MEJKBREAOMCTREHHBIF PECIIYBJANKAHCKUM HAYUHO-TEXHUUECKW¥ CBOPHUK
1966 Feonesus kKaprorpadus u aspodoToCbeMKa Bunyck 4

B I Ny JaAHH

K BONMPOCY O BEKTOPHOM U TEH30PHOM NPEACTABJEHUH
YPABHOBEIIHWBAHUSA FEOOE3HYECKHWX U3MEPEHMUH

Crporoe pelende W BCECTOPOHHEe HCCAEZOBaHHE MHOTUX Tnpobiem
f€0/leani IPUBOANT K BE€CbMa 3HAYHTeNbHOMY YCJIOXKHEHHIO 3aNUcell U MHO-
TOYHCIEHHBIM TPYAHO0003PUMBIM (OpPMy/aaM, B KOTOPbIX CKpaablRAIOTCH
oblIHe CBOKCTBAa PACCMAaTpHUBAeMbIX OOBEKTOB. B mombiTke u36aBHUTBCA OT
3TOTO MHOTHe (POPMY./IBI NPHXOAMTCA YNPOLIATL, YTO YACTO MPHBOAWT K HC-
KaXKeHHCMY TOJIKOBAHHIO CYIUHOCTH HEKOTOPhIX BOTNPOCOB.

CnenoBatenbHo, Mbl BBIHYXJeHbl 0ODAaTUTBCA K MAaTeMAaTHY4ECKOMY
anmnapaty, 3HauWTeJbHO YNPOINAKLIeMy KaK OJHOBPEMEHHOE ONepHpOBa-
HHEe C MHOTOKOMIIOHEHTHLIMH OOBeKTaMH, TaK H OCMBICAWBAaHWE CYHIHOCTH
paccMaTpUBaeMbiX OOBEKTOB.

Takumu upeannivaiitio yAOGHBIMH OPYAMAMH 175 MCCAEIOBAHHA U pe-
IIeHHs] MHOTHX NpoGsjeM SABJAAKTCA BEKTOPHOE H TeH30DHOe HCUHCJeHHS.

TeH30pHEIH annapar BIEPBhie B NPaKTHKE reoAe3nuyecKuX Hcc/ea0Ba-
Huit 611 npuMener npod. 0. A, FopleeBuIM 1715 OLUEHKM TOYHOCTH NOJOXKeE-
HUsl MYHKTOB MJIAHOBbLIX OMOPHBIX CeTedl W TO3BOJWJI NPUHTH K peay/bTa-
Tam Gosbnioro 3HadeHus. [103TOMy BcAKMe YTOUHeHMS U JaJbHeAmas pas-
paboTKa BEKTOPHOW W TeH30DHOH HWHTEPNpPETAMH Teofe3Wd4ecKuX 3aAay
Npe/JCTAaBASITCH LHeHHBIMA ¥ HeoOXOAWMEIMU,

B nannoil cTaThe U3J10XKeHbl HEKOTOPLIE BOMPOCEH], OTHOCANMECS K YpaB-
HOBELUWBAHHIO TeCHe3HYECKHUX H3MePeHHH B BeKTOPDHOM M TEH30PHOM MNpef-
CTaRJIEHHUH.

TNokaxem npexje eCTECTBEHHBIH MyThb NOJYUYeHUS] BEKTOPHOH (OPMHEI
YpABHEHUH NOTPEIIHOCTeH, PACCMATpPUBas Teole3uuecKHe H3MeDeHHs B CH-
cTeMe NMPSMOVIONBHBEIX NMPOCTPAHCTBEHHEIX KOODAHHAT.

Kax usBecTHo u3 cnocofa HauMeHBUIMX KBaJApaToOB, JUHElHHEE ypaB-
KHeHHs TIOrpellHocTedl UMEelT BUL

Q%+ 0uYit €2+ Qpxat Yo+ 2o+ . -+aijxj+bljy)'+cijzj+ e

F Aty tbuYetCn2itl =0, (i=1,2,..., n), (1)
rae U, — TOOPABKH B H3MePEHHLIE BEJHUNHBL;
@y, by, €y — xo3dUUHEHTH,
Xj» ¥j, 2; — TNONPAaBKH K NPUOIHKEHHhIM 3HAUEHHAM HEH3BECTHbIX;
[; — cBo6ojHmE YIEHBl YpaBHEHHH.

J
Paccmatpurasi Ko2¢¢QuUHenTr a;;, b, ¢; Kax cocTaBafOLINE HeHa-
BECTHOrO NOKa BeKTOpa g,;; ¥ NCNPAaBKU Xx; Y; &; KaK COCT4BJASAKIIHE

HEH3BECTHOTO MOKA BEKTOPA I;, 3aMeuaeM, UTO B TPEXMepPHOM NpPOCTpaHCTBE
KaxJas TpoMKa cjaaraeMblX B (1) ecTe BHIpa)KeHHe CKaasipHOTO TPOH3Be-
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JeHUst BEKTOPOB g;; W r; uepe3 MX cocraBaswive. [TostoMy Mbl Bnpase
YpaBHeHus morpeiHoctedl (1) npeacTaBHTh B BEKTOPHOH (opme

g Nt Bu ot gyt BT =v, (i=1,2,...,n), (2)

rae g, T, — CKajspHOe NPOH3BeJieHHe BEKTOPOR.
YcTanosuMm, 4TO Ke MpecTaBisfiOT CO00H NOJYUYEHHBIE BEKTOPHI.
[Ipnuumas Bo BHUMaHWe, YTo Ko3thduuHenTaMu a,;, b, C;; ABAAIOTCA
4acTHble MPOK3BOJNHBIE OT (YRKUMH Q! 3HaueHHH BHIGPAHHBIX HEH3BECTHHIX

Xjor Yoo Z;, BHIDA3UM BEKTCD g;; HYepe3 ero COCTaBASIOLIHe

— = { dg}\ —/5q>}> —(5(13}\

=€ | = €= el ] . 3

g,r lkaxj )0+ 2\ aY’A 5 azj A ( )
3/ech € — OCHOBHEIE OPTBl AEKAPTOROHl CHCTEMBI KOCPAMHAT.

CorsacHo BeKTOPHOMY aHanW3y, NOJyYeHHOe Bripa)keHue (3) mnpe-
crtapasieT (OpMyay TpaiueHTa CKalsaApHOH (QYHKIMH BEKTOPHBIX apryMeH-

ToB Rj, n Tax xak@}(X,, Y, Z,)--—-qa,(l%). 50
g,=grad g, R).

O603HauuM uepes r; — eAHHHUHBI BEKTOP HampapieHHs BEKTOpa

r;, a uepes r; — MOAYJb 3TOTO Ke BeKTopa. Torfa Beipaxenve (2) upu-
MeT BUI:

g N7+ 8 foret - 8 Fpretli=v; (4)

Tak xak npow3BoAHAsi cKanfApHOH (QYHKHUKKM BEKTOPHBLIX AapryMEHTOB
no n0boMy Hamnpas/eHdd paBHa npoeknuu gradqg Ha 3To HanpaejeHwe,
TO

=L Je,
Bl = st = (8)
dr,

3anuumeM eme HYHKIHIO OT NPUOJMAEHHBIX 3HAUEHHH COCTABJSAIOMIMX
E€KTOPOB B BUJE (YHKUWHK NPUONHIKEHHBIX BEKTOPOB

9} (X100 Yior Zior Xoos Yoo, Zag. - )=9; (Ryg, Ryo,- -+, Ryp) (6)

OGoshauaa pesyabrarsl M3MepeHui uepea L; u yunteiBast (5), (6),
tdopmyny (4) nepenuuieM B caeayiOIleM BHJe:
= = ~ d d d ‘
P; (RIO' Rgo,. & Rk{)) + (—_w,l—) ry + (—_(p,l‘) r1+ .o .+ (-jq),l) rk—‘L‘. =0;.
ar] 0 al‘z 0 drk 0 (7)

[Teperie 2+ 1 craraeMsle JieBOK 4acTH BeIpaXKeHUs (7) NpPeACTABJSIOT Pas-
Jaoxenuss B pAn Telysopa cKansApHBIX (YHKIMH BEKTOPHLIX apryMeHTOR
C OrpaHUHYeHHEM B DAa3/J0XKEHHU UJEHAMH, COAEePMAIIUMH TOJbKC ME€pPBbIE
CTeNeHH MajblX MoAy/aeH BekTopoB r,. TaxuMm ofpasom, moaydaeM oOuUIHH
BHJl YPaBHEHUH NOTPENIHOCTEH B BEKTOPHOH (hopMe:

¢, (ﬁm‘}“a. R_zo‘*‘r;- 2 op R-k[)'i'Fk)_ L; =Ty (8)

\

HITH

q)i(ﬁl’ ﬁ'.:v' ey Rk) > l, = Up (9)

OTKyAa ycTaHaBiuBaeM, 4To R; — paauyc-BekTOp BeposTHefiero noJo-
KeHMs reofesuueckoro nymkra j, R;, — pajauyc-sektop npHB/MKEHHOTO

NONOKEHHUA TeoJe3MUeCKOro NyHKTAa j, l'j s— BEKTOp CMelleHWsa ypaBHeH-
HOI'O MOJIOXKEHUSA TOYKHW QOTHOCHUTEJbHO l'lpﬂﬁ.)'lP!)KeHHOl'O.
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Taxum ofpasoM, HemocpeaCTBEHHO HW3MepsieMble B FeQJe3MH DPaccTof-
HUl, HANpaBJeHHs, YIbl NPABOMEPHO PacCMaTPHUBATL KaK CKaJdsiDHbIE
(QYHKIIHH BEKTOPHbIX apryMeHTOB. ) 8

OcTanoBnMcs Ha onpeje/leHHH BekTopoR g;;=grad ¢;(R)).

Kak nssectHo, rpajMeHT MMeeT HanpaBjeHHe OLICTPEHIIEro yReaHye-
HUSl CKaAspHOH (DYHKIIHM BEKTOPHBIX APTYMEHTOB M 110 BeJHUYHHE paBeH
IPOWSBOAHOM 110 3TOMY Hanpasaennio. MHLIMK cl0BaMH, MOLyab TpajHeH-

Ta BbIpAXKaeTcAa MPOM3BOAHOH OT (ynkuun @;(R) no wanpaBaeduio Hop-

MaJid M K TNOBEPXHOCTH YPOBHS, HAa3blBA€MOH B Ie0Jie3UH TOBEPXHOCTBHIO
nonoxenus. Ilostomy

0 VT, PP / 2 EAT,
£y = leotn®y =22 - |/ (T T+ (T o

Tak kax BeKTOp IpajWeHTa @; HaNpaBJeH MO HOPMAJU K MOBEPXHOCTH
NOJIOXKEHUs] B MCKOMOHA TOUYKE, TO, eCTeCTBEHHO, HeoOX0IUMO 3HaTh (POpMY
[IOBEPXHOCTH MOJIOXKEHHUs,, KOTOPAs 3aBHCHT OT XapakTepa U3MepeHHOH
BeJHUHHBL.

YunTbiBasi yKasaHHble TOJCMKEHHs, MOXHO COCTaBUTb ypaBHEHUs No-
IpelllHOCTeH ISl Ka)XJ0ro KOHKpeTHOoro cayuasi. Ecnu, Haupumep, uaMe-
peHo paccroanue ¢ nyHkta / Ha nyskT K, To Hanpam/ieHHe rpajgHeHTa

¢(R,,) 6yner npotheonosokHBIM Hanpasienuio rpaaudenta @(R;). Cae-
JOBATENLHO, YPABRHEHHE NOTPEIIHOCTH /s 3TCH JHHHUE 6YIeT HMeTb BHJ:

Eih';i—éek'Fk+lik=”1k (l1)

WK

Bir~ (6,—T4) T Lip=0,. {12)

Ecau nyskr / sBasieTcs y¥Xe onpeleneHHbIM, TO ypaBHEHHE NOFpeni-

Hoctel OyneT caeAyIOlLIee:

& Tyt Ly =0 €13)

”K‘orﬂa e onpeleneHHBIM sBjIseTca NMYyHKT K, ypaBHeHHe Tmorpemno-
cTel TNpUMET BHA: o v

Cip Tt lin=uv,,. {14)

OGpaTiM BHHMAHME Ha TO, YTO MMEHHO HalpaBlEeHUs BEKTOPOB &,

QNpeessioT 3HaK CKaJdApHOrO MPOH3IBEAEHHUS ;5T [l03TOMY HeT HeOGXO-
auMoctd o6panlaThes K Tpa@uUueckuM NpejCcTaBIEHHAM, KOTOPHE MOCYT
NIPHBECTH K HEBEPDHOMY ONPEeJeJeHHI0 3HaKa.

PasymeeTcsi, ypaBHOBeIUMBAaHHE HMeeT CMbICJ, KOrga n>3k, Tax Kak
M060i BEKTOP B TPeXMEDPHOM TIDOCTPAHCTBE ONpPEJeNsieTcsl TPEMS €ro Co-
CTABJASIOUIHMH.

Tenepsb, npecnegys LeJab ONPeAeNHTb BeposTHe#lee M0J0XKeHHe TIeo-
Re3N4YecKOoro NYHKTa 1O PaBHOTOUHLIM H3MEDEHHSM, pellaeM ypaBHEHHS
NOrPelIHOCTeEH B BEKTOPHOH ¢opMe

r-g‘--{—li=vi (i=1,2,...,ll) (]5)
no CUOCO6y HauMEeHbIOHUX KBaIlpBTOB, IO E€ETH C yC.HOBHEM
o3+v;+. . . -+v2=[vo]=min.
[locTymas Tak, Mbl COBEpIIEHHO €CTECTBEHHO, Kak TMoKaszaa npod.

10. A. Topuees [1], npuxoauM K TeH30PHOH GiOpMe, COOTBETCTBYIOLIEHR CH-
CTeMe HODMAJbHEIX YpaBHEHHH

r-T-+L=0. (16)
68



3aecs L=g,/i+golo+. . -+8,l, — BexkTOp cBoGoOAHBIX unenos, Il — Tenaop
{I0J0XKEHNA ¢ MATPHIEH KOMIIOHEHTOB

882 [8:8,] [€.€:]
{I} =1lg.8,) Ig,8,] (8,81 }
llg<g.] Ig,8.1 1g.£.1 ]

Hasi Toro umo6sl pewunth ypaBHende (16) oTHocuTeabHO BEKTOpa cMe-

WEeHHA , YMHOXHMM CKa/aapHo ero Ha TeHsop I™', o6paTHmit Tenaopy II,
cApasa. 3To NpUBEJIeT K CeAYIOUEMY PaBeHCTRY:

—r=L.JI-L. (17)

Matprua xomnowentos ofpatHoro Tensopa I~} mpemcTapasercs B

cneayrmeM BHIE:
'Axx A.ty sz Qxx Qxy Q.rz]

1
—1\ — e
{” }:' D Axy Ayy Ayz’— Qxy Qw Qyz ’
R A A A | it 0, 0
tAe A, — anre6pamueckHe JONONHEHHS 3JMEMEHTOB onpegeautens Dy,
Dy — onpepenntesns MaTPHIEI KOMIOHEHTOB TeHaopa II;
Q. — BecoBbie KO3hMHIHEHTEI.

Takum o6pasom, peluenne HOpMaJLHBEIX YPaBHEHMH B TEH30pHOH dop-
Me CBOAHTCH K BLIDAXKEHHIO HCKOMOTO BEKTOPA CMELICHHS] HeNoCpeaCcTBEHHO
uepes BekTop CcBOGOAHBIX uneHoB. KpaTKocTh M HarJsiAHOCTE paBEHCTBa
(17) nosBonsoT ray6ixKe MOHATH NPONECC VPABHOBEMIHBAHUSA.

Bripaxenus (16) u (17) naioT BO3MOXHOCTE TPUATH K BechMa Ai060-
NbiTHOMY BHIBOJY, He UMEIOIEMY MeCTa NP YPAaBHOBEUIMBAHMH B OBBLIUHON,
CKaNApHOH opme. OTMETHM, YTO B TPEXMEPHOM NPOCTPAHCTBE JIOBHE BEK-
TOPHI, YHCAOM Oosee Tpex, SIBASIOTCS JHHEHHO 3ABUCHUMBIMM. MIMEHHO Ta-
KWMH, JIHHeHHO 3aBUCHMBIMH, €CThb BEKTODE g, COCTABASKOUINE BEKTOP
CBOGO/IHEIX Y/IEHOB B BhIpaXKeHHH

L=gi gyt .. T80 (18)

CnepopartesbHo, pelleHHe HOPMAJbHBLIX VPaBHEHHl B TE€H30pHOH dop-
Me JONyCKaeT TPUBHAJAbHBIA cavuad, Koria L=0 u BciaeacTBue 3toro r=90.
Takoit ciyyail BO3MOKeEH, ecI¥ NOJOKEHHE TOUKH, NPUHATOE 33 NpUGIHIKEH-
Hoe, COBNaJlaeT ¢ BEPOSATHEHINNM, NIO3TOMY H CAMO YPaBHOBELIUBAHHE 31eCh
ornanaer. Boobuie-to0 BeKTGp CBOGOAHBIX UJIEHOB MOMET ObITh JAOCTATOUHO
mMan. OlHaKo CyAuTb O HeoGXOAUMOCTH ypPAaBHOBEIMBAHHA B TaKOM cay-
4de 3aTpyJHHTENBHO, He 3Hasi BauAHus Ha L tensopa II-'. Ilpu orcyreTun
H3ORITOUHbIX HAGMIONEHNH TaKkKe BO3MOMKHA JHHEHHAH 3aBHCHMOCTbH BeK-
TopoB g;. Ho cMbien myneBoro pemwenuss Gyaer MHHIM — TPH HCXOAHBIX
UyHKTa W OJHH ONpejeaseMbll HaXOAATCH HA OJHOM INJIOCKOCTH.

IIpd HepaBHOTOYHEIX H3MepeHHSX KakJ0e YDaRHeHHe TOMPABOK (15)
HMeeT Bec p,.

Kak napecTno w3 Teopun omwMGOK, COBOKYIHOCTb KOCBEHHBIX HepaBHO-
TOYHBIX M3MEPEHWH NPUBOAMTCH K COBOKYMHOCTH KOCBEHHBIX DPaBHOTOYHBIX
HaMepeHHH. [Iasi 5TOTO HOCTATOUHO YMHOXUTD JIeBble H NPABble YaCTH ypaB-
HeHu# morpemuoctedt Ha V p;, nocje uero noJdyuaeTcs cucrema ypaBHeHUH

r&Vp, +4LVp,=v,Vp, (i=1,2,..., 1 (19)
C Becamuy, PaBHBIMU €JUHUIE. '
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[Mocne BBegeHu:A 0603HaYeHUN

gVo=g LVp=1 vwVp=y (20)
cuctema (19) npuBOAMTCA B BUIY
rg -+ =u. @1)

YpaBHOBeIMMBaHue Pe3yJhTATOB M3MEPeHHH NPOHU3BOAMTCA MpH yCJO-
BUM
[v"v"]|=[pvv)=min. (22)

SDTo NPUBOAMT X TEH30PHON (hOpPMe, COOTBETCTBYIONIEH HOPMa/bHLIM YpaB-
HEeHUsIM

rggrggt. . trgg g Hhg+. 4g,=0. (23)
[lofcTaBMe B NOJy4eHHOe BbIpazkenue cooTHomleHus (20), Haxoaum:

r-(P,88) + T (P88 - - -+ T (Pof,) PG APt - - 4Pl aBn =0

¥, (24)

MaTpuibl KOMIOHEHTOB NOJYYEHHBIX TEH30POB p;€,g; MOXHO NoJy-
UHTB, €CH YMHOXUTH MaTpuubl {g,g} ®a COOTBeTCTRYIOLIKEe Beca p,.

CroxKeHHe TeH30pOR p,gg;, a Takke BeKTopoB [@; NPUBOAWT BhIpa-
)Kenue (24) K ypaBHEHHIO NOJOKEeHHd

r- [pgg) -+ [pig] =0, (25)
KOTOpOe € y4eTOM yiKe NPHHATHX 0603HaueHu# OyJ1eT UMeTh BHJ:
Tl AT (26)

QueBHIHO, YTO MATpUIld KOMIOHEHTOB TeH3opa noqdoxenus II, 6yaert
cAeVIOLeH:
(lpg.g.) |pg.&,) 1pg.8.]
{1,) = ! [pg.g,) Ipg,g,l Ipg,e.1 . £27)
|lpe.g.] ipg,g.) 1pg.8.)

ﬂa.fIbHEI':iH]He BBIBOABI AJISA CJAYy4Yasds HEPABHOTOYHBIX H3Mep8HPlf;l aHano-
rUYHLI BBIBOJAM AJf Caydas PABHOTOYHBIX HSMEPEHHﬁ.
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