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A mathematical model of description and a method for determining the thermostressed
state of non-ferromagnetic electroconductive bodies under the influence of external un-
steady electromagnetic fields of pulsed type are proposed. Such fields have the character
of a regime with amplitude modulation under the action of pulse modulated signal and
are widely used in technologies of magnetic pulsed processing electroconductive materials.
This model is the development of well-known models for quasi-steady and pulsed elec-
tromagnetic fields. As an example, the results of investigation of the thermomechanical
behavior of solid and hollow cylinders under the influence of electromagnetic pulse are
given.

Keywords: mathematical model, thermomechanics, non-ferromagnetic conductive body,

hollow and solid cylinders, electromagnetic pulse.

2000 MSC: 74H10

UDC: 539.3 DOI: 10.23939/mmc2019.01.030

1. Introduction

Elements of the construction of modern technology, both in the manufacture and operation, are under
conditions of multifactor loading, often among them are pulsed electromagnetic ones. Such loadings are
widely used in technologies of proceeding of machine parts and mechanisms, in systems and devices
for de-icing on airplanes and ships, for cleaning pipelines of complex shape [1–3] and so on. The
functional purpose of the aforementioned technical systems and devices in which the action of the
pulsed electromagnetic fields (EMF) is used is related to the creation of temperature fields and dynamic
stresses (mechanical oscillations) in the corresponding elements of structures (when unwanted alien
laminations or internal stresses are removed) without disturbing the carrier capacity of these elements.

The main source of creation of the pulsed EMF in the above-mentioned devices are technical means
that operate according to the principle of discharge of a capacitor system onto a solenoid [4–8]. The
pulsed EMF can also be created by generators of high-frequency electromagnetic oscillations. The
change in time of such pulsed EMFs has the character of a regime with amplitude modulation [1,3,5].
This class of the pulsed EMF can be widely used in connection with the ability to control the process
by choosing the appropriate laws of time variation of the modulating function and the frequency of
the carrier signal.

In recent years, a number of engineering problems in the industry of development of technical
systems for creating the pulsed EMFs [2,5,8] have been solved and methods for calculating some types
of the pulsed EMF have been proposed as well as an approximate computational scheme for estimating
the quasi-static stresses under “magnetic impact” — a particular type of the pulsed electromagnetic
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action [9–13]. The methods for determining the stressed state of current-carrying systems [14], as
well as electrically conductive bodies under the influence of steady-state and quasi-steady-state EMFs
are known [15]. Various issues of multifaceted problem of describing the influence of the EMFs on
continual environment are discussed in [16]. However, the mathematical models and methods for
describing the thermally stressed state of electroconductive bodies under the influence of the pulsed
EMF with amplitude modulation that are widely used in the practice of electromagnetic processing
have not been sufficiently developed in literature.

The article proposes a version of thermomechanics of non-ferromagnetic electroconductive bodies
under the influence of the pulsed EMFs with amplitude modulation, taking into account the peculiari-
ties of the effects of the pulsed EMFs on the material continuum to construct rational regimes of pulsed
electromagnetic processing and to operate electrically conductive structural elements under such an
effect when ensuring their carrying capacity.

2. Initial assumptions

Let us consider the pulsed EMF, which are described by the values of the magnetic field strength vector
H(r, t) on the surface of a conductive body of the form

H (r0, t) = H0 (r0, t) ≡ H0 (r0, t) cosωt or H (r0, t) = H0 (r0, t) ≡ H0 (r0, t) sin sωt. (1)

Here H0(r0, t) = H∗(t)H
∗
0(r0) is the modulated amplitude; H∗

0(r0) is the amplitude of the carrier
signal, H∗(t) is the function of the change in time that has pulse nature and describes the time depen-
dence of the signal, which modulate the amplitude of the electromagnetic oscillations (the amplitude
of the carrier regime) and satisfies the conditions H∗(t) 6 1 t ∈ [0, ti], H∗(0) = 0, H∗(ti) = 0; ω is
the carrier circular frequency; ti is the time duration of electromagnetic influence; r and r0 are the
radii-vectors of the points of volume and surface of the electrically conducting body.

We consider the parameters H∗
0(r0), H∗(t), ω, ti, for which the acting pulsed EMF refers to the

class of pulsed “non-destructive” fields with pulse duration of less than a fraction of a second (t 6 0.1 s)
and with the highest magnitude of magnetic field induction that does not exceed 50T (Bmax 6 50T).
We restrict ourselves to the EMFs, whose action does not give rise to shock waves yet (Hmax 6 107 A/m,
where Hmax is the largest value of the magnetic field strength on the surface of the body) [2,5,6,8,17–19].
We formulate the problems of mathematical physics, which describe thermal and mechanical process
under such an electromagnetic effect.

For the above-defined values of stress and strain (the parameters of the electromagnetic action),
their velocities of change in the body for the defined parameters are so small that the dependences of
the linear theory of elasticity are fulfilled. Thus the influence of the mobility of the environment on
the EMF characteristics can be neglected. The process of deformation of an electroconductive body
has a dynamic nature, for which the well-known peculiarities of mechanical behavior of the deformable
bodies under dynamic and impulsive, as well as force and thermal loads are characteristic (the values
of the dynamic modulii of elasticity of metals and their alloys differ little from static ones, and the
value σd of the dynamic limit of elastic deformation can increase in 2÷ 3 times in comparison with the
static limit of elastic deformation σs and is determined experimentally for various materials depending
on the deformation rate) [20–23].

We consider widespread isotropic homogeneous non-dielectric non-ferromagnetic bodies for which
electromechanical and thermoelectric effects are insignificant and the induction vectors D and B are
parallel to the vectors of electric E and magnetic H field strengths, and the conduction current j

is parallel to E. In this case, we assume that the material equations of the electrodynamics have
the form D = εE, B = µH , j = σ0E, where ε = ε0ε∗, µ = µ0µ∗; ε∗, µ∗ are the electric and
magnetic permeability constants respectively, σ0 is the electrical conductivity coefficient (values that
are determined experimentally or theoretically for specific physical models of solids), ε0, µ0 are the
electric and magnetic constants respectively.
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3. The calculated physicomathematical model

Under the accepted assumptions, the influence of the pulsed EMF with amplitude modulation on
the processes of heat conduction and deformation in an electroconductive body, as well as for the
quasi-steady EMF [15], is taken into account by taking into account the Joule heat dissipation

Q = σ0E ·E = [rotH(r, t)]2 /σ0

and ponderomotive forces
Q = σ0E ·E = [rotH(r, t)]2 /σ0.

These factors lead to the emergence of unsteady temperature and mechanical fields. The ponderomotive
moments of forces are equal to zero (M ∗ = M∗

E + M ∗
M , where M∗

E = P × E are the electric
moments, and M∗

M = M × B are the magnetic moments; M∗
M = M × B and M = B/µ0 − H

are the polarization and magnetization vectors respectively) due to the parallelism of the induction
vectors and the electric and magnetic field strengths vectors. In this approximation and for constant
characteristics of the material (in particular, equal to the average values in the considered temperature
range), the initial relations for the quantitative description of the parameters that characterize the
electromagnetic, thermal and mechanical processes in the bodies under pulsed electromagnetic action
can be formulated in two stages.

At the first stage, based on the general theory of the interaction of the EMF and the electrically
conductive continuum [16], we write the equations for determining the parameters of the EMF and
expressions for the production of heat and ponderomotive forces as functions of the electromagnetic
parameters.

At the second stage, we formulate dependences describing the mechanical and thermal parameters
at given initial and boundary conditions for the temperature T , and components of the stress tensor σ̂,
in which the Joule heat discharges and ponderomotive forces found at the first stage become the sources
of heat and volumetric forces. For the known temperatures and components of the stress tensor σ̂, we
analyze the parameters of the existing physical and mechanical processes and their peculiarities depen-
ding on the pulsed electromagnetic loads, and also from the condition σi =

√

3I2(σ̂)− I2
1
(σ̂)/

√
2 6 σd

(where σi is the stress intensity [20–22]; Ij(σ̂), j = 1, 2 are the invariants of the stress tensor) we
determine the permissible parameters of the pulsed EMF, which provide the limit carrier capacity of
the bodies under consideration.

4. Correlation of a variant of the thermomechanics of conducting bodies under the
action of pulsed fields

The solution of such a complex problem, even for bodies of simple geometric configuration, is associ-
ated with significant mathematical difficulties. In order to use approximate methods for solving the
constituent tasks (in particular, the thermoelasticity problem at the second stage) we choose H , T , σ̂
as the key functions and relatively to them we formulate the tasks of mathematical physics. Note that
the formulation of the direct problems with respect to these key functions allows us to use effectively
the method of polynomial approximation of solutions and significantly improve their accuracy [18,19].

At the first stage, neglecting the displacement currents under the condition of absence of free charges
in the body and basing on the Maxwell equations for a non-ferromagnetic electroconductive body, we
write the equations for determining the parameters of the EMF (magnetic field strength vector H),

∆H − σ0µ
∂H

∂t
= 0, divH = 0, (2)

and appropriate expressions for the heat ejection Q and the ponderomotive forces F .
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According to the existing factors of influence of the EMF on the body, the temperature F and
the components of the stress tensor σik (i, k = 1, 3) are represented as a sum of two components
T = TQ + TF , σik = σQ

ik + σF
ik, where TQ, σQ

ik and TF , σF
ik are the components, conditioned by

the Joule heat and the ponderomotive forces respectively, T is the temperature deviation from the
initial T0, K.

It is known that for an electromagnetic action of a class of pulsed “non-destructive” EMFs, the
bodies during such an action are heated adiabatically — the temperature at a point is determined only
by the amount of the EMF energy irreversibly absorbed in the corresponding elementary volume of
the body (by the Joule heat) [6, 8, 9]. Under these conditions, the temperature TQ is determined by
the dependence

TQ(r, t) =
κ

λ

∫ t

0

Q(r, t) dt, (3)

where κ, λ are the coefficients of temperature and thermal conductivity.
Assuming that the body is free from force loading, from the equations of thermoelasticity for

determining the components σQ
ik of the value σ̂Q of the stress tensor, caused by the temperature TQ,

we obtain the system of equations [15, 17, 18]

Def
(

Div σ̂Q
)

= ρ
∂2

∂t2

[

1

2G
σ̂Q +

(

αTQ − ν

E
σQ
∗

)

Î

]

(4)

which is solved under initial [15, 17, 18]

σQ
ik(r, 0) = 0,

∂σQ
ik(r, 0)

∂t
= 0, i 6= k;

∂σQ
ik(r, 0)

∂t
= − αE

1− 2ν

∂TQ(r, 0)

∂t
, i = k (5)

and boundary σQ
iknk = 0 conditions when r = r0. Here: σ∗ ≡ I1(σ̂) = σkk; G = E/[2(1 + ν)] is the

shearing modulus; α, ν are the coefficients of linear thermal expansion and Poisson’s; E is the Young’s
modulus; δik is the Kronecker symbol, ρ is the density of the body material; Î is the unit tensor.

For determining the components of temperature TF and stresses σF
ik caused by the action of the

ponderomotive force, we take into account that thermal perturbation in an electroconductive body
(caused by deformation due to the dynamic force action — the ponderomotive force F , which has a
pulsed character) is small. Therefore, during the pulsed electromagnetic action, the process of deform-
ing of the electroconductive body can be considered as adiabatic, during which the temperature TF

increase is determined by the formula [17, 18, 20–22]

TF = −
[

(3λ∗ + 2µ∗)ακT0σ
F
kk

]

[λ(3λs + 2µ∗)]
= − ακT0

[1 + 3ε∗(1− ν)/(1 + ν)]λ
σF
kk, (6)

where εFkk is the first invariant of the deformation tensor êF ; λ∗, µ∗ ≡ G are the isothermal coefficients
of Liame. In (6) it is taken into account that for the adiabatic deformation of the body, the Hooke’s
law is determined by the relation

σF
ik = 2µ∗ε

F
ik + λsε

F
kkgik.

Then εFkk = σF
kk/(3λs + 2µ∗) where λs = λ∗ + [(3λ∗ + 2µ∗)

2ακT0]/λ = [νE(1 + ε∗(1 − ν)/ν)]/[(1 +
ν)× (1− 2ν)] is the adiabatic Liame coefficient, ε∗ is the parameter of connection of deformation and
temperature fields. The components of the term σ̂F of the stress tensor satisfy the equations

Def
(

Div σF
ik + F

)

= ρ
∂2

∂t2

(

1

2G
σF
ik −

νν∗
E

σF
∗ δik

)

, (7)

under initial

σF
ik(r, 0) = 0,

∂σF
ik(r, 0)

∂t
= 0,

and boundary
σF
iknk = 0 when t > 0

conditions, where ν∗ = 1 + [(1− ν)(1− 2ν)ε∗]/[ν(1 + ν)× (1 + 3ε∗(1− ν)/(1 + ν))].
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Note that if we function on equations (4) and (7) by an incompatibility operator Ink and taking into
account that InkDef ≡ 0, as well as the above formulated initial conditions on the stress tensors σ̂Q

and σ̂F , we obtain Ink êQ = 0 and Ink êF = 0, i.e. the conditions for the co-existence of deformations
are fulfilled identically when the equations (4) and (7) are fulfilled.

5. Numerical analysis of thermomechanical behavior of the conductive hollow and solid
cylinders under the action of electromagnetic pulses

As an example in Figs. 1–3 we present the results of studies of the thermomechanical behavior of the
electroconductive hollow (internal r0 = 0.008m and external r1 = 0.01m radii) and solid (radius
R = 0.01m) cylinders under the influence of the pulse EMF, which is given by the values of the axial
component Hz of the magnetic field strength vector on the surface of cylinders in the form

Hz(r0, t) = Hz(r1, t) = Hz(R, t) = H0 ·H∗(t),

where H∗(t) = k
(

e−β1t − e−β2t
)

, H0 are the maximum values of the magnetic field strength, k is the
normalizing multiplier; β1, β2 are the parameters that characterize respectively the durations tiner and
tdecr of the fronts of increasing and decreasing of the pulse.
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The change in time of circular stresses and inten-
sity of stresses on the outer surfaces of the hollow
(line 2) and solid (line 1) cylinders (made of steel
Х18Н9Т) are shown in Figs. 1, 2. In both cylinders,
the stresses σQ

ϕϕ are compressible, and the stresses
σF
ϕϕ are stretching at the initial moments of time.

In a solid cylinder, the magnitude and nature of
the change in time of stress intensity is mainly de-
termined by the ponderomotive force, and in the
hollow by the Joule heat.

The Fig. 3 shows the dependence of the maxi-
mum values of the total intensity of stresses σi in
the hollow cylinders made of stainless steel, copper
and aluminum on the value H0 at different the EMF
durations (the hairlines correspond to ti = 10−3 s,

while the thick ones are for ti = 10−4 s). On the basis of these dependences, the critical values H0 are
obtained and for them the carrier capacity of the electrically conducting hollow cylinder is preserved.
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6. Conclusions

On the basis of relations for the variant of the thermomechanics of electric bodies under the action of
the pulsed EMFs, written in the invariant form, one can investigate the thermomechanical behavior
and the carrier capacity of non-ferromagnetic electromagnetic bodies of different geometric form under
the action of the characteristic types of the pulsed EMF with modulation of amplitude.

The constructed dependences of the maximum values of the stress intensities in the considered
conductive bodies of a particular form, depending on the amplitude-time parameters and the pulsed
EMF with amplitude modulation, are the theoretical basis for constructing the rational regimes of
pulsed electromagnetic processing of electroconductive elements of structures in order to preserve their
workability.
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Математичне моделювання в термомеханiцi електропровiдних тiл
пiд дiєю iмпульсних електромагнiтних полiв з модуляцiєю

амплiтуди
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У роботi запропоновано математичну модель опису та методику визначення термо-
напруженого стану неферомагнiтних електропровiдних тiл пiд дiєю зовнiшнiх неста-
цiонарних електромагнiтних полiв iмпульсного типу, якi мають характер запровад-
женого в iнженернiй практицi режиму з модуляцiєю температури за iмпульсного мо-
дулiвного сигналу. Ця модель є розвитком вiдомих у лiтературi моделей для квазiста-
цiонарного та iмпульсного електромагнiтних полiв. Як приклад наведено результати
дослiджень термомеханiчної поведiнки суцiльного i порожнистого цилiндрiв за дiї на
них електромагнiтного iмпульсу.

Ключовi слова: математична модель, термомеханiка, неферомагнiтнi електро-

провiднi тiла, порожнистий та суцiльний цилiндри, електромагнiтний iмпульс.

2000 MSC: 74H10

УДК: 539.3

Mathematical Modeling and Computing, Vol. 6, No. 1, pp. 30–36 (2019)


