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Abstract. The variability of physical and mechanical properties of finely dispersed bulky 
materials during processing and storage, the manner and height of filling the tanks; the terms and 
conditions of storage have a decisive influence on the choice of parameters of the discharge hoppers 
of bunkers with gravitational outflow. Therefore, the purpose of the article was to justify the 
geometric parameters of the discharge hopper to provide a gravitational outflow of finely dispersed 
bulky materials. The geometrical parameters of the discharge hoppers were determined through 
mathematical simulation of the flow outflow of materials under the influence of gravity forces and 
the analysis of the tense state of bulky materials in the zone of outflow. As a result of mathematical 
simulation, the maximum diameter of the outlet of the hopper hole is determined, that implements 
the effect of "self-locking" the flow of the product is realized. The influence of physical and 
mechanical characteristics of finely dispersed bulky materials and angles the conical discharge 
hopper hole on the size of the outlet during the gravitational outflow is established. The 
mathematical model of the gravitational outflow of materials with conical discharge hopper hole, 
which takes into account the complexity of the nature of physical and mechanical connections 
between particles of materials is developed in the article. The research results allow to design 
bunkers for storage of finely dispersed bulky materials, to predict their behaviour with gravitational 
outflow and to ensure reliable operation of bunkers during their unloading. Also, in the future, it is 
advisable to carry out mathematical simulation of the process of gravitational outflow of finely 
dispersed bulky materials from bunkers of various cross sections and with different forms of the 
discharge hoppers. 

Keywords: finely dispersed bulky materials, gravitational outflow, discharge hopper hole, 
elementary volume of the dome, autohesion force, passive stress state. 

Introduction and Problem Statement 
The variability of physical and mechanical properties of finely dispersed bulky materials (BM) in 

processing and storage, the manner and height of filling the tanks; the terms and conditions of storage must 
be taken into account when designing the hoppers. The knowledge of the impact of these factors, as well as 
the structural parameters of the discharge hopper holes (the size and shape of the outlet, the angle of the 
walls, etc.), are decisive factors affecting the performance of the hopper discharge process. The chaotic and 
unpredictable movement of finely dispersed BM in the hopper, and sometimes its complete absence, due to 
significant clutch forces, causes sticking the product to the hopper walls and the discharge hole which 
negatively affects the outflow process [1]. 

Important design parameters that determine the performance of BM hoppers are the size and shape 
of the discharge hopper. Therefore, an important stage in their establishment is the study of the influence of 
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physical and mechanical properties of fine-dispersed BM on the geometric parameters of the hopper hole, 
as well as the interaction between them. 

Review of Modern Information Sources on the Subject of the Paper 
Since the outflow of BM from the hoppers is characterized with a number of problems, so far there 

is no single hypothesis that would unambiguously describe the movement of BM during the discharge of 
hoppers. Platonov P. M., Pokrovsky G. I., Arefiev A. I., Linchevsky I. T. proposed a hypothesis of self-
discharging dome [11], the essence of which was that when the ВM flows out of the outlet, a dynamic 
dome is formed, which collapses instantly. According to this hypothesis, the main parameter that affects 
the behaviour of ВM is the size of the outlet. Zenkov R. L. and Alfiorov K. V. [5] put forward the theory 
that the behaviour of ВM does not depend on the size of the outlet, but only on the height of the ВM in the 
hopper. It was found that depending on the physical and mechanical properties of the ВM, as well as the 
geometric sizes of the hopper, various forms of movement of material [9] appear, which are directly related 
to its the tense state. Numerous studies [12] have found that conditions of the outflow of BM in the conical 
discharge hopper hole are less favourable than on its cylindrical part. 

Therefore, analysing various models that allow us to describe the movement of BM, we can 
conclude that, in view of the variability of the physical and mechanical characteristics of finely dispersed 
bulky materials, the most effective way to study its behaviour is to develop a mathematical model of the 
outflow of BM based on the model of a continuous medium.  

Objectives and Problems of Research 
The purpose of the research is to justify the geometric parameters of the hopper discharge hole to 

provide a gravitational outflow of finely dispersed bulky materials based on the results of the mathematical 
simulation of the process. 

Problems of research: 1) to develop a mathematical model based on the analysis of the behaviour of 
finely dispersed BM in its gravitational outflow; 2) to establish analytical dependencies for determination 
of parameters of a hopper discharge hole; 3) to make simulation of the behaviour of finely dispersed bulky 
materials with gravitational outflow from the conical discharge hopper hole basing on results of research. 

Main Material Presentation 
In practice, the following two forms of the discharge hole are most often used: the conical (Fig. 1, а) 

and wedge-shaped symmetric (Fig. 1, b) and asymmetric (Fig. 1, c) with the outlet of the rectangular 
section and with the ratio of its lengths : 3o ol b >  [2]. The partial variant of the asymmetric wedge-shaped 
well is the lower part of the conical hole with a shut-off conical bottom in the outlet. 

 
a b c 

Fig. 1. Typical forms of discharge hoppers of the dispenser: a – conical; b – symmetrical wedge-shaped;  
c – asymmetric wedge-shaped 
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In order to determine the geometric parameters of the discharge hopper hole, a mathematical model 
based on the analysis of the BM behavior with its gravitational outflow was developed. The following 
assumptions [3] were used to simulate the gravitational outflow of BM: 1) the elementary volume of the 
product considered during the simulation was significantly larger than the size of the particles forming it 
(the linear dimensions of the elementary volume of the product were to be at least 25 times larger than the 
size of the BM particles); 2) the interaction of the particles was considered to be absolutely flexible 
(neglected by any deformation or their erasure); 3) between the particles of the material there acts the 
autohesion force, which characterized the product cohesion. 

The development of the behavioural model of finely dispersed BM in the discharge hopper hole was 
based on the study of force factors, which cause the formation of a stable dome above the outlet. The 
product, which was in the elementary volume of the dome, was affected by the proper force increments 
which values are determined by the shape and size of the discharge hole [4]. At first, the gravitational 
outflow of a fine-dispersed BM from the conical discharge hopper hole (Fig. 2) was considered. 

Having used one of the methods of studying the behaviour of BM, namely the analysis of the tense 
state of a real product layer, the force balance equation acting on the elementary volume of the dome [5] 
was composed. For a conical discharge hopper hole (Fig. 2) in the projection on the vertical axis, it is of 
the following form: 

аut CdF dF dG+ = , (1) 
where аutdF  is autohesion force gain; CdF  is outflow counter-force gain; dG  is gravity force gain. 

 
Fig. 2. The scheme of the forces acting on the elementary volume of the dome, with gravitational outflow of finely 

dispersed BM from the conical discharge hopper hole 
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To simulate the BM behaviour in a conical discharge hopper hole, all force factors acting on the 
elevated elementary volume of the dome of height ddh  (Fig. 2) have been investigated. The driving force 
of free gravitational outflow is gravity force, as it is precisely in the absence of additional disturbances 
stimulates the outflow of product through the outlet. The gravity force gain has been determined by the 
dependence [5]: 

0 ,d hdG g dh Sρ= ⋅ ⋅ ⋅  (2) 
where 0ρ  is the bulk density of finely dispersed BM; g  is acceleration of the gravity force; hS  is the area 
of the horizontal section of the elementary volume of the dome in the conical discharge hopper hole. 

The area of the horizontal section of the elementary volume of the dome in the conical hole (fig. 2) 
has been approximately determined by the dependence: 

2

4h
DS π= ⋅ , (3) 

where D  is the diameter of the outlet of the discharge hopper hole. 
Then the equation (2) taking into account the dependence (3) will be of the form: 

2
0

4
dg dh DdG ρ π⋅ ⋅ ⋅ ⋅

= . (4) 

The presence of moisture in the fine-dispersed BM affects its bulk density [7]: 
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where dρ  is the bulk density of dry BM; mρ  is the density of BM particles; wρ  is water density; аbsW  is 
absolute moisture. 

Significant importance in the flow of finely dispersed BM from the capacities has the autohesion 
force, that is, the adhesive action between the particles of the product [6]. To ensure normal outflow, the 
degree of the product sealing must not exceed the critical value. The adhesive action between BM particles 
in the hopper depends on its size and configuration, as well as the properties of the dosage product [7]. 

The autohesion force gain is determined by the dependence [1]: 
0

аut
dFdF

f
τ= , (6) 

where 0 0 vdF Sτ τ= ⋅  is increment of tearaway force; 0τ  is the initial resistance of the shift of BM under 
the action of the tangent load; vS  is area of the vertical section of the elementary volume of the dome; 

tan( )f Ф=  is internal-friction coefficient of BM; Ф  is the angle of internal friction of BM. 
The area of the vertical section of the elementary volume of the dome in the conical discharge 

hopper hole (Fig. 2) has been determined by the dependence: 
v d dS dh l= ⋅ , (7) 

where 
( )sind
Dl δ
δ
⋅

=  is the length of the arc of the dome; 'Фδ = Θ + ; Θ  is angle of inclination of the walls 

of the hole to the vertical; 'Ф  is the angle of friction of BM to the wall of the discharge hopper hole. 
Substituting the expression (7) in the equation (6), we have obtained the significance of the growth 

of the autohesion force for the conical discharge hopper hole: 

( )
0

sin
d

аut
dh DdF

f
τ δ

δ
⋅ ⋅ ⋅

=
⋅

. (8) 

Significant resistance to the displacement of product particles in the discharge hole is performed by 
the counter-force of the outflow, the increase of which is determined by the formula [8]: 
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'
1 sin( ) cos( )C ddF dh Pσ δ δ= ⋅ ⋅ ⋅ ⋅ , (9) 

where '
1σ  is strain of free flow; P  is perimeter of the outlet hole of the hopper hole. 

For a conic hole, taking into account that P Dπ= ⋅ , the counter-force gain of the flow equals to: 
'

1 sin( ) cos( ) .C ddF dh Dσ δ δ π= ⋅ ⋅ ⋅ ⋅ ⋅  (10) 
Using the expressions to determine all the increments of the forces (4), (8), (10), acting on the 

elementary volume of the dome in the conical discharge hopper hole, and substituting them into the force 
balance equation (1), we have obtained: 

( )
2

'0 0
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sin 4
d d

d
dh D g dh Ddh D

f
τ δ ρ π

σ δ δ π
δ

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ ⋅ ⋅ ⋅ ⋅ ⋅ =

⋅
. (11) 

From the equation of equilibrium of forces (11), the maximum diameter D  of the outlet of the 
hopper hole has been determined, which implements the effect of “self-locking” the flow of the product: 

( ) ( )( )
( )
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For further study of the geometric parameters of the discharge hopper holes it is important to 
establish the magnitude of the free-flow flux of BM [9]: 
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where 0hσ  is the axial tension of the BM in the discharge hole; fm  is the coefficient of the form 

( 1fm =  – for the conical hole, 0fm =  – for the wedge-shaped hole (or conical with the ring outlet), 

, ,X Y F∗ ∗ ∗  are the coefficients determined by the corresponding dependences [9]: 
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Having used the hypothesis about the boundary product balance in a highlighted elementary 
volume ddh , the axial tension of the BM is of the form [5]: 

( ) ( )22 2 2 2
0 0 1 2 1 2 1 4 1h l wf f f fσ σ

 
= ⋅ + − + − − ⋅ +  

 
, (15) 

where 0lσ  is the radial stress of BM in its passive stress state; ( )'tanwf Ф=  is the coefficient of friction of 

BM to the wall of the discharge hopper hole. 
The radial stress of BM in a passive stress state has been determined by the dependence [5]: 
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where 0h  is the distance from the outlet of the discharge hopper hole to the imaginary top of the cone 
(Fig. 2); y  is the current vertical coordinate of the place of formation of a stable dome; сh  is the height of 

the hole; 0
H

lσ  is the radial stress of BM on the upper edge of the hopper hole; пC , пa  are coefficients. 
The coefficients пC  and пa  for the passive stressed state of the BM, which is typical for the 

formation of the dome, are of the form [5]: 
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When determining the optimal parameters of the discharge hopper hole, both its geometry and the 
properties of the loaded finely dispersed BM are important. To simulate the behaviour of finely dispersed 
BM in a gravitational outflow, wheat flour with properties was selected [5]: ( 42Ф =  ; ' 30Ф =  ; 

3
0 0,5 10ρ = ⋅ kg/m3), as well as the following values are necessary for the simulation of the indicators: 

0 0H
lσ = ; 0 0.25h y+ =  m; 0 0.45сh h+ =  m; 1 2 0.5l l= =  m – have been constructively established. The 

initial resistance of the shift of wheat flour under the action of the tangent load varies within 
0 50...150τ =  Pа [5]. 

In addition to the required diameter of the outlet D , when constructing the hopper hole, it is often 
necessary to determine the angle of its wallsΘ . Having used the formula (12) – (17), the graphical 
dependencies ( )D Θ  have been obtained in the MathCAD software environment (Fig. 3). 

 
Fig. 3. The dependence of the size of the outlet of the conical discharge hopper hole on its angle of inclination: 

(  – for 0 50τ =  Pа;  – for 0 100τ =  Pа;  – for 0 150τ =  Pа) 

As the inclination angle of the walls of the conical discharge hopper hole Θ  increases, the outer 
diameter of the outlet D  is increased (Fig. 3), at which it is possible to form a stable dome above the 
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outlet. Significant influence on the geometric dimensions of the well has the product cohesion, which 
characterizes the autohesion force. It has been established that with the conditional diameter of the 
particles of the material 100d ≤  μm, the autohesion force may be greater or equal to gravity [1], and 
therefore its non-consideration in the study of the behaviour of finely dispersed BM leads to lowering of 
the extremal diameter of the outlet of the conical hopper hole D . With a small initial resistance of the BM 
displacement 0 50τ =  Pа, limiting value of the diameter of the outlet is within 0,04 0,13D< <  m for 

0 30< Θ <   (Fig. 3). With the increase of the initial displacement resistance of the dispensing product 
0 100τ =  Pа, the maximum diameter of the outlet, which will ensure the formation of a stable dome of the 

BM over the outlet in the same range of angle change of the inclination of the walls of the discharge hole 
Θ , is within the limits of 0,07 0,16D< <  m, and, accordingly, for 0 150τ =  Pа its maximum value 

30Θ =   increases to 0,22D ≈  m. The graphic dependencies (Fig. 3) shown here allow us to assert that the 

increase in the angle of inclination of the unloading well of the dispenser from 0  to 30  allow you to 
increase the diameter of the outlet D  in the range of 50 %, which significantly affects both the 
productivity and the dimensions of the hopper.  

On the basis of the graphic dependencies obtained (Fig. 3), we can make the following conclusions: 
1. The increasing nature of the curves is explained by the fact that with increasing the angle of the 

wall slopes of the discharge hopper hole, the value of the bulk density of the BM in the outlet area 
increases, which leads to increased adhesion between the particles of the product. Therefore, the limiting 
size of the outlet of the hole, which ensures the absence of gravitational outflow of finely dispersed BM, is 
also increasing. 

2. The intensity of the curves growth is much larger at the angle of the wall of the discharge hole 
20Θ ≤  . This is due to the significant sealing of the material in the outlet area, which reaches its critical 

value for the product under investigation with 20Θ ≈  . Therefore, further increase of the angle of the walls 
slope max20 < Θ < Θ  practically does not affect the change in the limit value of the diameter of the outlet 
D  of the conical discharge hopper hole.  

The conditions for the continuous flow of product from the hopper also essentially depend on the 
material friction angle 'Ф  to its working surfaces (Fig. 4). The coefficient of external friction of BM wf  
characterizes the resistance to the displacement of BM particles on the working surface of the discharge 
hole. Its size is influenced by the physical and mechanical properties of the product, the properties of the 
contact surfaces, the velocity of the BM and the contact time of the friction surfaces [5]. 

When setting dependencies ( )wD f  (Fig. 4), the following values required for simulation of the 

indicators were chosen: 42Ф =  ; 0 50τ =  Pа; 0 0H
lσ = ; 0 0,25h y+ =  m; 0 0,45сh h+ =  m; 

1 2 0,5l l= =  m. The angle of the conical discharge hole (Fig. 4) was assumed to be equal to 25Θ =  . The 
bulk density of the BM varied widely, for example, it was 0450 700ρ< <  kg/m3 [5] for wheat flour, 
therefore for ( )wD f  was used to obtain dependencies 0 500ρ =  kg/m3 and 0 700ρ =  kg/m3. 

From the graphic dependencies (Fig. 4), it follows that the growth of the coefficient of external 
friction of BM wf  to the walls of the discharge hopper hole allows to increase the limiting value of the 
diameter of the outlet D  of the conical hole. However, an increase in the bulk density 0ρ  of the product 
(in the same way as all other physical and mechanical characteristics) leads to improvement of the outflow 
conditions of BM in connection with its increase in weight. This, accordingly, affects the reduction of the 
limiting size of the outlet D  of the discharge hole. 

At the bulk density 0 500ρ =  kg/m3 in the range of the change in the coefficient of external friction 
of BM 0,3 0,6wf< < , the maximum diameter of the outlet of the conical discharge hole changes in the 
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range 0,05 0,07D< <  m (Fig. 4). In the study of BM with a bulk density 0 700ρ =  kg/m3, the above 
parameters are within: 0,08 0,1D< <  m. 

 
Fig. 4 The dependence of the size of the outlet of the conical discharge hopper hole on the coefficient of 

external friction (  – for 0 500ρ =  kg/m3;  – 0 700ρ =  kg/m3) 

Consequently, the analysis of graphic dependencies (Fig. 4) allows us to conclude that with the 
increase of the coefficient of external friction of BM to the walls of the discharge hole wf , the limiting 
size of its outlet D , in which there is no gravitational outflow, increases. However, with 0,5wf ≥ , the 
intensity of growth of the curves ( )wD f  is significantly reduced, as the resistance to product displacement 
becomes so significant that the boundary layer of particles that come in contact with the walls of the 
discharge hole adheres to them, and slipping occurs only between the layers of the material. 

The reduction of the coefficient of external friction of BM wf  improves the outflow conditions of 
the product. The following antifriction coatings as chlororubber lacquer, epoxy resin, polyurethane, 
artificial rubber, etc., are used to reduce the friction angle of the material 'Ф  to the working surfaces, as 
well as facing of the walls of the hoppers with plastic foil, plastic plates and glass tiles are used [10]. 

Conclusions 
As e result, the main property of finely dispersed BM, which affects the performance of the hoppers, 

is flowability, which characterizes the movement of material in the area of the outlet. The freely poured, 
diluted product is saturated with air and does not resist outflow. If the material is loaded into a hopper or 
another container (where no lateral expansion is possible), the situation is very different. Under the 
pressure of the upper layers in the BM there is a stress, its porosity decreases, which leads to bulk density 
increase. Depending on the fraction of the material, the shape of the particles, the amount of moisture in 
the product pores and its degree of consolidation, the value of the bulk density for a particular material may 
deviate by 200-250% [2]. When the material is sealed, the air is displaced and the adhesion forces between 
the particles grow. As a result, the outflow of BM becomes complicated and a stable dome is formed over 
the outlet. Therefore, in order to ensure the efficient operation of the hoppers during its design, it is 
important to investigate the interdependence of the main geometric parameters of the discharge hole and 
the effect of the physical and mechanical properties of the BM. 
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