odeling
MATHEMATICAL MODELING AND COMPUTING, Vol.7, No. 2, pp.400-409 (2020) I\/I @P”ti"g

athematical

The study of heat transfer and stress-strain state of a material,
taking into account its fractal structure

Sokolovskyy Ya.I.!, Levkovych M. V.1, Sokolovskyy I. Ya.?

L Ukrainian National Forestry University,
103 G. Chuprinka Str., 79057, Lviv, Ukraine
2 Lviv Polytechnic National University,

12 S. Bandera Str., 79013, Lviv, Ukraine

(Received 21 May 2020; Accepted 9 September 2020)

In the work, on the basis of the apparatus of fractional integro-differentiation, the math-
ematical models of heat-and-moisture transfer and of deformation-relaxation processes in
the medium with “memory” effects and self-organization are constructed. Numerical im-
plementation of the mathematical models of heat-transfer and moisture-transfer is based
on the adaptation of the predictor-corrector method. That is why the mathematical mod-
els obtained in this work are in a finite-difference form. For the explicit difference scheme,
the stability conditions are determined on the basis of the method of conditionally defined
known functions as well as by means of the Fourier integral method. An integral rep-
resentation of the deformation and stress of the fractional-differential rheological model
is obtained using the Laplace transform method. Including the numerical and analytical
methods of implementation of the constructed models, in this paper, the main results
are presented, in particular, identification of fractal parameters for the creep function
according to the experimental data.

Keywords: fractal structure, self-organization, heat-and-mass transfer, fractional-
differential apparatus, Kelvin model.
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1. Introduction

Today, one can observe the development of a fractional integro-differential apparatus and its use for
modeling direct and inverse problems in various fields of science, including the processes of visco-elastic
deformation and heat-and-mass transfer. Non-integer integro-differentiation was used in [1-5] to model
systems characterized by biological variability in rheological properties, “memory” effects, structural
heterogeneity, spatial non-locality, deterministic chaos, and self-organization. It should be noted that
despite the considerable number of works devoted to the study of non-integer derivatives and integrals,
as well as their application to modeling, there are still a number of unresolved and controversial issues.
In particular, the ambiguity of the application of the mathematical apparatus of fractional operators
of integration and differentiation consists in the absence of an explicit physical, geometric, and proba-
bilistic interpretation of such operations, the imposition of the properties of an integer differentiation
apparatus and various approaches to its definition — Riemann-Liouville, Kaputo, Grunwald-Letnikov,
Weil, Marshaud, Riesz, Wright. The studies of deformation-relaxation processes in the works of sci-
entists [6,7] have shown that the use of a fractional integro-differential apparatus for such processes
makes it possible to more adequately, based on physical considerations, generalize experimental data
to identify model parameters. At the initial stage are the studies devoted to the search for an effective
method for identifying fractal parameters of models, in particular, this is partially reflected in [8,9]. In
order to calculate heat-and-mass transfer and deformation processes, taking into account the effect of
“memory” and self-organization, it is important to solve the problem of identifying fractional differen-
tial parameters of models, since taking into account of certain continuum of the found parameters, it
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is possible to investigate the stress-strain state of the material to ensure its required quality, to create
new mathematical models based on the existing ones. To solve mathematical models of heat-and-mass
transfer and visco-elastic deformation in media with a fractal structure, both analytical and numerical
methods of implementation are used. In the works [10-13] the greatest preference for the analysis and
derivation of fractional integro-differential equations is given to analytical methods, for example, the
integral transform methods of Laplace, Mellin, Fourier, Green’s functions, and the spectral method
using Laguerre polynomials. However, since analytical methods are limited in application, numerical
methods [14-16|, such as the finite element method [17] and the finite difference method, are more
efficient and easier to apply. The finite-difference approximations for the implementation of math-
ematical models, which provides accounting for the eridarity and self-organization of the material,
were used in the works [2,18]. Thus, as a result of the analysis, it can be noted that the use of non-
integer integro-differentiation for modeling deformation and heat-and-mass transfer processes makes it
possible to describe new properties of material, such as the effects of “memory”, self-organization, het-
erogeneity of structure, and its self-similarity. That is why the purpose of this work is the construction
and study of mathematical models of deformation-relaxation, moisture-and-heat transfer processes of
capillary-porous materials, taking into account their fractal structure, as well as the development of
finite-difference schemes for approximating these mathematical models.

2. Mathematical model of heat and moisture transfer taking into account the effect of
“memory”’ and self-organization and its numerical realization

A two-dimensional mathematical model of heat-and-moisture transfer of capillaryporous materials can
be described by an interconnected system of partial differential equations of fractional order in time ¢
and spatial coordinates x1 and zs:

0T (t,x1,m2) A\ O°T (t,x1,x2)
P e T 0
1

aBT(t7$1,£B2)+ raaU(t7£B1,$2)

_— 1
+ o 0.7 e St (1)

ote

o B &) &) B
a U(tufla‘%?) :ala U(t79;17x2) +a28 U(uﬁlawg) +ay 8 T(tuthxQ) 1 ay a T(tw;lawZ). (2)
ot oz} o oz} Oxly

We add the boundary conditions of the third kind:

onT " "

)‘i oz =+ po (1 - E) B (U’mi:07li - Up) = ( T‘xi:O,li - tC)? (3)

Ly x;=0,l;

onT ouU

0 ——= P — =B(U, —Uly.—o1 ). 4
“ 83:7 2;=0,l; “ 83:7 z;=0,l; B ( P ’ ' 07[1) ( )

And also the initial conditions:
T(O,I‘l,wg) = To(wl,l'g), U(O,I‘l,xg) = U(). (5)

Where (t,z1,22) € D, D = [0, Tmax| X [0,11] x [0,12], T is temperature, U is moisture content, ¢(T',U)
is specific heat capacity, p(U) is density, py is base density, e is phase transition coefficient, r is
specific heat of vaporization, A\;(T,U) (i = 1,2) are coefficients of thermal conductivity, a; (T,U)
(i = 1,2) are coefficients of moisture conductivity, (7, U) is thermo-gradient coefficient, ¢. is ambient
temperature value, Up(t., ) is equilibrium moisture content, ¢ is relative moisture content of the drying
agent, a*(t.,v) is coefficient of heat exchange, v is the speed of drying agent movement, 8*(t., ¢, v)
is coefficient of moisture exchange, « is fractional order of time derivative, (0 < a < 1), 3, v are
fractional indices of the derivative by spatial coordinates (1 < 8 < 2), (0 <~y < 1).
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Based on the use of fractional integro-differential apparatus finite-difference schemes are developed
for approximation of the mathematical model (1)—(5). So, the difference approximation of the fractional
derivative « in the time interval [t t*+1]  taking into account the Riemann-Liouville formula [19], can

be written as follows:

uk—i—l _ ozuk

s T2—a)A

0%u

o (At = tHF —¢F). (6)

Using the Grunwald—Letnikov formula [19], the difference approximations of the fractional derivative
B by spatial coordinates x1 and x5 are written as follows:

9B
O a. B

)

~ quum St (7)

Li(ni) i j=0

iBB-D...B-j+1)

J! '
Adapted is the method of predictor-corrector for the numerical implementation of a two-dimensional
mathematical model of non-isothermal moisture transfer, taking into account the fractal structure of
materials. The difference scheme for the numerical realization of the system of differential equations (1)
and (2) is obtained, taking into account the expressions of the approximations (6) and (7):

=12 hi=Tigmis1) — Tigi)y 0 =1, ¢ =(-1)

k+1 k m k-i—l k
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where T,]f s Uff,m are the temperature and the moisture content in a finite-difference form (z;, =
t(n — 1)hy, 2om = (m — Dhg, t* =kAt), (n=1,...,.N,m=1,..., M, k=0,...,K).

In the case where w = 1, we obtain an implicit finite-difference scheme, and when w = 0 we obtain
an explicit scheme.

The predictor is realized by means of an implicit difference scheme, and the corrector by means of
an explicit difference scheme. On the first half of the time interval write an implicit difference scheme,

in which we take into account only the derivative of the fractional order § by coordinate x1:

k1 /4 k+1/4
y Tnm/ Tk phH1/A +epor n,m/ — OzUrlim (10)
- )(AT/Q 1g 0 lnsiim "TER-a)(ar/2)"
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The equation (10) and boundary conditions converted, and it is wrote in matrix form, such as:

UkT1/4 = ATRHA 4 quk - 2Pk 4 g (12)
Epor
where .
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Components a;j, 7,7 = 1, N, matrices A are defined by the expressions:

0,j>i+2 (5ot — B1) s i =i = N
0,2=N,1<j<N-2 By, i=1,j =2;
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po(l a)ﬁ* + Bl’}') yi=7=1 —Alqi_jﬂ, other.
Similarly, write in the matrix form (11) and the corresponding boundary conditions:

BTV 4 cUMYA 4wy + aUF =0, (13)

C:(Cij)7 B:(blj)v i, =1,N,

0,j2i+2;
0,i=N,1<j<N-2 0, 7 =i+2;
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B
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Substitute (12) into (13) and obtain a system of equations, which we solve with respect to the
function T"

(B + CA)THV4 %CT5+ (aC + ) UF + Ty 4+ Ty = 0. (14)
0
k+1/4 k+1/4 k+1/4  k+1/4

We found from (14) the set of solutions 17 , T v I T (k=0,1,..., K —1), then
was found from (12) the set of solutions — UkH/4 Uk+l/4, . ,Uk,tll/il, kan{b/{ (k=0,1,..., K —1).
On the second half of the time interval we write an implicit difference scheme, in which we take

into account only the derivative of the fractional order 5 by coordinate xo:

. Tr]f;%l/z Tkﬂ/4 Z TR TUr]f,erm — aUJf}}M (15)
pr(2—a)(m/2 gj D nm g1 TN () =) (A 2)
Urlf}bl/z OéUkH/4 L2 a25 k172 (16)
F(Q—CM)(AT/Q 4j nm ]-I—l J n,m—j+1°

2 7=0
Similarly to the first half step, we got two systems in the second half step. As a result of their

solutions we get a set of solutions with respect to the function T — Tk+1/2, T:;lp, e ,T:Llﬁ, T:Llp,

k+1/2 ; k+1/2 k+1/2 ; k+1/2
(k=0,1,....,K —1), and U — US T2 URSY2 Ul 2 0m 2 (k =01, K —1).
To find solutions for the entire time interval, we use a corrector which is implemented on an explicit
difference scheme:
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k+1 k
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Therefore, from (18) there was found the set of solutions {Ufffnl k=0,K—-1;n=1,N;m= L—M},
and from (17) was found the set of solutions {T,’f;}: k=0,K—1;n=1,N;m=1, M}

To determine the stability conditions of the obtained difference equations (8)—(9) of the associated

heat-and-mass transfer, we used the method of conditionally defined known functions of the system,

according to which the following relation was found:

o Cl Cg (a—l—l)Cg
At (EJF@) SETHTE o) (19)

where C1 = A\, a1; Co = Mg, a9; C3 = (cp —epor), (1 + 5)_1. Assuming that the fractal parameters a,
0 take integer values, an analysis and comparison are made as a result of which it was found that the
found stability condition (19) coincides with the stability condition for classical equations of thermal
conductivity.

3. Mathematical models of deformation taking into account the effect of “memory”,
and their analytical and numerical implementations

Using the methods of the mechanics of inherited media [20] and fractional integro-differential apparatus,
a one-dimensional mathematical Kelvin’s model of capillaryporous materials was constructed, taking
into account the fractal structure of the medium:

EiTDRo(t) + (E1 + Ea)o(t) = E1Ex(e(t) + 77 D)e(t)), (20)

where t is time, 7 is relaxation time, F; is the Voigt element elastic modulus for the Kelvin model, F»
is the elastic modulus for the Kelvin model, o(t) is stress, ¢(t) is deformation, Dy, Dtﬁ are fractional
derivatives in the sense of Riemann-Liouville by time ¢ with order «, 8 respectively 0 < «, 8 < 1.

Using the Laplace transform method and the properties of fractional integro-differential operators,
analytical relations in the integral form were found to determine the deformations € and stresses o for
the Kelvin model:

T

o (t) = ext® A() + Ej /O t(t — e lA(®E - 2) (5(7:) + Tﬁpfe(z)> dz, (21)

8 t — )P
ex (t) = éxt’ ' Eg g <—j—ﬁ> +#/O (t—2) "By <_(t77ﬁ)> [Tapga(z) + %a(z)} dz.

(22)

The construction of two-dimensional mathematical models of deformationrelaxation processes, tak-
ing into account the fractal structure of the material, is based on the use of the properties of fractional
integrodifferentiation apparatus and studies of visco-elastic media under conditions of interaction with
heat transfer processes [17,18|. In general terms, the mathematical model of two-dimensional defor-
mation of capillary-porous materials, taking into account the effects of “memory” and self-organization
for rheological models, can be described by equilibrium equations of fractional order v (0 <y < 1) in
spatial coordinates x1 and xo:
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(97611 8“’ ol €22 =
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e e1s — ers ~
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where eI = (e11,€922,€12), e = (ETl,ETQ,ETg)T are deformation vectors, the components of the

second vector are conditioned by changes in temperature (AT =T —Ty) and moisture content

(AU =U — Up), which are obtained from the model (1)-(5):
er1 = an AT + B11AU,  ers = anAT + P AU, er3 =0, (25)

a11, a2, (11, Poo are coefficients of thermal expansion and mmsture—dependen‘c shrinkage; Cj; are
components of the elasticity tensor of the orthotropic body, RZ], R,] are some values of integrals that
include relaxation kernels:

t ¢
/ Ryj(t — 2, T,U)dz = Ry, / Ryt — 2,1, 0) 2082 g — Ry, (26)
0 0 aﬂjk
where (k,i,7 =1,2). Developed is an algorithm for the numerical method for implementing a two-
dimensional mathematical model of visco-elastic deformation of a material, taking into account its
fractal structure based on the use of difference approximations. A finite-difference scheme for approx-
imating equilibrium equations (23) and (24) is obtained based on the Riemann-Liouville formula:

C
F(2 _1;)}1»{ [(1 - Rll)( 11(n+1,m) /yglfl(n,m)) - (eljﬁwl(n—i-l,m) - Wegl(n,m))}

Ci2 k k k
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__ 38 11— _ _ _
['(2 —v)hy [( R33) (a(mm+1) — Vel2mm)) — (ET3(mme+1) 7€T3(n,m)):|
+ C11R11 + C1aRyp + 2C33 R34 = 0, (27)
Co1 = k k k k
F(2 — ’Y)h;{ [(1 - R21)(€11(n,m+1) - 7611(n,m)) - (eTl(n,m—l—l) - 7€T1(n,m)):|
- __Cn [( — Roo) (ch yek ) — (h — ek )]
F(Z _ V)hg 22(n,m+1) — 1°22(n,m) T2(n,m+1) T2(n,m)

2C _
+ I\(T?j)h’ly |:(1 - R§3)(E]1€2(n+1,m) B 761162(n,m)) B (6176“3(n+1,m) - 76]123(n,m))]

+ C92Rog + Co1 Roy + 2033 R35 = 0, (28)
where (Elfl(n,m)’6152(n,m)761f2(n,m)) are deformation components in a finite-difference form.

The method of splitting two-dimensional creep nuclei for fractional-differential rheological models
has also been adapted, which allows to determine creep nuclei and the function of bulk creep ve-
locity according to experimental data for one-dimensional models, to identify fractional-differential
parameters of models and to investigate effects of “memory” and self-organization of material [17].
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4. The results of the identification of fractal parameters and results of numerical im-

plementation of mathematical models
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Fig. 1. The results of the identification of fractal pa-
rameters of the creep function according to experi-
mental data.
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Fig.2. The results of numerical implementation

of mathematical model of heat-and-moisture transfer
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Fig. 3. Stress dynamics of fractional differential rhe-
ological models.

We present the results of the developed algo-
rithm for identifying non-integer fractional differ-
ential parameters according to the experimental
data [24] using the iterative method. The appli-
cation of the iterative method has two stages. At
the first stage, assuming that the parameters «,
5 of the deformation function are integer, based
on the method of least squares, the search for the
initial value of stress, relaxation time, modulus of
elasticity. The obtained identification results at
the first stage are taken into account in the next
stage, where the values of fractional-differential
parameters are obtained by minimizing the ex-
pressions describing the law of creep for rheolog-
ical models. The coordinate descent method was
used to clarify the identified parameters. A sta-
tistical criterion based on the application of the
correlation coefficient was used to assess the di-
vergence of the results. Thus, the correlation co-
efficient r is equal to the value of 0.992, which
indicates a good agreement between the approxi-
mant and the experimental data shown in Fig. 1.
It is shown that moisture content is released faster
from materials with the effects of “memory” and
self-organization with a lower base density. A de-
crease in the fractional differential parameters of
the heat-and-mass transfer model leads to the ac-
celeration of the process of moisture removal. So,
we can observe the influence of the fractal struc-
ture of the material on the process of moisture
removal. The simulation results with experimen-
tal data and are shown in Fig. 2.

Investigated is the variation of stress for the
rheological models of fractional-differential type:
Maxwell, Kelvin (Fig.3). The elastic modulus
of the material £ = 10200 MIla, the fractional
differential parameters of the models were taken,
5 = 0.9, « is variable. These numerical values
are taken into account from previous studies —
identification of fractal parameters of models. For
the Maxwell and Kelvin models, the stress curves
almost coincide, which is explained by other re-
searchers as follows: three-element schemes con-
taining two eponymous elements are mechanically
equivalent to two-element schemes.
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5. Conclusions

A mathematical model of heat-and-mass transfer based on the use of fractional integro-differential
apparatus is constructed in the work, which allows analyzing the dynamics of change in temperature
and moisture content of a material, taking into account the effects of “memory” and self-organization.
Finite-difference schemes are developed to approximate the mathematical model of non-isothermal
moisture transfer of capillary-porous materials with fractal structure, which makes it possible to carry
out the algorithm of the numerical method. The stability conditions for difference schemes are es-
tablished, which, by comparison, are consistent with the results of other studies. The fractal Kelvin
model in fractional differential form is obtained. Based on the non-integer integro-differential appa-
ratus and the Laplace transform method, analytical relationships in an integral form are found to
determine the deformations and stresses of the rheological model, which makes it possible to determine
the dynamics of the stress-strain state of the material taking into account eridarity (process memory)
and self-organization, to obtain thermodynamic functions, relaxation and creep kernels of fractional
differential models. Two-dimensional mathematical models of deformation processes are constructed,
which allows accounting for the fractal structure of a material, depending on the initial values of tem-
perature and moisture content, thermomechanical characteristics of the anisotropy, the base density
of materials. The developed algorithm for the numerical implementation of two-dimensional mathe-
matical models of visco-elastic deformation allows us to calculate the components of the stress-strain
state of the material, taking into account the effects of “memory” and self-organization. That is why
the paper presents a finite-difference scheme for the approximation of equilibrium equations based on
the Riemann—Liouville formula. Presented are the results of the developed algorithm for the identi-
fication of fractional-differential parameters of the models. New patterns of heat-and-mass transfer
and deformation processes are defined taking into account the fractal structure of the material, which
makes it possible to give due consideration for the effects of “memory” and self-organization of the
material depending on its base density, thermomechanical characteristics, technological parameters,
and anisotropy directions. The results obtained were compared with the experimental data and the
results of numerical studies which did not take into account the fractal structure of the material nor
took into account the time. Thus, the consistency of new results with existing ones is shown.
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Hocnip>keHHs TennonepeHeceHHA Ta Hanpy>xeHo-aedopmMauiiHoro
CTaHy maTepiany 3 ypaxyBaHHAM ppaKTasibHOI CTPYKTYypu

Coxoioserkuit 1. 1.1 Jleskosua M. B.!, Cokomnoscnkmii . 51.2

! Hayionanavruti aicomexniunuti ynisepcumem Yxpainu,
eya. I. Qynpunxu, 103, 79057, Jlveis, Yrpaina
2 Haygonanvnuti yrisepcumem “Tvsiscora noaimerwira”,
eyn. C. Bandepu, 12, 79013, Jlveis, Ykpaina

YV poboTi Ha OCHOBI amapaTy ApPoOOBOrO iHTErpo-IudepeHIliIoBaHHs TO0YI0BAHO MaTeMa-
TUYHI MOJIEJ TeIIOBOJIOrOIIEpEHECeHHs, neOPMAIiiHO-PEIAKCAIIITHIX MIPOIECIB B YMO-
Bax cepejioBuIla 3 edexramu “nam’gari”’ Ta camoopranizariii. UncenbHa peaJizaliiss MaTe-
MaTHYHUX MOJIEJIENl TeIIONepPeHeCEHHsI Ta BOJIOIOIIEPEHECEHHs I'PYHTYEThCS Ha aJiamTa-
il Merojy npeauKTop-KopekTop. CaMe TOMy y pobOTi OTpUMAaHO MaTeMaTHdHI MOJIE y
CKIHYEHHO-PI3HUTIEBOMY BUTJIsA . [[71s1 SBHOI PI3HUIIEBOI CXeMH Ha OCHOBI METOY YMOBHOTO
3aaHHs BimoMux GyHKIINH Ta MeToy inTerpasia Oyp’e Buznadeno ymosu criiikocri. Orpu-
MaHO iHTerpaJjbHe IIpeICTaBIeHHs 1ebOopMaIiil Ta HAIpyKeHHs TpOO0BO-1udepeHIiaaIbHOT
peostoriaHOT MOJIesTi 3a JOTIOMOTOI0 MeTOTy IepeTBopenHs Jlammaca. BpaxoByoun dnceb-
Hi Ta aHAJITUYHI METO/IM peaJsizalliil mobymoBaHnx Mojeseit y poboTi HaBeIeHO OCHOBHI
pe3ybraTh, 30Kpema, ieHTudIiKaio (ppakTaJIbHIX mapaMeTpiB s PYHKIIT TOB3yvI0CTi
3a €KCIIEPUMEHTAJbHUMY JTAHUMU.

Knto4oBi cnoBa: gpaxmanvra cmpykmypa, camoop2aridayis, MeniomaconepeHecerts,
dpoboso-dugeperyiarvrutll anapam, modeav Keavsina.
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