C. The Gaussian

(54) and mean (55) curvatrres ofthe equipotential surface are proportional at P to ihe values F and I/,

respectively. ln the case ofthe gravity gradient tensor W=[I/r] or Marussi tensor [w, = ,r/,r./g], the same

results can be found by applying the limited case alJ0 for the angular velocity a) ofthe Earth's rotation

when the gravity g-t l is transformed to the force -F.
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