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Abstract: This paper considers the stability of
dynamical systems described by differential equations
with fractional derivatives. In contrast to a number of
works, where the differential equation describing the
system may have a set of different values of fractional
derivatives, and the characteristic polynomial is formed
on the basis of the least common multiple for the

denominators of these indicators, this article proposes
1

forming such a polynomial in a specific j5 basis and

studying the stability of systems with such fractional

description based on the resulting rotation angles of
!

H,(j"w) vector at a frequency change from zero to

infinity.

This technique is similar to the investigation of
system stability by frequency criteria used for a similar
problem in describing the system by differential
equations in integer derivatives.

The application of characteristic polynomials formed

1
in the j3® basis for the description of the processes in

dynamic systems and the analysis of the stability of such
systems on the basis of the frequency criterion are the
essence of the scientific novelty of this paper.

The article contains the following sections: problem
statement, work purpose, presentation of the research
material, conclusions, list of references.

Key words: dynamic system, fractional derivative,
stability, characteristic polynomial, frequency stability
criterion.

1. Problem statement.

The application of fractional order controllers in
technical systems together with the creation of process
models using fractional order derivatives have formed
new classes of problems in such systems. These are the
formation of the mathematical apparatus for the study of
transition processes in systems with fractional order

derivatives, on the one hand, and the analysis of the
stability of such systems, on the other. Although the
approximation of fractional order systems by systems
with integer order derivatives is quite often used for the
study of transition processes, the application of this
approach for stability analysis requires additional
research. According to Matignon’s stability theorem [1],
the location area of the roots of a characteristic
polynomial ensuring stable operation of the system
varies depending on the base index of the degree of the

characteristic polynomial jl/ *. The fractional order

system can be stable even in the presence of a pair of
complex conjugated roots in the right plane. At the same
time, the presence of roots in the right half-plane for
systems with derivatives of the integer order clearly
indicates the instability of such a system. The
transformed complex ®,- Riemann plane [2—4] or the

Lyapunov stability criterion [5-6] are most frequently
used to study the stability of the fractional order system.
It should be noted that the traditional transformation of
the characteristic polynomial

ﬂ aZ an

0O(s) = alsﬂ‘ +azs'32 +...+ansﬂ"
in the form

1 1 1
0s)=ay(s™)" +ay(s™)"  +..+a,(s™) +a,.,,

where m 1is calculated on the basis of the least common
multiple of f,05,..5,, can lead to a high-order

polynomial, and the analysis of the stability of the
system will be significantly complicated. It is the high
order of the obtained characteristic polynomial that
creates significant difficulties in applying the frequency
criteria for the analysis of the stability of systems with
integer derivatives in fractional order systems. Thus,
in [7], to eliminate the problem of high orders, it is
proposed to analyze the argument of a modified
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characteristic polynomial of a system of the form
1

m ~ ry .
> a, ,(s*) Ja,-(s+A)/%, where A is a natural
k=0

number. The system will be stable if the argument of the
modified polynomial is equal to zero. In [8], the stability
criterion for a system with fractional order derivatives is
formulated as follows: «the stability of the system
requires that the hodograph, starting at the positive part
of the real axis ® =0 while® growing to o should

pass sequentially through the 7*° %2.0() sectors of the

complex plane, where m is the order of the polynomial,
o is determined from the characteristic polynomial
basis s .

It should be noted that it is possible to apply the
fractional order characteristic polynomial to describing
the processes in electromechanical systems [9, 10].
Moreover, the order of the polynomial itself is not high,
and the basis of such a polynomial can be either s"%or

13 23
sV ,s/.

The purpose of this work is the formation of
1

characteristic polynomials of systems in the j3 basis of

fractional values and the analysis of the stability of such
systems based on the frequency criterion.

2. Presentation of the research material.
Integer order characteristic polynomial of a closed
dynamic system of the form:

H(s)=ays" +ays" " +ars" 2 +..+a, s +a,

after the transition to the frequency domain by replacement
§ — j can be written as:

H(jo)=ag(jo—p)-(jo-p)-
(Jo—=p3)-(jo-p,),
where py, ps, p3...p, are the roots of the characteristic
equation H(s=jw)=0.
Having moved from the Cartesian coordinate system
to the polar one, we obtain

_ n i e "
H(jo)=ao] [(re’®)=ape T [T

i=1 i=l1

n

where go(w)zZ(pi(a)) is the argument (arg) of the
i=1

complex function H(jw) .

In order to write similar expressions for polynomials
of fractal systems, it is necessary to solve the issue of
choosing the basis for a characteristic polynomial in its
frequency representation.

Let us consider the case of jl/3 value as the basis

for a characteristic polynomial and investigate the
relationship of the roots of a fractional characteristic
polynomial in the frequency representation under the
condition of the stability of fractional systems.

It is known that the trigonometric form of a complex
number is generally represented as follows:

z=a+ jb=r-(cosp+ jsinp), where r=va®+b*;
b . .

@ =arctg— . Representation of a complex number in
a

trigonometric form is required for the application of the
well-known Moivre formula which enables calculation
of any fractional degree d of a complex number, i.e. for
/ .
d =—, where m is the degree of the root of a complex
m
number and / is the degree of a complex number (m and /
are integers) .
Then, taking into account the Moivre formula, we
can write for the case when /=1

”{/_:"Q/H-(cos argz +2krx + jsin
m

where £=0, 1, 2,...(m—1).

argz +2krx

)9

m

For m=3 we obtain

T okx
+ jsin ),
m

z+2k7z

i/jzi/i(cos 2
m

T .. 7
——+ jsin—.
2-3 2-3
1
Now, a polynomial in the j3 basis can be formed

and whenk =0— i/jzcos

which looks as follows:

1 1 1
Hy(j30)=ag(j30)" +a(30)'™" +
1 1
+a, (jga))”_2 ot an_l(jga)) +a,
and, having written it as
1 1 1

H,(j3@) =ay(j3@ = p)- (3o p))..
1 1
-~-(j3a)_pn—l)(j3a)_pn)
we can analyze the options for the placement of roots
on the complex plane jV(w), U(w) and the resulting
1

angles of vector rotation (j3w-—p;) to meet the

condition of the frequency criterion of stability given
in [8].
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It is worth noting that according to this criterion,
/

the total angle of the vector rotation H:(j’"a))) at

the frequency changing from 0 to infinity must be
equal to
-l

=n .
4 2-m

where 7 is the exponent of the polynomial.

3. Analysis of the influence of the location of the
1

roots of characteristic polynomial ) ( an)) on the
system stability.

3.1. All roots are real numbers and are located in
the left half-plane.

The analysis of the displacement of the vector
1

Jj2®— p, for the first root under the condition ®=0-+o0 is

shown in Fig.1

V@)
1
~ - JE(D
~
\// ~
T es
~
P [
] 6 U(®)
p1 0
Fig. 1.

1

For frequency w=0, the vector (j3w-p;)

occupies the position + p,. As the frequency increases
1

to ® = o0, the angle of rotation of the vector ( j3®m— p,)

will be equal to + r (counterclockwise rotation).

1
Therefore, the total angle of the vector H:; (j3w)

rotation with taking into account all # roots will be:

Vs Vs Vs
Ap=(n-1)—+1-—=n-—.
p=(n-1) s tlg S
Thus, by analogy with the Mikhailov criterion and in

accordance with criterion [8] in this case for a stable

1
system, the resulting angle of the vector H Z( j3w)

rotation at the frequency changing from zero to infinity

Vs
takes the value n g .

3.2. At least one real root is placed in the right
half-plane.
For this case, the analysis of the displacement of the
1
vector j3@w— p; for the first root under the condition

® = 0 + oo is shown in Fig. 2.

V)4 '
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1
j3(0_p1
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2 - UL(O)
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~
~
Fig. 2.

1
If the frequency ® =0, then the vector ( j3w— p;)

1)

(13 _ pl 9 .
1
of the vector (j3w-—p;) rotation equals 5-%

takes the position If w—>o0, the angle

clockwise, i.e. the angle is negative. Provided that
the remaining roots are located in the left half-plane,
the total angle of the vector rotation can be calculated
as follows:

T T

=n-—-7.

T
Ap=(n-1)—-5-
= )6 p P

Here Ap#n % , i.e. such a value of Ag occurs due

to the instability of the system.

3.3. All roots are complex-conjugated numbers
with a negative real part.

For this case, the analysis of the vector displacement
for the first two complex-conjugated roots under the
condition @ = 0 + oo is shown in Fig. 3.
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1
The resulting angle of the vector (j3@ — p; ) rotation,
provided that the frequency changes from 0 to oo, is

equal to (%+a) counterclockwise and the angle of

1

the vector ( j3@— p,) rotation is equal to (a—%)

clockwise. Thus, the resulting angle of the rotation
of vectors of the pair of complex conjugated roots
is equal to

z
-

With regard to the rest of similar roots, the angle of
1

VA VA
Awpal'r =g+a—(a—g):2-

vector H, :; (j3w) rotation will be written as follows:

T 2 V4
Ap=(n-2)—+—=n-—.
p=(n-2) - 6
Therefore, we may conclude that such a value of

A@ is associated with a stable system.

3.4. At least one pair of roots is complex-conjugated
numbers with a positive real part (the roots are in the
middle of AOB sector).

For this case, the analysis of the vector displacement
for the first two complex-conjugated roots under the
condition @ = 0 + oo is shown in Fig. 4.

1

Here, the angle of the vector (j3w— p;) rotation,
while ® is changing from zero to oo, is equal to

a +5-% clockwise (negative angle). The angle of the
1

vector ( j3w— p,) rotation, if 0<w<oo, is equal to

5-%—(1, also clockwise (negative angle). Therefore,

the total angle of the vectors rotation for such a pair of
roots is as follows:

St Srm b4
A(me'r:—a—?—? az—Z-?.
JV(o)4 1
Jlo
3 A
J O=p
.~
LT
=" p1/ Vv’ o-p,
" U(o)
0 o -
~
_ ~/l
~
2
~
B
Fig. 4.

Taking into account that the remaining roots are
1

stable, the resulting angle of the vector H,( jga))

rotation is equal to

A<o=<n—2)%—(%”+a)—(%”—a)=

Vid T Vd
=n-—-12-—<n—.

With regard to the obtained result, it can be
concluded that such a system is not stable.

3.5. Complex-conjugated roots with a positive real
part (the roots are outside the AOB sector).

For this case, the analysis of the vector displacement
for the first two complex-conjugated roots under the
condition ® = 0 + oo is shown in Fig. 5.

It can be seen from this figure that the angle of

1
rotation of the vector ( j3w— p;) is equal to +(7?ﬂ -a)

(counterclockwise), and the angle of rotation of the
1

vector ( j3@— p,) is equal to -(5?” —a ) (clockwise).

Thus, in the case when the pair of complex-
conjugated roots is outside the AOB sector, the resulting
rotation angle of the pair of roots will be equal to

T

Sz
=——a—-(—-a)=2-
6 (6 )

T

A(ppair 6
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Vi)

Fig. 5.

Taking into account the remaining roots, the total
1

angle of rotation of the vector H,( jga)) will be equal to

T 2r T
Ap=(n 2)6+ 5 —n6.

By analogy with the value of A¢ for stable systems,
we can conclude that such a fractional order system is
stable even with a positive real part of complex
conjugated roots.

The latter result does not fit into the classical
understanding of the condition of root placement in
terms of the system stability when describing by the
transfer functions of the integer order. It is obvious that
for describing the model of fractional systems the
condition of a non-stable system is transformed into the
condition of finding the root in the corresponding sector
of the right plane, and not in the whole right half-plane.
Therefore, it is probably necessary to check the angles of

/

rotation of the hodograph H,, ( j;a)) for different orders
of characteristic polynomials 7 under the condition of
changing the frequency within 0 < @ <oo. This will once

again verify the correctness of the criterion in [8], if the
[

total angle of vector H,( j;a)) hodograph rotation
!
based on the formation of the j” basis will be equal to

-/ . L
Ao =n 2— , where n is the order of the characteristic
-m

!
polynomial in the j™ basis.

Let us investigate hodographs for the systems of
different order, which are represented by a characteristic
polynomial in the /' basis.

a. Second-order hodograph
The characteristic polynomial in the j'* basis can be
written as follows:

1 1 1
H2(j30)=ag(j30) +ai(j30) +a;.
Obviously, here n=2.
Let us move on to representing this expression in the
J basis, using the formula
: 1
P =s(B)).
1 2 1 .

Then U(w) = ana) +5a1a)\/§+ a, is areal part,

1 1 . o
V(w)= anﬁwz +Ea1a) 1S an 1maginary

part.
For =0 we have U(w)=a,, V(®w)=0.

For w =0 wehave U(w)=o and V(@w)=o.

So,

a3+ ta ‘
2 2 o

gP=—"1 1 1 1 =3
o (—ag+—aN3 —+a, —
(2 ot a3 2(02)

aA—>0

Then ¢ = arctg+/3 = 60° = 2%. The magnitude of

/
the rotation angle of the vector H, (j 3w) obtained earlier
indicates that such a system is stable. Therefore, the
conclusion is that the analysis of the stability of fractional
systems can be performed on the hodograph of the
characteristic polynomial in the j basis, which corresponds
to the characteristic polynomial in the j* basis.

b. Third-order hodograph
Let us write the characteristic polynomial in the ;'
basis for the case when n=3:

1 1 1 1
Y 2 A3 2 N2 2
H3(30) = ag(j30) +a1(j30)* +ay(j3w) +a3).

Then we move on to the characteristic polynomial in
the j basis. Using the formula j'”, we write:

1
Hi(jo)=agjo’ +a15(1+j\/§)a)2 n

+a2%(x/§+j)a)+a3.
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Therefore, the expressions of the real and imaginary
part of this expression are as follows:

U(w)=a1%w2+a2%x/§a)+a3 ,

V(w)= aoa)3 +aq %\/Ea)z +a, %a)

For =0 we have U(w)=a3, V(w)=0.
If @=o0, the resulting rotation angle of the vector

H ; (jo) can be determined as follows:

3 lfl 11 ‘
w (ay+a,—~N3—+a, ——
(ao "2 T w 22a)2)

11 1 1 1
[N R
20 2 &P 30)3)

I
8

W—>0
T T L
Hence, A @ = arctgoo = 2 = 3g . Taking into account

the signs of V(w) i U(w), the angle is in the first

quadrant, i.e. Ap = 3?” .
This value of the hodograph rotation angle corresponds
to the condition of stability.

c. Fifth-order hodograph
Let us write the characteristic polynomial in the j'°
basis for the case when n=35:

1 1 1 1
.3 .3 N5 .3 4 .3 \3
Hs(j3w)=ay(j30) +a)(j30)" +ay(j30) +
1 1
+a3(j30)* +ay(j30) +as.
Let us move on to the characteristic polynomial in
the j basis. Considering that

W | —

51 .
J =E(\/§+J);
2 1
J? =S+ j3);
3
(U3 =Js
4

S .1 1 .
J3=J§(x/§+1)=5(1x/§—1);
5 2
= 1 B
3 _ s i3 a1 NO Lo 3
A 2(J V3),
1

characteristic polynomial Hs(j3) in j basis will have

the form:

* 1 1
Hs(jo) =a05(j—ﬁ>w5 +a15(jﬁ—1>w4 +

1 1
+a2ja)3 ++az 5(14‘]\/5)(02 +a45(\/§+j)a) +as.

Having grouped the real and imaginary part, we
obtain

1 1 1
U(w):—ao—v3w5 —al—a)4 +a3—a)2 +
2 2 2
1 =
+G4E 3w +as,

V(w) = aO%a)S +a %\/ga)“ +a2a)3 +

+a3%x/§a)2 +a4%a).

According to these expressions, let us analyze the
hodograph in the j basis.

fw=0,U(@)=as, V(w)=0.

If @ =0, by writing the expression for fgg as

5 1 1 1 1 1 1 11
@ (ag~+aj-AB—+ay— +ay A3 +ag——
(02 A R A PP

)

gp= =
SR JOP N
w w w [0 PRI
+610l
- 2 __1
—aplyz B

. 1 T
we obtain A ¢ = arctg(——=)=5—.
@ 2( JE) 0
1
Therefore, the hodograph of the vector Hs(j3w) in

the representation in the j basis when changing the
frequency from 0 to oo will return to the angle 5?7[ , and

this corresponds to the stability condition shown above.
Thus, the obtained values of hodographs of vectors
1
H,(j3w) at ®=0 and @w=o do not contradict the
conditions of the above-mentioned criterion of stability
of the system with fractional derivatives.

4. Conclusion

The analysis of the influence of root location in the
complex plane jV(w) and U(w) on the stability of the
system and the study of the resulting rotation angles of

1

vectors H,(j3w) for n=2, 3, 5 when changing the
frequency from zero to infinity has been carried out. It
has confirmed the condition of the frequency criterion of
system stability described by fractional order equations
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for the case of characteristic polynomials formed in the

basis.
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3ACTOCYBAHHA YACTOTHOI'O
KPUTEPIIO CTIMKOCTI JJI51 AHAJII3Y
JUHAMIYHUX CUCTEM
3 XAPAKTEPUCTUYHUMMU
INOJIIHOMAMMUA, COOPMOBAHUMMU
B BA3HUCI J'?

Opecr Jlo3uHcbkuil, AApocnaB Mapymax,
Amnppiit JJosuncekuii, borman Komuak, Jligis Kama

B pamiii crarTi pO3MNSIHYTO MHTaHHS CTIMKOCTI AWHA-
MIYHHMX CHCTEM, SIKi ONMUCYIOThCS IH(EPEeHIIaIbHIMHI PiBHSH-
HSIMH 3 po6oBuMy moxingaumu. Ha Binminy Bin psay po0Oir, ne
nudepeHiiagbHe PiBHAHHSA, SIKE OIMUCYE CUCTEMY, MOXKE MaTH
HaOIp pi3HUX 3HAYCHb MOKA3HUKIB JPOOOBUX MOXIMHHX, a
XapaKTEepUCTUYHUI MONIHOM (OPMY€EThCSl Ha OCHOBI HaiiMeH-
IIOTO CILTBHOTO KPAaTHOTO IS 3HAMEHHHKIB IIMX TTOKa3HUKIB,
B JaHiil CTaTTi NpONOHYeThCsS cHOPMYBaTH TaKHW IMONIHOM B

1

KOHKpETHOMY 0a3uci j 3§ pami MIPOBOJMTH JTOCIIIKCHHS

CTIHKOCTI CHUCTEM 3 TakuM JpPOOOBHM OIKMCOM Ha OCHOBI
L

pesynsTyrounx KyTiB moBopory Bekropa H, (j™®) mpu
3MiHi 4aCTOTH BiJ HYJIsl IO HECKiHYCHHOCTI

Taka MeToanKa € aHAJIOTIYHOIO JI0 JOCIIPKEHHS CTIHKOCTI
CHCTEM 32 YaCTOTHHMH KPHUTEpIsIMH, SIKi BHKOPHCTOBYIOTBCS
JUIsl IOAIIOHOT 3a7advi Mpy OMUCI CUCTEMH An(epeHialbHIMH
PIBHSHHSAMH B I[IIOYMCEIBHUX TTOXITHUX.

Came 3acTOCYBaHHS JIsl ONKCY IPOIECIB B JTUHAMIYHUX
CHUCTEMax XapaKTePHCTHYHHX IOJIHOMIB c(hOpMOBaHHX B Oa-

1

suci 3§ amami3 CTIHKOCTI TAKMX CHCTEM Ha OCHOBI 4Yac-

TOTHOTO KPUTEPIIO CTAaHOBJIATH CYTh HAYKOBOI HOBU3HHU JJAHOTO
Mmarepiaiy.

CrarTs MICTHTh HACTYIHI PO3JIIM: IIOCTAaHOBKa Ipoliie-
MH, MeTa PoOOTH, BHKJAJ OCHOBHOTO MaTepialy, BUCHOBKH,
CIIMCOK JIITepaTypH.
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