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Abstract. Purpose.A two-dimensional mathematical model for the prablef elasticity
theory in a three-component plate containing rieeidr crack due to the action of mechanical efforts
Is examined. As a consequence, the intensity e§sés in the vicinity of tops of the crack increase
which significantly affects strength of the bodyhiI may lead to the growth of a crack and to the
local destruction of a structure. Such a modelesgnts to some extent a mechanism of destruction
of the elements of engineering structures withksawe determined stress intensity factors (SIEs) a
the tops of the crack, which are subsequently usedetermine critical values of the tension.
Therefore, the aim of present work is to determihe two-dimensional elastic state in plate
containing an elastic two-component circular indosand crack under conditions of power load in
the case of unidirectional tension of the platgopedicular for the crack line. This makes it po&sib
to determine the critical values of unidirectiotelsion in order to prevent crack growth, which wil
not allow the local destruction of the bodif§ethodology The methods of studying two-dimensional
elastic state body with crack as stress concemgrdiased on the function of complex variable
method by which the problem of elasticity theorydduced to singular integral equations (SIE) of
the first and second kind, the numerical solutignttee method of mechanical quadratures was
obtained Findings. In this paper two-dimensional mathematical modehie form of the system of
two singular integral equations on closed contdaoufdary of inclusion) and unclosed contour
(crack) are obtained; numerical solutions of thiagegral equations were received by the method of
mechanical quadratures; stress intensity factotheatops of a crack are identify and explored to
detect the effects of mechanical character. Graprdependencies of SIFs, which characterize
distribution of the intensity of stresses at thpst@f a crack as function of elastic properties of
inclusion and also as function of the distance betwcrack and inclusion are obtained. This makes
it possible to analyze the intensity of stresseshi vicinity of a crack's tops depending on the
geometrical and mechanical factors, as well aseterchine the limit of permissible values of
unidirectional tension of the plate perpendicutathte crack line at which the crack begins to grow
and the body being locally destroyed. It is shohat the proper selection of elastic characteristics
of the components of three-component plate candaheve an improvement in the strength of the
body in terms of the mechanics of destruction Ijuoing SIFs at the crack's tog3riginality.
Scientific novelty lies in the fact that the sotuts of the new two-dimensional problems of elastici
for a specified region (plate containing an elastio- component circular inclusion and a rectilinea
crack) under the action of unidirectional tensidnttee plate perpendicular to the crack line are
obtained.Practical value.Practical value of the present work lies in thesgioility of a more
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complete accounting of actual stressed-straingé gtathe piecewise-homogeneous elements of a
structure with cracks that work under conditionsdiferent mechanical loads. The results of

specific studies that are given in the form of twapould be used when designing rational

operational modes of structural elements. In thise¢the possibility for preventing the growth of a

crack through the appropriate selection of compsitomponents with the corresponding

mechanical characteristics is obtained.

Keywords: crack, stress intensity factors, singular integr@liation, unidirectional tension,
three-component plate.

Introduction and literature review

The study of the stress-strain state of piecewm®dgeneous bodies with cracks has not only
scientific but also practical significance for assing the strength and reliability of many elemeuits
engineering structures. Mechanical stresses tlaatrdc the body under the action of external fdozeds
can contribute to the formation of new and the dghoof existing cracks and as a result lead to local
complete destruction of the structure or its eldmerherefore, the study of stress distributiothi vicinity
of crack vertices is important for calculationgtud strength and durability of structural elemeagsyell as in
the development of experimental methods for esigdhe resistance of the material to crack profaiga

Elastic interaction between two spherical cracksaled along the outer surface of hollow parts,
placed in a heterogeneous environment during acfiam uniaxial stretching load was analyzed in [1]

Authors of [2] obtained analytical solution towaotdimensional problem of elasticity theory of
screw dislocation near the surface crack of moljealshear crack during action of anti-flat defotioa
They determined effect of the dislocation on asstiatensity coefficient.

In paper [3], a problem of interaction between ackrand an elastic inclusion was reduced to
solving singular integral equations of the Caugjpet Based on this result, the authors analyzeglikin
behavior of the solution for a crack with branches.

A two-dimensional model of a problem on bendindagweakened by coaxial crack and slit were
considered in [4]. The resulting solution makegdssible to analyze the effect of the interactién o
variable-type defects on the stressed state npar to

Based on the numerical solution to the bound tdigeensional elastic-dynamic problem, the
influence of massive inclusion of the hard disktom adjacent slit-like crack was examined in [5].

A problem on the circular, absolutely rigid, indlus of arbitrary shape, which is located in the
transversally isotropic half-space under conditimhssmooth contact with the second half-space, was
reduced to a system of two-dimensional singulaegral equations. Authors of [6] investigated the
asymptotes of stresses in the vicinity of an inolmsand defined directions of the largest and twveelst
concentration of stresses.

In article [7], a problem of elasticity theory far half-plane with many cracks was reduced to a
singular integral equation using the modified coamgnsive potential under condition of free stretghi
The authors obtained a system of singular integgahtions with a distributed dislocation function.

The method of singular integral equations which wsed also for the analysis of the plane elastic
state in a piecewise-homogeneous two-dimensionlédissavith cracks is addressed in a number of
publications. In particular, a crack was studiedated in parallel to the lines of junction of dhisiar half-
planes when stretching stresses are assigned omfithiy of the formed plane [8]. Termoelastic pfem
for such a region with uniform distribution of teerpture over entire piecewise-homogeneous plareawit
crack was examined in [9].

An analysis of major scientific literary sourcesealed that still unexplored and undeveloped are
the mathematical models, which are applied to stimdyinteraction between a crack and the line that
connects two dissimilar half-planes, as well as ititersection of a crack with the line of junctiom
piecewise homogeneous bodies with cracks. Gives) there is a necessity to construct mathematical
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models for determining such mechanical loads athvii crack starts to grow while the body undergoes
local destruction. Exploring such models will makepossible to propose one of the approaches, for
example by selecting the components of piecewiseolgeneous bodies, welded together, with appropriate
mechanical characteristics, to prevent the groWwth@ack.

This model is the development of the previous motedetermine the two-dimensional elastic state
in a three-component piecewise-homogeneous sodidk@ned by a crack.

Statement of the problem

Let the infinite plate consist of an elastic mat8xand two dissimilar elastic isotropic inclusio8s
and S bounded by smooth contoutg and L, accordingly, whereS, is a circular inclusion (disk) of
radius R,, Sis a circular ring with an inner radiug, and an outer radiuR with a center at the origin
xOy. The matrix contains rectilinear cratk of length 2l located at the axis and the center of the crack
is at the point(d,0). At infinity, the plate is stretched by externaessesp directed perpendicular to the

crack lineL, (Fig. 1).

ERARENRGRRRERE

AR RE AN

Fig. 1. Tensile plate with two-component folded circulaclusion and crack

Assume that the contour of the rihg and the contour of the disk, is set to the ideal-mechanical
contact (equality of stresses and displacements \@pproaching the left and right to the circuit):

[N(t) +iT®)] =[N +iT(t)];
(U +iv)" = (u+iv) =0, t0OL;
[N(t) +iT(t)] =[N(t) +iT(t)] :

(Up +ivy)" = (uy+ivy)” =0, t,0L,.

(1)

(2)
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The lips of the crack are not in contact duringdb&rmation process and are free from loads:
[N(L) +iT(t,)] =0, t,0L,. 3)
In relations (3)N(t,),T(t,) are normal and tangential stress componants;, are displacement
components.
Mathematical model
Complex stress potentiatB(z), W(z) can be represented in the form [10]:

D= (Y+P(I+D(F W@ =W (+W,(I+W,( 2, (4)
where
_ 1 & Qt)dt, 2 ol Qt)dt,  Z,Q(t)dt, |,
ECREE N %0 ZI{ zk—z G- }

{ =t +d; Q (k)= { ((g

®,(9) =

2 (t)dt . (R-¢. W) ()F.
ZLI{ROQK& L (R Q(t L} -

(1+/Y1 01 g | 2%, F§) Z_k( Ig_ Z_k)z

1-Ty R Z (F§ 4 4)(R - 3Z7k }
W,(=—2 2 —  (t,)dt,
O o 22 ;L{{(z@—%)% Z(R- 7 W

oy, - 2% ‘
L(zzk R)’ ROZJQK(” tk}’Mﬂ% 40> R

g,(t) is unknown function on the contol; g,(t,) is unknown derivative of the jump of displacements
at the transition through the crack lihg. The functiong,(t,) must have integrative features at the ends
of the crack. ®,(z)= p/4, W,(2)= p/2 are the potentials that determine the stress siata
homogeneous plane without cracks under the actidersion at infinity by external stressgs [10];
Fu=Gy/G;; Gy(G,) is disk (ring) displacement module. Complex pdts®,(z), ¥,(2),
®,(z), W,(2) characterize the perturbed stress state due totireomponent inclusion and crack.

Note that the choice of complex potentials in therf of (4), (5) provides exact satisfaction of the
second equality of the boundary condition (2) oa ¢ircuit L,. As a result, the order of the system of

integral equations obtained after satisfying theepboundary conditions is reduced from three . tw
Satisfying with the use of complex potentials (%), the second equality of the boundary condition
(1) on the contout, and the boundary condition (3) on the crdck we obtain the system of two singular

integral equations of the second and first kindpeetively, with respect to two unknown functioQgt,)
on the contoul, andQ,(t,) on the contouL,:

AQ()+- j[&(qr»@(%r; S(wr) QY df+

+%T|:[[R12(t2-7-1) Qz(tz) dt2+ Sl& tzrD Q£ Q_dtél - FIT l' r D Li
1 N (6)
- J[Ra(br) QL S(Lr ) QY d
L

] [Ralle T QU e S(Lr QY )= Rir ) 10 L,
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where

1-T,, B, R)Z_Zkz_k ?n 1
(G 7h) = Ryl b 7 - n. dr, n,
Rullor) = RulbeT ) F§1+x1r01{nn(nnzk—R§) q{zk(%—nnzk)”dfiﬂn(ﬂ(r R

LRR-3.0)+ 24,0, | €4 R)
Zk(”_n)z(,]_nZk - Roz)3

1-T,, | BAR-{,J)) { 1
Tn) = Sl by + 2 2 (o +
SuLT)= ST %1+x1rm{zk(&—nnzk) 107 R
{E_l_ +nnr7n<F%—_2f7nzk)+g7_nsz§—2Fﬂ}.
dr, 7,(7,)° (R =140 ’
Ry(tor)=—on -G N,

Zk_”n Z_k_”_ndrn
1 dr, ¢, - "
S&k(tk.rn)=—CnL—_,7——d—r”(gik_g”)z]/7n=Tne"+z‘1: n=12, k=12
k n n k n

1,n=1
A=ilL+x+T,@+x)]/2 T,=G/G; c&z{onn_z:

B, =(x-Tx-1)9,+1, C,=(2-T))J,-1;
dr
dr

P.(7,) =3,{-B®,(7,) + C{%(ﬂn) +—2(n Do)+ n))} +2G g (n 9} +

n

+H1=8){ Pa(7) = Po 1)~ ® 1)~ [7. D@ )+ Vo) ]} n=12i 7,=1,+d.

The system of integral equations (5.16) with anteaty right-hand side has a unique solution under
the condition:

sz g,(t,)dt, =0, -

which provides unambiguous movements by passingrdmek contour.
Then the stress intensity factors (SIF§) and K, , which are the real quantities that characterize

the stress-deformed state in the vicinity of theckrtips, are found according to the formula [10]:

Ky =Ky =+ lim (27, 71,0Q,(t,) . (8)

t, - I,
The numerical solution of the system equations (B), are found by the method of mechanical
quadrature [10].

Numerical analysis
Graphs for dimensionless stress intensity fact&i§y) F* =K / pv/I (F,; =0) are shown in
Figs. 2-4. The solid curves correspond to the BiFat the left top of the crack, =-I (closest to the

ring), dashed curves correspond to the §[Fat the right topx, =1 (far to the ring). Numerical solutions

of the system of singular integral equations (8),are obtained by the method of mechanical quadat
for different values of elastic and geometric pasters of the plate, whe/R,=0.5; d/R, =2;

R/R=11 x,=x,=x=2.
In Figs. 2 and 4, curves 1 correspond to the v@f&s=0.5; 2 -G,/G=1; 3-G,/G=2; in Fig. 3
curves 1 correspond to the valGg/G=0.5; 2 -G,/G=1;3-G,/G=2.

24



Mathematical Modeling of Elastic State in a Threeaponent Plate Containing a Crack ...

Increasing the stiffness of the disk (shear modutasises an increase of SH, F* regardless of
the rigidity of the inclusion. In this case, theciiease in the stiffness of the inclusion slows ddiin
decrease of SIF,” (Fig. 3). As the crack is removed, the SIfF decreases at both crack vertices (Fig. 3).
Increasing the stiffness of the disk (shear modsy¢ causes an increase of SH, F* regardless of the
rigidity of the inclusion. In this case, the incsedn the stiffness of the inclusion slows dowis decrease
of SIF F, (Fig. 3). With the removal of the crack SE* decreases in both vertices of the crack (Fig. 4).

F* _
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Fig. 2. Dependencies of SIFli on the relative hardness of  Fig. 3. Dependencies of SIIFf on the relative
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In all the above cases SI; at the top of the crack closest to the ring igéar(smaller) than in the
distant SIFF", if the stiffness of the ring is less (greategrtiihe matrix.

In the considered problem, the lips of the craekrast in contact. Then, according to the criterion
(based on the hypothesis of the initial growth ha# track) from equations of the boundary equilitoriu
[11] it is possible to find the critical values e unidirectional tension of the plate perpendictibr the
crack line p,, at which the growth of the crack and the localtmesion of the body begin, according to
the following formula:

— KlC
P =55 (©)
where K. is a constant of the material that characterizesré¢isistance of the material to the destruction
and is determined experimentally.
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Based on the analysis of numerical results for BffFfrom formula (9) it follows: with increasing
tensile external stressqgs, directed perpendicular to the crack line, craakngh will start from the right
vertex (far to the ring) if the ring is stiffer thahe matrix G, > G). In this casep,,, is greater tharK,.
for both crack vertices. If the ring is less rigi@, < G), then vice versa from the left vertex (closestr®
ring) for different disk stiffnesses (Fig. 2). Img casep,,, is less tharK,. for both crack vertices.

Conclusions

1. A two-dimensional mathematical model for theljpeon of elasticity theory for three-component
plate containing crack under the action of powadlim the form of system of singular integral etpret (SIE)
of the first and second kind on the contours ofkciend inclusion are constructed. Such an appnoedtes it
possible to obtain a numerical solution to SIE lty application of the method of mechanical quadeatu

2. Numerical solutions to SIE (employing the metlvddnechanical quadratures) in particular case
of unidirectional tension of the plate perpendicitathe crack line are obtained. This makes itsjiads to
determine stress intensity factors (SIFs) at tips @f the crack, which are subsequently used terhiie
critical values of the tension at which a cracktstéo grow.

3. Graphic dependencies of SIFS, which characterize the distribution of intensifystresses at the

tops of a crack, on the elastic characteristichde-component plate are constructed. These sasialke
it possible to determine the limit of permissibl@ues of unidirectional tension and could be usbémnw
designing rational operational modes of structwekshents in terms of preventing the growth of ksac
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