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INVESTIGATION OF FORMULAS DETERMINATION
OF A POINT’S PLANE COORDINATES
BY THE INVERS LINEAR-ANGULAR RESECTION

The aim. The study of formulas determination of the point coordinates by the inverse linear-angular intersection
method. Previously, we investigated the possibility of using electronic total stations to control the geometric parameters
of industrial buildings. The applied application of electronic total stations for high-precision measurements has
been investigated as well. [Vivat, 2018]. The formula for optimal use of the device with certain accuracy characteristics
relative to the measured basis is analytically proved and derived [Litynskyi, 2014]. Measurements on the basis of
the 11 category are performed and theoretical calculations are confirmed. The possibility of achieving high accuracy
in determining the segment by the method of linear-angular measurements is shown [Litynsky, 2015]. The influence of
the angle value on the accuracy of determining the coordinates by the sine theorem is investigated and the possibility
of optimizing the determination of coordinates by the method of inverse linear-angular serif by the formulas of cosines
and sines is investigated [Litynskyi, 2019]. Method. Establishing a mathematical interconnection between measured
values (distances and angles) with the required (flat coordinates of a point), differentiation and finding the minima of
functions. Results.There were five formulas selected, of which six combinations had been created to calculate the
increments of coordinates and to estimate their accuracy. Numerical experiments show that neither method has a
significant advantage, which is supported by the results presented in the graphs and tables. It is worth noting one feature
of the second method - in which it is possible to determine the increments of coordinates with an accuracy that exceeds
the accuracy of measuring the sides. The possibility of optimizing the coordinate increments determination due to the
choice of calculation formulas is considered. The possibility of increasing the accuracy of determination of the
coordinates increments using different calculation formulas is researched. Consequently, it is suggested to optimize the
choice of calculation formulas depending on the position of the desired point. The results of these studies can be used
to create electronic total station or laser tracker application software in order to improve the accuracy of coordinate
determination.

Key words: technical measurements, high-precision measurements, optimization of geodetic measurements,
optimization of determination of coordinates by inverted linear-angular intersection.

Introduction be determined (like beams, cranes, turbines,
satellite antennas and etc.) are often mounted in
inaccessible places and it is not always possible to
make direct measurements of their structural
elements. Therefore geodetic networks are built for

the accuracy of determining the parameters of metal measuring and marking the geometrical parameters of

parts cannot physically exceed 0.02-1.0 mm. Such units [Voytenko, 2010].

[DSTU-N, 2009]. Mechanical and interference We have analyzed theoretical and practical
methods are used to achieve such accuracy. For such researches of this problem and found out that during

problems new methods and devices, mechanical ~ installation and verification of geometrical sizes of
hands, trackers, interferometers are being developed.  constructions inverted linear-angular intersection is
Those structures whose geometrical parameters are to  used. Laser trackers, scanners and total stations are

As usual, there are high requirements to
determining the geometrical parameters of structures
that exceed significantly the requirements of
geodetic measurements instructions. For example,
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used for coordinate determination [Lienhart, 2017;
Erol, 2010; Vivat, et al., 2018]. In [Gottwald, 2008;
Novakovic et al., 2009] methods of control of
electronic total stations and laser scanners for
compliance with international standards of 1SO
metrological parameters are investigated.

Usually these measurements are dynamic, one
needs to determine coordinates using minimum
guantity of measurements. Interesting way of error
determination of binding device to known basis is
proposed in [Burak, 2011]. Author uses cotangent
based formula from problem of stake outing of point
to section line when section line is not visible.

[Litynskyi, et al., 2014] has analytically proved
and deduced a formula for optimal arrangement of a
device with certain accuracy characteristics with
respect to the measured basis. In [Litynskyi, et al.,
2015] measurements were made on the basis of the
Il category and the theoretical calculations were
fully confirmed. The possibility of achieving
higher accuracy of segment determination by
linear-angular measurements method is shown. In
[Gargula, 2009] the influence of the magnitude of
the angle on the determination of coordinates by the
sine theorem is researched. In [Litynskyi, et al.,
2019] the possibility of optimizing the determination
of coordinates by the method of inverse linear-
angular intersection by the formulas of cosines and
sines is researched.

Aim
To perform a more detailed research of formulas
that determine the increments of coordinates that
gives optimal value in inverted linear-angular
geodetic intersection. We are aiming to propose and

analyse calculational formulas to obtain minimal
error without adjustments.

Methodology

Due to the fact that it is not always possible to
directly measure structural elements, they often use
the method of inverted linear-angular intersection.
This method involves measuring the lines Sy, Sy, and
the angle g between them (See Fig.1).

The accuracy of coordinate transfer is influenced
not only by the shape of geometric constructions,

but also by formulas for which the increments of
coordinates are calculated, and that is confirmed
by further research. These formulas are
selecteddepending on the information received. In
our case, since there are excess measurements of
increments, we can calculate it using both by the
sine theorem and Pythagorean theorem. As we have
excess measurements we can ignore some of them
as angular measurements errors sometimes
are distorting result much more then linear
measurements errors.

v

Fig. 1. lllustration of designations
in coordinate determination by the method
of planar linear-angular intersection

Mathematical research

The coordinates of the desired point P calculates
as follows:
X, =X, + DX,
Y, = Yo +Dy. 1)

Consider, at what values of the measured
parameters Si, Sy, # and the formulas of calculation
the coordinate error will be minimal. Assume that
the side (basis) of the formed triangle S is fixed.
For a fixed basis and the measured two sides of a
triangle and the angle between them, it is possible to
calculate the increments of Ax and A4y coordinates by
different methods, for example, by the formulas of
the sine theorem:

sina =aeisin bg a =arcsin&isinb2
§s g §s g (2
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. 8S, . 0 . &S, . 0
sing =.—=sinb : =arcsina—=sinb -.
ITgs Py, 9 TR
Determine the increment of Ay coordinates by
these formulas using (Fig. 1).

2 -
Dy, =S, c0sa =3,, /1—81;+b =

(4)
5, S*-SZsin’b,

Dyrs, =S - S, cosg =

:S—%./SZ—Szzsinzb. ®)

We also express the increase Ay by Pythagoras'
theorem:
S?-SZ2+8§?
28 - (6)
The increment of the coordinate Ax, we
express from the triangle OPA, using the sine
theorem:

DyTP =

_S,;S,sinb

B ) ()
as well as from the triangle OPD, by Pythagorean
theorem:

2 g2, q24°
Dxrp =/S; '(DX)2 :\/812 _2%2 )
€

Dx;s =S, sina

g

\/232(sf+s§)-(s4+(sf -s;)z) ®)
2S '

The combination of formulas (4), (5), (6), (7) and
(8) gives different ways of calculating the values
of 4Ax, 4y and by differentiating them and
performing simplifications, we obtain formulas for
calculating the root mean square errors of the
increments of coordinates. Let us introduce the
following notation:

méyﬁs - is the mean square error of determining
1

the increment Ay by the sine theorem across side Sy,

mg,..., — the mean square error of determining
2

the increment 4y by the theorem of sines across the
side Sy,

2
mDY(TP)
increment 4y by the Pythagorean theorem,

m2 - the mean square the error of determining

Dxrs

— the mean square error of determining the

the increment 4x by the sine theorem,

2

m
Dx(rp)

—the mean square error of determining the

increment 4x by the Pythagorean theorem,

m? =S—12{(S2 -§/sin*b)mg +

Dy(rs;)

(9)

,Sisin“bxms +Sfsin’b (cos2 b xmé)l,l
K S?-S7sin’b Y
' b

0 _ 1

Dy(rs,) S 2

{(s?-sZsin’b)m? +

. S;sin“bxmi +S;sin’b (cos2 b xm? ){f (10)

1 S?-SZsin’b b
, sfmfl +s§m§2
Dyey SZ , (11)
2 :iz(Szzsin2 bm +S7sin*bxmZ +
(TS) S 1 2 , (12)
+S2S2 cos’ b xm?)
2 1 2(c2 2 2\ 2
=~ 48(s?-s2+82) m +
Dxcrp) 4S4(Dy)2 1( 1 2) S
(13)

+52(s?+57 - 5%) ' m?}
Let us write down all possible combinations
of an error calculation of the point P as the sum

of the errors of these two increments of
coordinates:

i
1 2
. + ( )
: mDY(TP) Dx(rs) I
) 2
Fm (1)

2 _ I, DY(rsy) )

ms = _|_mz o (IV) (14)
1 Dy, DX(rp)
I - 2
17 Dy DXrs) (V

2 2

1
TmDy(TSZ) + mDX(TS) (VI )

The exercise of finding the minimum value of the
sum of errors 4Ax and Ay

M = Mo + Moy (15)

with the following condition

S*=82+S2-2SS,cosh, (16)

is formulated as finding the minimum of Lagrange
function

F(S,,S;,b)=m +mj +
+1(SZ+S2 -2S,S,cosb - S?).
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The analysis of formulas (9), (10) for the
calculation of errors reveals the following
feature:

Iimm§®¥,for

sinb ®S§(S1 33, ,sina ®1,

1
a®%, Dy®0,5,®S,m ®¥)
In formula (9) and

sinb ®Si(82 3S,sing ®1,9 ®%,
2

DX®0,5, ®S, m, ®¥)

in formula (10).

Also, by tabulating functions (9) and (10), it is
established that for certain Sy, Sy, fixed basis S and a
measured angle S, there is no global extremum by
cosine theorem [Litynskyi, et al., 2019]. The studies
of the Lagrange functions for the best arrangement
of the device were carried out in [Litynskyi, et al.,
2019], where some partial cases are found that give
optimal parameters. However, no definitive and

clear answer received. Therefore, considering the
expression m*(S,,S,,b) as a function of two
variablesS,,S, since  S;,S,,b are bounded by

condition (16), we subsequently search for such
values of S,,S, that produces minimal error.
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Fig. 2. The error behaviour
of m,y by formulas (9)-(10)

Results

A numerical experiment shows that extreme
values can be only in degenerate cases for methods
I, -1V, and for method Il the extreme can be
reached for the real positions of the device. To
calculate the position errors of the required points,
we take a high-precision total station with the
following characteristics: ms = 1 mm, ta mg=1".

We give the values of the errors for ten and
hundred-meter basis (Table 2, Table 4) for some
locations of the desired points from Table 1 and
Table 3 (See Fig. 3-8).

Table 1
Characteristic points
for the ten-meter basis
_ Coordinate
Point S m!|S m b o values, m
number | 1’ 2
Yy X
P1 5 5 180 5 0
p2 10 10 60 5 8.66
P3 10 |1072 | 45 10 10
P4 |107 42 10 45 0 10
P5 15 5 0 -5 0
P6 5 15 0 15 0
Table 2

The values of errors of characteristic points
for the ten-meter basis

The method number

Point for determining the error me, mm
number
| ] Il v Vv VI
P1 - 0.71 - - 1.00 | 1.00
P2 163 | 1.87 | 1.78 | 1.78 | 2.00 | 2.00
P3 2.00 | 2.12 | 1.58 - 1.73 -
P4 2.00 | 2.12 - 1.58 - 1.73
P5 - 1.58 - - 1.00 | 1.00
P6 - 1.58 - - 1.00 | 1.00
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Table 3
Characteristic points
for the hundred-meter basis
Coordinate
Point S mlS ml bo values, m
1 21
number y X
P1 50 50 180 50 0
p2 100 100 60 50 86.60
P3 100 100° 45 100 100
2
P4 100” 100 45 0 100
2
P5 150 50 0 -50 0
P6 50 150 0 150 0
Table 4

The error values of the characteristic points
for the hundred-meter basis

The method of determining the error
Point Mp, mm
number

Ll lm v v w
PL T Jom2| - ~ | 101 | 101
P2 | 163| 1.80 | 1.83 | 1.83 | 2.06 | 2.06
P | 2 | 218|165 | - | 18 | -
P4 1 2 | 218 | - |165| - | 186
PS> 1 Z 162 - ~ | 1.06 | 1.06
P6 | _ | 162| - ~ | 1.06 | 1.06

Let us show these six characteristic points
described in Tables 1-4 in the graphs. We plot
graphs for any position of the points. Horizontals
depicts the mean square error of coordinate
determination (See Fig. 3-8), depending on the
combination of formulas (14) by which the
calculations are made. On Fig. 3-9 OA line shown

in red is the basis. For example, if the location of the
desired point is the same as P, then optimal
calculations are performed using the formulas of the
second method. None of the methods I-VI has a
significant advantage alone, which is confirmed by
the results presented in the graphs and tables. It is
worth noting one feature of the method Il

2 _ A2
(Mp = Moy,
the increments of coordinates in the central part with
an accuracy that exceeds the accuracy of the

measurement of the sides.

+mg, _)—which s able to determine
X(Ts)

(m) X A
150 '__‘

100+—%

5013
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of the optimal method for calculating the coordinates
of a point for a basis of 100 m.
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An example of the use of Fig. 9, 10 — if the
approximate position of the desired point is close to
the Py, then for the most accurate calculation of
coordinates one need to use the formulas of the
second method.

Scientific novelty
and practical significance

The possibility of increasing the accuracy of
determining the increments of coordinates using
different calculation formulas has been investigated.
The choice of optimal calculation formulas
depending on the position of the desired point is
provided.

Conclusions

The analysis of the tables and graphs shows that
the minimum error values are reached for
degenerate cases, particularly, when the desired
point is located on the basis (see formula 14 - 11, V,
VI) or perpendicular to it (see formula 14 - 1, IlI,
IV). If not taking into account the accuracy of the
basis determination, the extreme value is reached
(see formula 14 - 1I) in the case of the side’s
perpendicularity. But, for all variants, the minimum
error in calculations is obtained when the
increments of coordinates are calculated by
formulas 7 and 10. On the basis of the obtained
calculations, plus taking into account the initial
assumptions about the uniformity of the
measurement’s error influence of the sides and the
measurement’s error of the smaller influence to the
angle and the error of determining the length of the
basis, we can also assert:

1. When changing the size of the basis and
maintaining the position of the point relative to the
basis, its determination is practically unchanged
(Table 2 and Table 4).

2. The smallest error of calculations of the
value of a side is achieved by combination of
formulas 6 and 7 obtained by the Pythagorean
theorem.

3. In some cases, the accuracy of calculating
line lengths is higher than the precision of
measuring them, which is typical to near straight
angles.
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JOCHIJXKEHHA ©OPMVYJI BUSHAUYEHHA
IJIOCKUX KOOPAMHAT TOYKU METOJJOM
OBEPHEHOI JIIHIMHO-KYTOBOI 3ACIUKU

MeTta — BUKOHATH AOCHIDKEHHS (OpMYIT JUlsi BU3HAUECHHS IJIOCKMX KOOPIMHAT TOYKH METOJ0M OOepHEHOI
JiHiAHO-KyTOBOI 3aciuku. Y poGorax [Vivat 2018, Novakovic 2009, Lienhart 2017, Erol 2010, Litynskyi 2014,
Litynskyi 2015, Gargula 2009, Litynskyi 2019] mocmimkeHO MOKIHBICTH BUKOPUCTAHHS CIECKTPOHHUX
TaxeoMEeTPiB ISl KOHTPOJIIO0 TEOMETPUYHUX apaMeTpiB MIPOMHUCIOBUX Oy/aiBesb. PO3rIsHyTO METOAM KOHTPOIIO
eJCKTPOHHUX TaXCOMETPIB Ta JIA3epPHUX CKAHEPiB HA BiAMOBIAHICTH MIKHAPOJIHUM CTAaHIApPTaM METPOJOTIYHUX
napametpiB 1SO. [ocmimkeHo MpUKIagHE 3aCTOCYBAHHS CICKTPOHHUX TAaXCOMETPIB I BUCOKOTOYHUX BHIMi-
PIOBaHb Ta ONITUMI3AIII0 T€OAE3NIHUX MEPEIXK, IKi CTBOPIOIOTH I BUMIPIOBaHb BUTATHYTHX CIIOPYA. AHAIITHIHO
JIOBE/ICHO Ta BUBEJCHO (OPMYIy I ONTHMAJIBHOTO DPO3MILICHHS MNPy 3 NEBHUMH XapaKTepUCTHKAMHU
TOYHOCTI BiTHOCHO BHUMIpIOBAaHOTO 0a3nca, BUKOHAHO BHUMiproBaHHsA Ha Oasuci Il po3psay Ta migTBepmxeHO
TEOPETHUYHI po3paxyHKH. IIoKa3aHO MOXKIMBICTH JOCSTHEHHS BUINOI TOYHOCTI BU3HA4YCHHS BiApi3Ka METOAOM
JiHIHHO-KYTOBUX BHUMIpIOBaHb. J[OCHi/PKEHO BIUIMB BEJIMYMHHM KyTa Ha TOYHICTH BH3HA4YEHHS KOOpPJIUHAT 3a
TEOPEMOI0 CHHYCIB Ta IOCHIDKEHO MOXIMBICTh ONTHMi3amii BH3HAUYEHHS KOOPAMHAT METOIOM OOEpHEHOi
JiHIHHO-KYTOBOT 3aciUKkH 3a (POpPMyYIH KOCHHYCIB Ta CHHYCiB. MeToauka. BcTaHOBICHHS MAaTEMaTUIHOTO 3B’ 3Ky
BUMIpIOBaHWUX BenWuuH (Bimmamedl Ta KyTiB) i3 mykaHumu (IJIOCKAMH KOOPAMHATAMH TOYKH), IU(e-
PEHIIIIOBaHHSAM Ta 3HAXO/PKEHHSM MiHIMyMiB (yHKIii. Pesynbratu. [IpuBeaeHo n’sate Gopmy, 3 SKHX CTBOPSHO
IricTe KOMOIHAMIA 71 OOYUCIICHHS MPUPOCTIB KOOPAWHAT Ta OIIHKH iXHBOI TOYHOCTI. UHCIIOBI €KCIICPHUMCHTH
MOKa3yIoTh, 10 3HAYHOI NepeBaru *oJeH 3 METOAIB HE Mae€, IO MiATBEPIKYETHCS pe3ybTaTaMH, NOJaHUMH Ha

rpadikax Ta Tabaumsx. BapTo BHOKpEMHUTH OHY OCOOJIMBICTD IPYrOTo METOMY, 3a IKMM € MOXJINBICTh BU3HAUUTH
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OPUPOCTH KOOPAMHAT 3 TOYHICTIO, IO IMEPEBHIIYE TOYHICTh BUMIPIOBaHHS JOBXKHH CTOpiH. PosrisHyra
MOKJIMBICTH ONTUMI3allii BU3BHAYCHHS MIPHUPOCTIB KOOPJUHAT 32 PAXYHOK BipOTiTHOTO BHOOPY POpMYIT O0UUCICHB.
JoCiKeHO MOXKIIMBICTh MIABUIICHHS TOYHOCTI BH3HAYCHHS MPHUPOCTIB KOOPAMHAT, BHKOPHUCTOBYIOYH pPi3HI
¢opmynu obumciieHb. 3anpONOHOBAHO OMNTHMi3allil0 BHOOPY (opMyn OOUHCIEHb 3aJIeKHO BiJI ITOJOKECHHA
HIyKaHOT TOYKHU. Pe3ynbTaTl MOaHUX JOCIIIPKEHb MOYKHA BUKOPUCTATH y CTBOPEHHI MPHUKIIAJHOT'0 POrPaMHOTO
3a0e3MeueHHs] eJIeKTPOHHOTO TaxeoMeTpa YH JIa3epHOr'0 TpeKkepa JUIsl MiABHIEHHS TOYHOCTI BH3HAYEHHS
KOOpJIMHAT.

Knouosi cnosa: ontumiszaiis BH3HAYCHHS KOOPAWHAT OOCPHEHOKO IHIHHO-KYTOBOIO 3aCiUKOI0; TEXHIUHI

BUMIPIOBaHHS, BUCOKOTOYHI BUMIPIOBAHHS; ONTHMi3allis T€0C3NIHIX BIMipPIOBaHb.
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