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Abstract. The method of experimental determination of strain energy density of plastic 
materials is developed. The technique for complete true stress-strain curves plotting is formulated. 
The standard hydraulic testing machine is equipped with specially designed experimental setup for 
Bridgman specimens testing at strain controlled tension loading with digital camera and light source 
for using digital image correlation method – a non-contact technique for strain and displacement 
measurement. The digital image correlation method was used to determine the local strain at the 
onset of fracture in the neck of Bridgman specimen. The technique takes into account the change of 
cross-section area in the neck of specimen due to internal crack propagation when calculating the 
true stresses. The complete true stress stress-curve of 40Kh alloyed steel is plotted end critical strain 
energy density of steel is determined from it. It is shown that the critical strain energy density of 
material, determined from the curve obtained by developed technique is 1.8 times higher than 
determined from the classical true stress-strain curve and is close to the value of the specific heat of 
fusion of steel. The curves built using the proposed technique can be used for setting material 
properties in stress-strain state calculations by finite element method at large scale yielding 
conditions, for instance at pressure vessels critical pressure calculation. The critical strain energy 
density value can be considered as a material property at fatigue life-time calculation using energy 
approach. 

Keywords: strain energy density, stress-strain curve, true stress, true strain, Bridgman 
specimen, digital image correlation, strain-controlled loading, alloyed steel. 

Introduction and problem statement 
For the correct calculation of the stress-strain state by the finite element method at large scale 

yielding conditions [1], as well as the calculation of the strength and service life of structural elements by 
energy approach [2-4], it is necessary to have a stress-strain curve in terms of true stresses and strains, as 
well as the value of strain energy density of material. At tension of a standard dog-bone specimen, a central 
crack is formed in the neck of the specimen after reaching the ultimate stress, which at further loading 
propagates from the centre of the specimen to the outer surface. Due to the crack propagation the residual 
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cross-section area in the neck of the specimen sharply decreases, while the stress in this ring-shaped cross-
section continue to increase. When constructing stress-strain curves, both engineering and true, this effect 
is usually neglected, leading to significant error in determination of critical stresses and strains of materials 
which are determined by the end point of the curve. Therefore, the aim of this work is to develop a 
technique for complete true stress-strain curves plotting and strain energy density of plastic materials 
determination. 

Specimens, technique and equipment 
The appropriate technical means and technique for tensile testing of Bridgman specimen under 

strain-controlled loading conditions was developed. 
Bridgman specimens [5] was slightly modified in order to ensure their easy mounting into loading 

setup and rigid fixation (Fig. 1). For this purpose, the specimens have asymmetrical full-threaded gripping 
parts. The specimens were made of 40Kh steel (analogues 5135, 37Cr4) in the delivery state, the standard 
mechanical properties of which are as follows: yield stress σ0,2 = 450 MPa, ultimate stress σU = 860 MPa, 
relative elongation δ5 = 16%, relative stiffness ψ = 50%. The gage area of the specimen was polished and 
the stochastic speckle pattern was applied on it using special elastic paint. This is necessary in order to use 
non-contact digital image correlation (DIC) technique [6-8] for strain measurement. 

 
Fig. 1. Modified Bridgman specimen for complete true stress-strain curves plotting 

The DIC technique was used for full-field analysis of strain and displacement distribution on the 
surface of gage area of the specimen. Since the initiation and propagation of crack during loading of the 
specimen beyond the ultimate stress occurs spontaneously due to elastic deformation energy accumulated 
in the intermediate links of testing machine, which in standard machines are not rigid enough, a special 
loading setup was developed for tensile testing of the specimens (Fig. 2). The setup allows to achieve 
smooth thoroughly strain controlled loading of the specimen, which avoids rapid spontaneous fracture, and 
allows to capture the image of the specimen surface at a time as close as possible to the fracture. 

The setup consists of an elastic steel ring and gripping cylinders, to which the force is transmitted 
through special forks from the standard hydraulic testing machine P-100. The upper gripping cylinder has a 
threaded hole for mounting the specimen, and the lower one has a hole with a step that serves as a rest for a 
nut screwed up on the opposite treaded end of the specimen. This mounting system makes possible to 
fasten the specimen after preloading the setup and compensating all gaps. An extensometer was used to 
measure the elastic deformation of the ring. The force on the specimen is the difference in readings of the 
machine's force meter and the force on the ring itself, which was measured by the extensometer calibrated 
in force units. The force on the sample PS were calculated by formula: 

S M R ,P P P= −  (1) 
where PM is the force of the machine, PR is the resistance force of the elastic ring. 
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Images for DIC processing were recorded using an optical system on the base of Toupcam UCMOS 
10000KPA industrial digital camera and Xenoplan objective lens. Images were recorded at 0.5 fps with 
resolution 3584x2748 pixels. After image processing using DIC software, local strain and displacement 
distributions in the gage area of the specimen at different loading stages were obtained (Fig. 3a) by 
analyzing which the maximal strain point was found. For this point the strain table data were extracted for 
further processing. The step of strain map calculation by DIC method, which corresponds to local strain 
measurement spacing, for steel 40Kh was taken equal to 50 μm according to the criteria described in [9]. 

  
a b 

Fig. 2. Scheme (a) and general view (b) of the setup for strain-controlled loading installed on P-100 testing machine 

To measure the size of the internal crack, several specimens were unloaded after achieving different 
levels of force beyond the force corresponding to engineering ultimate stress, then removed from the setup 
and grinded in the gage area to a depth of half diameter (Fig. 3b). Measurement of the crack front diameter 
was carried out with a microscope MIM-6. 

The true stresses in the neck of the specimen were calculated as described in [10] before the crack 
appearance, and after its appearance by formula: 

( )2 2
,

4 n c

PS
D Dπ

=
−

 
(2) 

where P is the force applied to the specimen, Dn is the diameter of the specimen in the neck, and Dc is the 
diameter of the internal crack. 

On the base of calculated true stresses and local strains measured by DIC method a complete true 
stress-strain curve of the material in the point of maximal strain was built. The critical strain energy density 
was determined as the area bounded by the curve and the strain axis. For this purpose, the experimentally 
obtained curvilinear section of the curve was approximated by a power function of the form: 

( ) ,BS e Ae=  (3) 
where A and B are approximation coefficients. 

Since in the neck of the specimen at tension the three-axis stress-strain state occurs, it was assumed 
that deformation of the elementary volume of material near the surface of the neck occurs in the directions 
of the three principal stresses. Then, to deform the material in each direction the certain part of energy will 
be spent. 
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a b 

Fig. 3. Strain distribution in the gage area of specimen obtained by DIC method (a) and internal crack size 
measurement (b) 

Total strain energy density was therefore defined as the sum of the components of energy spent on 
deforming of an elementary volume of material in three principal directions and the fracture criteria was 
written as follows: 

,x y z CW W W W W= + + =  (4) 
where WC is critical strain energy density and the components of energy Wx, Wy, Wz are defined as the area 
under the corresponding stress-strain curve by the formulae: 

( )0 , , ,x
x x x y z xW S e e e deε= ∫  

( )0 , , ,y
y y x y z yW S e e e deε= ∫  

( )0 , , ,z
z z x y z zW S e e e deε= ∫  

(5) 

Results and discussion 
As a result of the tests, the original curve "Force - Local strain" was obtained (Fig. 4a). On this curve 

point 1 corresponds to the moment of internal crack initiation, the section between points 1 and 2 
corresponds to crack propagation from the centre of the specimen to the surface, and the sharply declining 
section after point 2 corresponds to spontaneous fracture of residual ring-shaped cross-section of the neck. 
After the true stress calculation, a complete true stress-strain curve of 40Kh steel was plotted on the base of 
the initial curve (Fig. 4b, curve 3). 

As we can see, the critical values of stresses and strains on the obtained curve are higher than on 
classical true curve (Fig. 4b, curve 2), and much higher than the ultimate stress and elongation of 40Kh 
steel, determined from the engineering curve (Fig. 4b, curve 1). 

The classical and complete true curves were approximated by the functions of Eq. (3) and the strain 
energy density of 40Kh steel according to Eq. (4) and (5) was calculated as the area bounded by the curve 
and the strain axis (Fig. 5, Table 1). 
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a b 

Fig. 4. Original curve "Force - Local strain" (a) and stress-strain curves of 40Kh steel (b): 1 - engineering curve, 2 - 
classical true stress-strain curve, 3 - complete true stress-strain curve 

 
Fig. 5. Determination of strain energy density of 40Kh steel 

Comparison of strain energy density values determined from the classical true and complete true 
curves shows that that the complete curve gives almost 1.8 times higher energy value. This value is close 
to the value of the specific heat of fusion (enthalpy) of 40Kh steel [11], expressed in energy density units 
(MJ/m3), which proves its correctness. 

Table 1 
Comparison of strain energy density values 

Strain energy density, MJ/ m3 
Specific heat of fusion, MJ/m3 

Classic true curve Complete true curve 
1015 1802 1926.6 

Thus, it can be stated that the complete true curve obtained by the proposed technique gives values 
of critical stresses and strains closer to the theoretical strength limit of material, which is significantly 
higher than the engineering ultimate stress [12]. Therefore, the use of a complete true stress-strain curve in 
the finite element method calculations at large scale yielding conditions will give much more accurate 
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results, as well as using critical strain energy density value obtained from the curve for fatigue life-time 
calculation by energy approach. 

Conclusions 
A tensile testing technique for complete true stress-strain curves plotting is developed and the curve 

for 40Kh steel is obtained. It is established that strain energy density determined from the complete true 
stress-strain curve is 80% higher than determined from the engineering curve and 40% higher than 
determined from the classical true curve. The correctness of the energy determination approach is 
confirmed by closeness of its value to the specific heat of fusion of steel. 
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