
MATHEMATICAL MODELING AND COMPUTING, Vol. 8, No. 2, pp. 228–240 (2021)
Mathematical

M
odeling

Computing

Synchronization of time invariant uncertain delayed neural networks
in finite time via improved sliding mode control

Jayanthi N.1, Santhakumari R.1,2

1Government Arts College, Coimbatore, India
2Sri Ramakrishna College of Arts and Science, Coimbatore, India

(Received 24 February 2021; Accepted 11 April 2021)

This paper explores the finite-time synchronization problem of delayed complex valued
neural networks with time invariant uncertainty through improved integral sliding mode
control. Firstly, the master-slave complex valued neural networks are transformed into
two real valued neural networks through the method of separating the complex valued
neural networks into real and imaginary parts. Also, the interval uncertainty terms of
delayed complex valued neural networks are converted into the real uncertainty terms.
Secondly, a new integral sliding mode surface is designed by employing the master-slave
concept and the synchronization error of master-slave systems such that the error system
can converge to zero in finite-time along the constructed integral sliding mode surface.
Next, a suitable sliding mode control is designed by using Lyapunov stability theory such
that state trajectories of the system can be driven onto the pre-set sliding mode surface
in finite-time. Finally, a numerical example is presented to illustrate the effectiveness of
the theoretical results.
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1. Introduction

Neural networks have always been very significant in recent years for researchers in different fields, such
as parallel computation, pattern recognition in computer science, designing associative memories and
solving optimization problems. It is well known that due to the finite switching speed of amplifiers,
a time delay is likely to exist and occur in signal transmission between neurons in the electronic
implementation of neural networks, which will affect the stability of neural networks. In addition to
time-delayed features of such neural networks, there may also be some complexities, such as disruptions
and component variations, which may lead to very complex dynamic behaviours such as oscillations,
synchronization, bifurcation and chaos. Moreover, most applications depend heavily on the dynamical
behaviours of recurrent neural networks (see [1–7]). As a result, for many decades, several researchers
have focused their efforts on the study and synthesis problems of neural network dynamics.

It is worth noting that most of neural network applications involve complex signals, and hence the
study of complex-valued neural networks is essential for many real-world devices [8–16]. For example, a
single real-valued neuron cannot deal with the problems in the detection of symmetry and XOR prob-
lems, but a single complex-valued neuron with orthogonal decision boundaries can successfully deal
with them. Therefore for both engineering and science, the analysis of complex-valued neural networks
is very necessary and important. As the extension of real-valued neural networks, complex-valued
neural networks have complex-valued states, complex-valued connection weights, and complex-valued
activation functions. Due to these characteristics, complex-valued neural networks have more abundant
properties than real-valued neural networks. Some important findings have been published in the rapid
development of complex-valued neural networks. For instance, the fixed-time synchronization problem
for complex-valued BAM neural networks with time delay is investigated in [8]. Based on the Lya-
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punov direct method and fixed-time stability theorems, a novel fixed time synchronization condition
is given. In [9], finite-time cluster synchronization of fractional-order complex-valued neural networks
with nonlinear coupling is studied by utilizing the complex non-decomposition method. Finite-time
synchronization between two delayed diffusive complex-valued neural networks with discontinuous ac-
tivations is discussed in [10].

Synchronization phenomena have drawn much attention from researchers since the first discovery of
synchronization made by Huygens in the 17th century. Synchronization or consensus is now commonly
accepted as a kind of collective motion action which is exhibited in many natural systems [17]. In
essence, synchronization is a form of self-organization or emergent phenomenon. It has been demon-
strated that many real-world problems have close relationships with network synchronization. Various
synchronization notations have been extended for its potential applications in various fields, such as
complete synchronization [18], generalized synchronization [19], phase synchronization [20], projective
synchronization [21], lag synchronization [22], cluster synchronization [23], and adaptive synchroniza-
tion [24]. To date, most of the existing synchronization results for dynamic networks are asymptotic
synchronization, which means that the convergence rate is at best exponential with infinite time-
setting. In other words, states cannot reach synchronization in the finite time. Obviously, finite-time
synchronization work is more desirable. Finite-time synchronization means the optimality in conver-
gence or settling time. Minimizing synchronization time is therefore necessary for the attainment of
fast communication synchrony. Further research on the problems of finite/fixed time-synchronization
of complex-valued neural networks can be found in [8–10].

In addition, many different control strategies have been developed among the above results, such
as pinning control [4, 24], impulsive control [12, 14, 21], adaptive control [23, 24], feedback control [7],
sliding control [25], intermittent control and sliding mode control (SMC). It should be noted that SMC
is an effective control method and the main feature of SMC is to force the system states from the initial
states to some predefined sliding mode surface with the switched control legislation. As a result, the
desired benefits such as robustness, ability to track and insensitivity to external disturbances can be
achieved. SMC has recently been used in various non-linear systems and complex networks. Although
the above neural network synchronizations are widely studied, the neurons in the neural network are
considered to be real-value. However, complex-valued variables are more frequent. As far as we know,
few works have been devoted to the problem of finite-time synchronization for complex valued neural
networks, which provide space to challenge this problem.

In view of the above analysis, this paper is intended to examine synchronization of complex valued
neural networks with time delays in finite time. This paper’s novelty lies in the following aspects.

1) For the sake of efficient research on synchronization of a class of n-dimensional complex valued
neural networks, respective complex-valued neural networks are transformed into 2n−dimensional
real-valued neural networks.

2) The designed integral sliding mode controller is able to synchronize the slave system with the
corresponding master system in finite time, and the results obtained are less conservative than the
previous works.

3) Those theoretical findings may provide new ideas for complex valued nonlinear systems to solve
some real world problems.

Notations: In this paper, Rn is represented as n-dimensional Euclidean space. The Euclidean norm
and 1 norm vector is denoted by ‖ · ‖ and ‖ · ‖1 respectively.

2. Preliminaries

In this section, few related definitions, lemmas and assumptions are given to find the finite-time
synchronization of time-invariant uncertainty complex-valued neural network (UCVNNs) with time
delay.
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Definition 1. The drive-response systems are said to be finite-time synchronized if there exists a
positive constant T such that it satisfies the condition 0 < T < ∞ and also it depends on initial
values of drive response systems, for any solution (p1, p2, . . . , pn, q1, q2, . . . , qn)

T of drive system and
(u1, u2, . . . , un, v1, v2, . . . , vn)

T of response system, then we have

lim
t→t0+T

|(pi(t), qi(t))− (ui(t), vi(t))| = 0

and
|(pi(t), qi(t))− (ui(t), vi(t))| = 0, t0 + T 6 t,

where the norm of R is denoted by | · |.

According to Definition 1, in order to prove the drive response systems are finite time synchronized, it
is enough to prove for any constant T

lim
t→t0+T

|ei(t)| = 0, |ei(t)| = 0, T + t0 6 t.

Rest of this paper, we use the following assumptions:

Assumption 1. There exist non-negative constants θRR
q , θIRq , θRI

q , θIIq , γRR
q , γIRq , γRI

q , γIIq such that
∀p1, q1, p2, q2 ∈ R, where p, q = 1, 2, . . . , n

|fRq (p1, q1)− fRq (p2, q2)| 6 θRR
q |p1 − p2|+ θRI

q |q1 − q2|,

|f Iq (p1, q1)− f Iq (p2, q2)| 6 θIRq |p1 − p2|+ θIIq |q1 − q2|,

|gRq (p1, q1)− gRq (p2, q2)| 6 γRR
q |p1 − p2|+ γRI

q |q1 − q2|,

|gIq (p1, q1)− gIq (p2, q2)| 6 γIRq |p1 − p2|+ γIIq |q1 − q2|.

Lemma 1. Assume that there is a Lyapunov function V (t) determined in the vicinity U ⊂ R of the
origin and it satisfies

V̇ (t) + φV (t) + χV a(t) 6 0, ∀t ∈ U/{0},

where φ > 0, χ > 0 and a ∈ (0, 1). Therefore, the finite time stability of system origin holds and finite
time T meets

T (t) 6
1

φ(1− a)
ln

(

φV 1−a(t0) + χ

χ

)

,

where t0 is the initial value of t.

Remark 1. It should be remembered that very little attention has been paid to finite-time synchro-
nization of interval time-invariant uncertain complex valued neural networks (UCVNNs) with time
delay through integral sliding mode control. To the best of our knowledge, there is no works related
to finite-time synchronization for time-invariant UCVNNs with time delay via integral sliding mode
controller in the previous literatures, which motivates the work of this paper.

2.1. Problem description

In this paper, we consider the following class of time-invariant UCVNNs with time delay as:

ż(t) = −D(t)z(t) +A(t)f(z(t)) +B(t)gz(t− τ) + I, (1)

where z(t) ∈ C
n is the state vector; D(t), A(t), B(t) are the n× n dimensional time-variant matrices;

f(·), g(·) are the activation functions without and with time delay respectively; the time delay τ
satisfies 0 < τ . The initial condition of system (1) is represented by z(r) = ̺(r), r ∈ [t0 − τ, t0], where
t0 > 0, ̺(r) is complex function on [t0 − τ, t0]. Now we can separate (1) into its real and imaginary
parts by using the properties of complex number as follows:
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ẋR(t) = −D(t)xR(t) +AR(t)fR(xR(t), yI(t))−AI(t)f I(xR(t), yI(t))
+BR(t)gR(xR(t− τ), yI(t− τ))−BI(t)gI(xR(t− τ), yI(t− τ)) + IR,

ẏI(t) = −D(t)yI(t) +AR(t)f I(xR(t), yI(t)) +AI(t)fR(xR(t), yI(t))
+BR(t)gI(xR(t− τ), yI(t− τ)) +BI(t)gR(xR(t− τ), yI(t− τ)) + II ,

(2)

where xR(t), yI(t) are the real and imaginary parts of z(t); AR(t), AI(t), BR(t), BI(t), IR, II , fR(·, ·),
f I(·, ·), gR(·, ·), gI(·, ·) are the real and imaginary parts of A(t), B(t), I, f(·), g(·) respectively. The
time-variant matrices D(t), AR(t), BR(t), AI(t), BI(t) are assumed as follows:

D(t) ∈ D = [D−,D+] =
{

(dij(t))n×n : d
−
ij 6 dij(t) 6 d+ij , 1 6 i, j 6 n, t ∈ R

}

,

AR(t) ∈ AR =
[

AR−, AR+
]

=
{

(

aRij(t)
)

n×n
: aR−

ij (t) 6 aRij(t) 6 aR+
ij (t), t ∈ R

}

,

AR(t) ∈ BR =
[

BR−, BR+
]

=
{

(

bRij(t)
)

n×n
: bR−

ij (t) 6 bRij(t) 6 bR+
ij (t), t ∈ R

}

,

AI(t) ∈ AI =
[

AI−, AI+
]

=
{

(

aIij(t)
)

n×n
: aI−ij (t) 6 aIij(t) 6 aI+ij (t), t ∈ R

}

,

BI(t) ∈ BI =
[

BI−, BI+
]

=
{

(

bIij(t)
)

n×n
: bI−ij (t) 6 bIij(t) 6 bI+ij (t), t ∈ R

}

, (3)

where,

D− =
(

d−ij
)

n×n
, AR− =

(

aR−
ij

)

n×n
, BR− =

(

bR−
ij

)

n×n
, AI− =

(

aI−ij
)

n×n
, BI− =

(

bI−ij
)

n×n
,

D+ =
(

d+ij
)

n×n
, AR+ =

(

aR+
ij

)

n×n
, BR+ =

(

bR+
ij

)

n×n
, AI+ =

(

aI+ij
)

n×n
, BI+ =

(

bI+ij
)

n×n
.

In order to study the finite-time synchronization behavior of interval time invariant UCVNNs the
following discussion is needed, therefore the time-variant matrices D(t), AR(t), AI(t), BR(t), BI(t)
can be described as:

D(t) =D̄ +∆D(t),

AR(t) =ĀR +∆AR(t), AI(t) = ĀI +∆AI(t),

BR(t) =B̄R +∆BR(t), BI(t) = B̄I +∆BI(t),

where,

D̄ =
D− +D+

2
=

(

d−ij + d+ij
2

)

n×n

, ∆D(t) =
n
∑

i,j=1

ei
c
(1)
ij E

(1)
ij (t)d̃ij

c
(1)
ij − J

(1)
ij E

(1)
ij (t)

eTj ,

ĀR =
AR− +AR+

2
=

(

aR−
ij + aR+

ij

2

)

n×n

, ∆AR(t) =

n
∑

i,j=1

ei
c
(2)
ij E

(2)
ij (t)ãRij

c
(2)
ij − J

(2)
ij E

(2)
ij (t)

eTj ,

B̄R =
BR− +BR+

2
=

(

bR−
ij + bR+

ij

2

)

n×n

, ∆BR(t) =
n
∑

i,j=1

ei
c
(3)
ij E

(3)
ij (t)b̃Rij

c
(3)
ij − J

(3)
ij E

(3)
ij (t)

eTj ,

ĀI =
AI− +AI+

2
=

(

aI−ij + aI+ij
2

)

n×n

, ∆AI(t) =

n
∑

i,j=1

ei
c
(4)
ij E

(4)
ij (t)ãIij

c
(4)
ij − J

(4)
ij E

(4)
ij (t)

eTj ,

B̄I =
BI− +BI+

2
=

(

bI−ij + bI+ij
2

)

n×n

, ∆BI(t) =
n
∑

i,j=1

ei
c
(5)
ij E

(5)
ij (t)b̃Iij

c
(5)
ij − J

(5)
ij E

(5)
ij (t)

eTj .

Here, E
(k)
ij (t) (k = 1, 2, 3, 4, 5) are unknown constants satisfying

c
(k)
ij

J
(k)
ij − c

(k)
ij

6 E
(k)
ij (t) 6

c
(k)
ij

J
(k)
ij + c

(k)
ij

where, |J
(k)
ij | < c

(k)
ij , 0 < c

(k)
ij ∈ R, d̃ij, ã

R
ij, ã

I
ij, b̃

R
ij , b̃

I
ij are constants which satisfy
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d̃ij =
d+ij − d−ij

2
, ãRij =

aR+
ij − aR−

ij

2
, ãIij =

aI+ij − aI−ij
2

, b̃Rij =
bR+
ij − bR−

ij

2
, b̃Iij =

bI+ij − bI−ij
2

.

The time-varient uncertain matrices ∆D(t), ∆AR(t), ∆AI(t), ∆BR(t) and ∆BI(t) can be described
in the following vector form:

[

∆D(t)∆AR(t)∆AI(t)∆BR(t)∆BI(t)
]

= MCE(t)
(

C − JE(t)
)−1

N,

where M = [ M M M M M ], N = diag {N1, N2, N3, N4, N5}, J = diag {J1, J2, J3, J4, J5} and
C = diag {C1, C2, C3, C4, C5} with

M =[M1,M2, . . . ,Mn], Ni =
[

NT
i1, N

T
i2, . . . , N

T
in

]

,

Jk =diag
{

J
(k)
1 , J

(k)
2 , . . . , J (k)

n

}

, Ck = diag
{

C
(k)
1 , C

(k)
2 , . . . , C(k)

n

}

,

Mi = [e1, e2, . . . , en] , N1j =
[

d̃j1e1, d̃j2e2, . . . , d̃jnen

]

,

N2j =
[

ãRj1e1, ã
R
j2e2, . . . , ã

R
jnen

]

, N3j =
[

ãIj1e1, ã
I
j2e2, . . . , ã

I
jnen

]

,

N4j =
[

b̃Rj1e1, b̃
R
j2e2, . . . , b̃

R
jnen

]

, N5j =
[

b̃Ij1e1, b̃
I
j2e2, . . . , b̃

I
jnen

]

,

J
(k)
j =diag

{

J
(k)
j1 , J

(k)
j2 , . . . , J

(k)
jn

}

, C
(k)
j = diag

{

C
(k)
j1 , C

(k)
j2 , . . . , C

(k)
jn

}

and E(t) = diag {E1(t), E2(t), E3(t), E4(t), E5(t)} is an unknown time-varying matrix and it is denoted
by

Ek(t) = diag
{

E
(k)
1 (t), E

(k)
2 (t), . . . , E(k)

n (t)
}

, E
(k)
j (t) = diag

{

E
(k)
j1 (t), E

(k)
j2 (t), . . . , E

(k)
jn (t)

}

,

j = 1, 2, . . . , n.

Then the uncertainty matrix is denoted as:
[

∆D(t) ∆AR(t) ∆AI(t) ∆BR(t) ∆BI(t)
]

= M∆(t)N,

∆(t) = diag {∆1(t),∆2(t),∆3(t),∆4(t),∆5(t)} = CE(t)(C − JE(t))−1. (4)

Then we can rewrite the system (2) in the following form:






























ẋR(t) = −
(

D̄ +∆D(t)
)

xR(t) +
(

ĀR +∆AR(t)
)

(fR(xR(t), yI(t)))
−
(

AI− +∆AI(t)
)

(f I(xR(t), xI(t))) +
(

B̄R +∆BR(t)
) (

gR(xR(t− τ), yI(t− τ))
)

−
(

BI− +∆BI(t)
)

(gI(xR(t− τ), xI(t− τ))) + IR,
ẏI(t) = −

(

D̄ +∆D(t)
)

yI(t) +
(

ĀR +∆AR(t)
) (

f I(xR(t), yI(t))
)

+
(

AI− +∆AI(t)
) (

fR(xR(t), xI(t))
)

+
(

B̄R +∆BR(t)
) (

gI(xR(t− τ), yI(t− τ))
)

+
(

BI− +∆BI(t)
) (

gR(xR(t− τ), xI(t− τ))
)

+ II .

(5)

If we refer to model (5), as the master system and the corresponding slave system are the following
ones denoted by:






























˙̂xR(t) = −
(

D̄1 +∆D1(t)
)

x̂R(t) +
(

ĀR
1 +∆AR

1 (t)
) (

f̄R(x̂R(t), ŷI(t))
)

−
(

ĀI
1 +∆AI

1(t)
) (

f̄ I(x̂R(t), ŷI(t))
)

+
(

B̄R
1 +∆BR

1 (t)
) (

ḡR(x̂R(t− τ), ŷI(t− τ))
)

−
(

B̄I
1 +∆BI

1(t)
) (

ḡI(x̂R(t− τ), ŷI(t− τ))
)

+ IR + uR(t),
˙̂yI(t) = −

(

D̄1 +∆D1(t)
)

ŷI(t) +
(

ĀR
1 +∆AR

1 (t)
) (

f̄ I(x̂R(t), ŷI(t))
)

+
(

ĀI
1 +∆AI

1(t)
) (

f̄R(x̂R(t), ŷI(t))
)

+
(

B̄R
1 +∆BR

1 (t)
) (

ḡI(x̂R(t− τ), ŷI(t− τ))
)

+
(

B̄I
1 +∆BI

1(t)
) (

ḡR(x̂R(t− τ), ŷI(t− τ))
)

+ II + uI(t),

(6)

where, uR(t), uI(t) are control inputs and the remaining terms are defined in the same way as in the
drive system (2).
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Remark 2. We can know that the system (5) is the real-valued neural networks that correspond to
the complex-valued system (2), according to the above analysis. The problem of finite-synchronization
of the system (2), is then transformed into the problem of finite-time synchronization of the real-valued
system (5). Whereas the time-invariant uncertain neural network (5) and (6) can be asynchronous,
when some of the network’s parameters or time delays are chosen appropriately. Now we will in-
vestigate the finite-time synchronization conditions of the time-invariant uncertain real-valued neural
networks (5) and (6) for the corresponding time-invariant uncertain complex-valued neural networks.

Let

eR(t) = ẋR(t)− ˙̂xR(t), eI(t) = ẏI(t)− ˙̂yI(t),

φR
(

eR(t), eI(t)
)

= fR
(

xR(t), yI(t)
)

− fR
(

x̂R(t), ŷI(t)
)

,

φI
(

eR(t), eI(t)
)

= f I
(

xR(t), yI(t)
)

− f I
(

x̂R(t), ŷI(t)
)

,

ξR
(

eR(t− τ), eI(t− τ)
)

= gR
(

xR(t− τ), yI(t− τ)
)

− gR
(

x̂R(t− τ), ŷI(t− τ)
)

,

ξI
(

eR(t− τ), eI(t− τ)
)

= gI
(

xR(t− τ), yI(t− τ)
)

− gI
(

x̂R(t− τ), ŷI(t− τ)
)

.

Now we can derive the error system of (5) and (6) and described them as follows:

ėR(t) =−
(

D̄ +∆D(t)
)

eR(t) +
(

ĀR +∆AR(t)
) (

φR(eR(t), eI(t))
)

−
(

ĀI +∆AI(t)
) (

φI(eR(t), eI (t))
)

+
(

B̄R +∆BR(t)
) (

ξR(eR(t− τ), eI(t− τ))
)

−
(

B̄I +∆BI(t)
) (

ξI(eR(t− τ), eI(t− τ))
)

+
(

D̄1 − D̄ +∆D1(t)−∆D(t)
)

x̂R(t)−
(

ĀR
1 +∆AR

1 (t)
) (

fR1 (x̂R(t), ŷI(t))
)

+
(

ĀR +∆AR(t)
) (

fR(x̂R(t), ŷI(t))
)

−
(

ĀI +∆AI(t)
) (

f I(x̂R(t), ŷI(t))
)

+
(

ĀI
1 +∆AI

1(t)
) (

f I1 (x̂
R(t), ŷI(t))

)

−
(

B̄R
1 +∆BR

1 (t)
) (

gR1 (x̂
R(t− τ), ŷI(t− τ))

)

+
(

B̄R +∆BR(t)
) (

gR(x̂R(t− τ), ŷI(t− τ))
)

−
(

B̄I +∆BI(t)
) (

gI(x̂R(t− τ), ŷI(t− τ))
)

+
(

B̄I
1 +∆BI

1(t)
) (

f I1 (x̂
R(t− τ), ŷI(t− τ))

)

+ IR − IR1 − uR(t), (7)

ėI(t) =−
(

D̄ +∆D(t)
)

eI(t) +
(

ĀR +∆AR(t)
) (

φI(eR(t), eI(t))
)

+
(

ĀI +∆AI(t)
) (

φR(eR(t), eI(t))
)

+
(

B̄R +∆BR(t)
) (

ξI(eR(t− τ), eI(t− τ))
)

+
(

B̄I +∆BI(t)
) (

ξR(eR(t− τ), eI(t− τ))
)

+
(

D̄1 −D +∆D1(t)−∆D(t)
)

ŷI(t) +
(

ĀR +∆AR(t)
) (

f I(x̂R(t), ŷI(t))
)

−
(

ĀR
1 +∆AR

1 (t)
)

(f I1 (x̂
R(t), ŷI(t))) +

(

ĀI +∆AI(t)
)

(fR(x̂R(t), ŷI(t)))

−
(

ĀI
1 +∆AI

1(t)
) (

fR1 (x̂R(t), ŷI(t))
)

+
(

B̄R +∆BR(t)
) (

gI(x̂R(t− τ), ŷI(t− τ))
)

−
(

B̄R
1 +∆BR

1 (t)
) (

gI1(x̂
R(t− τ), ŷI(t− τ))

)

+
(

B̄I +∆BI(t)
) (

gR(x̂R(t− τ), ŷI(t− τ))
)

−
(

B̄I
1 +∆BI

1(t)
) (

gR1 (x̂
R(t− τ), ŷI(t− τ))

)

− uI(t) + II − II1 . (8)

Assumption 2. From (7) and (8) the continuous activation functions fR(·, ·), f I(·, ·), φR(·, ·),
φI(·, ·), gR(·, ·), gI(·, ·) satisfies |fR(x̂R(t), ŷI(t))| 6 γR1 |x̂

R(t)|, |f I(x̂R(t), ŷI(t))| 6 γI1 |ŷ
I(t)|,

|φR(eR(t), eI(t))| 6 γR1 |e
R(t)|, |φI(eR(t), eI (t))| 6 γI1 |e

I(t)|, |gR(x̂R(t− τ), ŷI(t− τ))| 6 γR2 |x̂
R(t− τ)|,

|gI(x̂R(t− τ), ŷI(t− τ))| 6 γI2 |ŷ
I(t− τ)|. Then the following inequalities are holds:

‖fR(x̂R(t), ŷI(t))‖ 6 ‖LR
1 ‖|x̂

R(t)|, ‖fR(x̂R(t), ŷI(t))‖ 6 ‖LI
1‖|ŷ

I(t)|,

‖φR(eR(t), eI(t))‖ 6 ‖LR
1 ‖|e

R(t)|, ‖φI(eR(t), eI(t))‖ 6 ‖LI
1‖|e

I(t)|,

‖gR(x̂R(t− τ), ŷI(t− τ))‖ 6 ‖LR
2 ‖|x̂

R(t− τ)|,

‖gR(x̂R(t− τ), ŷI(t− τ))‖ 6 ‖LI
2‖|ŷ

I(t− τ)|.

Assumption 3. Due to the limit of the error signals, we can get ‖eR(t)‖1 6 ζR1 , ‖e
R(t)‖ 6 ζR2 ,

‖eI(t)‖1 6 ζI1 , ‖eI(t)‖ 6 ζI2 , for any positive constant ζR1 , ζI2 , ζI1 , ζR2 .
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Remark 3. The main goal of this paper is to develop the sliding mode control (SMC) method and
construct the suitable SMC for to achieve the master-slave finite-time synchronization of the complex-
valued neural networks and it can be conveniently obtained in the next sections.

3. SMC design

In this section a new type of integral SMS (sliding mode surface) will be designed by using errors (7)
and (8) which is different from [26, 27]. In addition, using this integral SMS we can construct the
integral SMC for the finite-time synchronization of the errors (7) and (8).

The novel integral SMS is firstly constructed as follows:















SR(t) = eR(t) +

∫ t

0

[

ωR
1 e

R(r) + ζReα
R

1 (r)
]

sign(r)dr,

SI(t) = eI(t) +

∫ t

0

[

ωI
1e

I(r) + ζIeα
I

1(r)
]

sign(r)dr,

(9)

and suitable sliding mode controller (SMC) is

{

uR(t) = ρR(t) sign
(

sR(t)
)

+ ωR
2 s

R(t) + ζR2 s
αI

2(t),

uI(t) = ρI(t) sign
(

sI(t)
)

+ ωI
2s

I(t) + ζI2s
αR

2 (t),
(10)

where,

ρR(t) =
[

‖D‖+
(

‖AR‖+ ‖BR‖
)

δRR +
(

‖AI‖+ ‖BI‖
)

δIR + ω1

]

ζR2 +
[

(‖AR‖+ ‖BR‖)δRI

+
(

‖AI‖+ ‖BI‖
)

δII ]ζI2 +
[

‖D‖+
(

‖AR‖+ ‖AR
1 ‖
)

‖LR
1 ‖
]

‖x̂R(t)‖+
[

‖AR‖‖LR
1 ‖

+ ‖AI
1‖‖L

I
1‖
]

‖ŷI(t)‖+
[

‖BR‖‖LR
2 ‖+ ‖BI

1‖‖L
I
2‖
]

‖x̂R(t− τ)‖+
[

‖BI‖‖LI
2‖

+‖BI
1‖‖L

I
2‖
]

‖ŷ(t− τ)‖+ (ζ1ε
α1

1 )R + ‖IR1 − ÎR1 ‖,

ρI(t) =
[

‖D‖+
(

‖AR‖+ ‖BR‖
)

δRI +
(

‖AI‖+ ‖BI‖
)

δRR + ωR
2

]

ζR2 +
[

(‖AR‖+ ‖BR‖)δII

+
(

‖AI‖+ ‖BI‖
)

δIR + ωI
2

]

ζI2 +
[

‖D∗‖+
(

‖AR‖+ ‖AR
1 ‖
)

‖LI
1‖
]

‖ŷI(t)‖+
[

‖AI‖‖LR
1 ‖

+‖AI
1‖‖L

R
2 ‖
]

‖x̂R(t)‖ +
[

‖BR‖‖LI
1‖+ ‖BR

1 ‖‖L
I
2‖
]

‖x̂R(t− τ)‖+
[

‖BI‖‖LR
2 ‖

+‖BI
1‖‖L

R
2 ‖
]

‖ŷI(t− τ)‖.

Theorem 1. Suppose we take the integral SMS shown in (9) and the corresponding SMC shown
in (10), then the finite-time synchronization can be guaranteed between the time-invariant uncertainty
neural networks (5) and (6).

Proof. From equations (9) we have,

Ṡ(t) = ė(t) + ϑ1 sign(t)− ϑ2 sign(0)

=

{

̺ sign(0), t > 0,
ė(t), t = 0,

where,

Ṡ(t) =
(

ṠR(t), ṠI(t)
)T
, ė(t) =

(

ėR(t), ėI(t)
)T
, ϑ1 =

(

ϑR1 , ϑ
I
1

)T
, ϑ2 =

(

ϑR2 , ϑ
I
2

)T
, ̺ =

(

̺R, ̺I
)

,

ϑR1 =
[

ω1e
R(t) + ξReα1R

1 (t)
]

, ϑI1 =
[

ω1e
I(t) + ξIeα1I

1 (t)
]

, ϑR2 =
[

ω1e
R(0) + ξReα1R

1 (0)
]

,

ϑI2 =
[

ω1e
I(0) + ξIeα1I

1 (0)
]

, ̺R =
[

eR(t) + ωR
1 e

R(t) + ξR1 e
α1R(t)

]

, ̺I =
[

eI(t) + ωI
1e

I(t) + ξI1e
α1I(t)

]

.

When we choose t > 0

ṠR(t) =−DeR(t) + A
ReR(x(t), y(t)) − A

IφI
(

eI(x(t), y(t))
)

+B
RψR

(

eR(x(t− τ), y(t− τ))
)
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−B
IψI

(

eI(x(t− τ), y(t− τ))
)

+D
∗x̂(t)− A

If I (x̂(t), ŷ(t)) + A
RfR(x(t), y(t))

− A
IfR(x(t), y(t)) + A

I
1f

I
1 (x(t), y(t)) +B

RgR (x̂(t− τ), ŷ(t− τ))−B
R
1 g

R
1 (x̂(t− τ), ŷ(t− τ))

−B
IgI (x̂(t− τ), ŷ(t− τ)) +B

I
1g

I
1 (x̂(t− τ), ŷ(t− τ)) + IR1 − ÎR1 + ωR

1 e
R(t) + ξR1 e

αR

1 (t)

− ρR(t) sign
(

SR(t)
)

− ωR
2 S

R(t)− ξR2 S
α2R(t), (11)

ṠI(t) =−DeI(t)− A
(

φI(eR(t), eI(t))
)

+ A
I
(

φR(eR(t), eI(t))
)

+B
R
(

ξI(eR(t− τ), eI(t− τ))
)

+B
I
(

ξR(eR(t− τ), eI(t− τ))
)

+D
∗ŷI(t) + A

R
(

f I(x̂R(t), ŷI(t))
)

− A
R
1

(

f I1 (x̂
R(t), ŷI(t))

)

+ A
I
(

fR(x̂R(t), ŷI(t))
)

− A
I
1

(

fR1 (x̂R(t), ŷI(t))
)

+B
R
(

gI(x̂R(t− τ), ŷI(t− τ))
)

−B
R
1

(

gI1(x̂
R(t− τ), ŷI(t− τ))

)

+B
I
(

gR(x̂R(t− τ), ŷI(t− τ))
)

−B
I
1

(

gR1 (x̂
R(t− τ), ŷI(t− τ))

)

− ûI1(t) + II − ÎI1 + ωI
1e

I(t) + ξI1e
α1I(t)− ρI(t) sign

(

SI(t)
)

− ωI
2S

I(t)− ξI2S
α2I(t), (12)

where, D = D̄ + ∆D(t), AR = ĀR + ∆AR(t), AI = ĀI + ∆AI(t), BR = B̄R + ∆BR(t), BI = B̄I +
∆BI(t), D∗ = D̄1−D+∆D1(t)−∆D(t), AR

1 = ĀR
1 +∆AR

1 (t), A
I
1 = ĀI

1+∆AI
1(t), B

R
1 = B̄R

1 +∆BR
1 (t),

B
I
1 = B̄I

1 +∆BI
1(t).

Let us construct the following Lyapunov functional candidate

V (t) =
1

2
SRT

(t)SR(t) +
1

2
SIT (t)SI(t). (13)

Taking the time derivative of (13) we can get

V̇ (t) = SRT

(t)ṠR(t) + SIT (t)ṠI(t)

= SRT

(t)
[

−DeR(t) + A
ReR(x(t), y(t)) − A

IφI(eI(x(t), y(t))) +B
RψR(eR(x(t− τ), y(t− τ)))

−B
IψI

(

eI(x(t− τ), y(t− τ))
)

+D
∗x̂(t)− A

If I (x̂(t), ŷ(t)) + A
RfR(x(t), y(t))

− A
IfR(x(t), y(t)) +A

I
1f

I
1 (x(t), y(t)) +B

RgR(x̂(t− τ), ŷ(t− τ))−B
R
1 g

R
1 (x̂(t− τ), ŷ(t− τ))

−B
IgI (x̂(t− τ), ŷ(t− τ)) +B

I
1g

I
1 (x̂(t− τ), ŷ(t− τ)) + IR1 − ÎR1 + ωR

1 e
R(t) + ξR1 e

αR

1 (t)

− ρR(t) sign(SR(t))− ω2S(t)− ξR2 S
α2(t)

]

+ SIT (t)
[

−DeI(t)− A(φI(eR(t), eI (t)))

+ A
I
(

φR(eR(t), eI (t))
)

+B
R
(

ξI(eR(t− τ), eI(t− τ))
)

+B
I
(

ξR(eR(t− τ), eI(t− τ))
)

+D
∗ŷI(t) + A

R
(

f I(x̂R(t), ŷI(t))
)

− A
R
1

(

f I1 (x̂
R(t), ŷI(t))

)

+A
I
(

fR(x̂R(t), ŷI(t))
)

− A
I
1

(

fR1 (x̂R(t), ŷI(t))
)

+B
R
(

gI(x̂R(t− τ), ŷI(t− τ))
)

−B
R
1

(

gI1(x̂
R(t− τ), ŷI(t− τ))

)

+B
I
(

gR(x̂R(t− τ), ŷI(t− τ))
)

−B
I
1

(

gR1 (x̂
R(t− τ), ŷI(t− τ))

)

− ûI1(t) + II − ÎI1 + ωI
1e

I(t)

+ ξI1e
αI

1(t)− ρI(t) sign(SI(t))− ω2S
I(t)− ξI2S

αI

2(t)
]

= ‖SR(t)‖
[

‖D‖‖eR(t)‖+ ‖AR‖φR(eR(t), eI(t))‖ + ‖AI‖‖φI(eR(t), eI(t))‖

+ ‖BR‖‖ξR(eR(t− τ), eI(t− τ))‖ + ‖BI‖‖ξI(eR(t− τ), eI(t− τ))‖ + ‖D∗‖‖x̂R‖

+ ‖AI‖‖f I(x̂(t), ŷ(t))‖ + ‖AR‖‖fR(x̂R(t), ŷI(t))‖+ ‖AR
1 ‖‖f

R
1 (x̂R(t), ŷI(t))‖

+ ‖AI
1‖‖f

I
1 (x

R(t), yI(t))‖+ ‖BR
1 ‖‖g

R
1 (x̂

R(t− τ), ŷI(t− τ))‖+ ‖BI
1‖‖g

I
1(x̂

R(t− τ), ŷI(t− τ))‖

+ ‖IR − ÎR1 ‖+ ωR
1 ‖e

R(t)‖+ ξR1 ‖e
α1R(t)‖

]

− ρR(t)‖SR(t)‖1 − ω2S
RT

(t)SR(t)

− ξR2

n
∑

i=1

S
(α2+1)
i (t) + ‖SI(t)‖

[

‖D‖‖eI (t)‖+ ‖AR‖‖φI(eR(t), eI(t))‖

+ ‖AI‖‖φR(eR(t), eI(t))‖ + ‖BR‖‖ξI(eR(t− τ), eI(t− τ))‖+ ‖BI‖‖ξR(eR(t− τ), eI(t− τ))‖

+ ‖D∗‖‖ŷI(t)‖ + ‖AR‖‖f I(x̂R(t), ŷI(t))‖+ ‖AR
1 ‖‖f

I
1 (x̂

R(t), ŷI(t))‖

+ ‖AI‖‖fR(x̂R(t), ŷI(t))‖ + ‖AI
1‖‖f

R
1 (x̂R(t), ŷI(t))‖ + ‖BR‖‖gI (x̂R(t− τ), ŷI(t− τ))‖
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+ ‖BR
1 ‖‖g

I
1(x̂

R(t− τ), ŷI(t− τ))‖ + ‖BI‖‖gR(x̂R(t− τ), ŷI(t− τ))‖

+ ‖BI
1‖‖g

R
1 (x̂

R(t− τ), ŷI(t− τ))‖ + ‖II − ÎI1‖+ ωI
1‖e

I(t)‖ + ξI1‖e
α1I(t)‖

]

− ρI(t)‖SI(t)‖1

− ω2S
IT (t)SI(t)− ξI2

n
∑

i=1

S
I(α2+1)
i (t).

Then we set the inequalities ‖SR(t)‖ 6 ‖SR(t)‖1, ‖SI(t)‖ 6 ‖SI(t)‖1 and ‖eα1R(t)‖ 6

‖eα1R(t)‖(1/α1) = [‖eR(t)‖1]
α1 , ‖eα1I(t)‖ 6 ‖eα1I(t)‖(1/α1) = [‖eI(t)‖1]

α1 , (1/2 6 α1 < 1), ‖eR(t)‖ 6

ξR2 , ‖eI(t)‖ 6 ξI2 , ‖e
R(·)‖ 6 ξ1, ‖e

I(·)‖ 6 ξ2,

V̇ (t) 6 ‖SR(t)‖1
[

‖D‖‖eR(t)‖+ ‖AR‖φR(eR(t), eI(t))‖ + ‖AI‖‖φI(eR(t), eI(t))‖

+ ‖BR‖‖ξR(eR(t− τ), eI(t− τ))‖+ ‖BI‖‖ξI(eR(t− τ), eI(t− τ))‖+ ‖D∗‖‖x̂R‖

+ ‖AI‖‖f I(x̂(t), ŷ(t))‖ + ‖AR‖‖fR(x(t), y(t))‖ + ‖AI‖‖fR(x(t), y(t))‖ + ‖AI
1‖‖f

I
1 (x(t), y(t))‖

+ ‖BR‖‖gR(x̂(t− τ), ŷ(t− τ))‖+ ‖BR
1 ‖‖g

R
1 (x̂(t− τ), ŷ(t− τ))‖

+ ‖BI‖‖gI (x̂(t− τ), ŷ(t− τ)) + ‖BI
1‖‖g

I
1(x̂(t− τ), ŷ(t− τ)) + ‖IR1 − ÎR1 ‖

+ ωR
1 ‖e

R(t)‖+ ξR1 ‖e
αR

1 (t)‖ − ρR(t)
]

− ω2S
RT

(t)S(t)− ξR2

n
∑

i=1

S
(α2+1)
i (t)

+ ‖SI(t)‖1[‖D‖‖eI (t)‖+ ‖AR‖‖φI(eR(t), eI(t))‖

+ ‖AI‖‖φR(eR(t), eI (t))‖+ ‖BR‖‖ξI(eR(t− τ), eI(t− τ))‖ + ‖BI‖‖ξR(eR(t− τ), eI(t− τ))‖

+ ‖D∗‖‖ŷI(t)‖+ ‖AR‖‖f I(x̂R(t), ŷI(t))‖ + ‖AR
1 ‖‖f

I
1 (x̂

R(t), ŷI(t))‖

+ ‖AI‖‖fR(x̂R(t), ŷI(t))‖+ ‖AI
1‖‖f

R
1 (x̂R(t), ŷI(t))‖ + ‖BR‖‖gI (x̂R(t− τ), ŷI(t− τ))‖

+ ‖BR
1 ‖‖g

I
1(x̂

R(t− τ), ŷI(t− τ))‖+ ‖BI‖‖gR(x̂R(t− τ), ŷI(t− τ))‖

+ ‖BI
1‖‖g

R
1 (x̂

R(t− τ), ŷI(t− τ))‖+ ‖II − ÎI1‖+ ωI
1‖e

I(t)‖+ ξI1‖e
αI

1(t)‖ − ρI(t)]

− ω2S
IT (t)S(t)− ξI2

n
∑

i=1

S
(α2+1)I

i (t)

6 ‖SR(t)‖1
[[

‖D‖+ (‖AR‖+ ‖BR‖)δRR + (‖AI‖+ ‖BI‖)δIR + ωR
1

]

ζR2 +
[

(‖AR‖+ ‖BR‖)δRI

+ (‖AI‖+ ‖BI‖)δII
]

ζI2 +
[

‖D∗‖+ (‖AR‖+ ‖AR
1 ‖)‖L

R
1 ‖
]

‖x̂R(t)‖ +
[

‖AR‖‖LR
1 ‖

+ ‖AI
1‖‖L

I
1‖
]

‖ŷI(t)‖+
[

‖BR‖‖LR
2 ‖+ ‖BI

1‖‖L
I
2‖
]

‖x̂R(t− τ)‖+
[

‖BI‖‖LI
2‖

+ ‖BI
1‖‖L

I
2‖
]

‖ŷ(t− τ)‖+ (ζ1ε
α1

1 )R + ‖IR1 − ÎR1 ‖ − ρR(t)
]

− ω2S
RT

(t)SR(t)− ξR2

n
∑

i=1

S
(α2+1)R

i (t)

+ ‖SI(t)‖1
[[

‖D‖+ (‖AR‖+ ‖BR‖)δRI + (‖AI‖+ ‖BI‖)δRR + ωR
2

]

ζR2 +
[

(‖AR‖+ ‖BR‖)δII

+ (‖AI‖+ ‖BI‖)δIR + ωI
2

]

ζI2 +
[

‖D∗‖+ (‖AR‖+ ‖AR
1 ‖)‖L

I
1‖
]

‖ŷI(t)‖ +
[

‖AI‖‖LR
1 ‖

+ ‖AI
1‖‖L

R
1 ‖
]

‖x̂R(t)‖+
[

‖BR‖‖LI
2‖+ ‖BR

1 ‖‖L
I
2‖
]

‖x̂R(t− τ)‖+
[

‖BI‖‖LR
2 ‖

+ ‖BI
1‖‖L

R
2 ‖
]

‖ŷI(t− τ)‖ − ρI(t)
]

− ω2S
IT (t)SI(t)− ξI2

n
∑

i=1

S
(α2+1)I

i (t),

6 −ω2S
RT

(t)SR(t)− ξR2

n
∑

i=1

S
(α2+1)R
i (t)− ω2S

IT (t)SI(t)− ξI2

n
∑

i=1

S
(α2+1)I
i (t),

= −2ω2

(

SRT

(t)SR(t) + SIT (t)SI(t)
)

− ξ22
(α2+1)/2

(

V (α2+1)/2(t)
)

,

6 −2ω2V (t)− ξ22
(α2+1)/2

(

V (α2+1)/2(t)
)

. (14)

When t = 0 we have,
V̇ (t) 6 −2ω2V (t)− ξ22

(α2+1)/2
(

V (α2+1)/2(t
)

). (15)
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From Lemma 1, (14) and (15) there exists ts such that ts 6 ̟
ω2(1−α2)

where, ϕ = ln(ω2V
1−α2(0) +

ζ22
(α2+1)/2)/ζ22

(α2+1)/2 such that V (t) = 0. This ensures that the synchronization errors (7) and (8)
must converge to zero in a finite time ts + te for any given finite time t. Thus, the finite-time synchro-
nization between time-invariant uncertainty neural networks (5) and (6) is ensured by the predefined
SMS and the corresponding designed SMC. This completes the proof of theorem. �

4. Numerical example

In this section, one numerical example is presented to illustrate the effectiveness of the theoretical
results derived in the previous section.

Consider the following parameters for time invariant uncertainty neural networks (5) and (6)
xR(t) = (xR1 (t), x

R
2 (t))

T , xI(t) = (xI1(t), x
I
2(t))

T , fR1 (·) = f I1 (·) = fR(·) = f I(·) = gR1 (.) = gI1(·) =
gR(·) = gI(·) = tanh(·),

ĀR =

(

2 −1.2
1.8 1.71

)

, ĀR
1 =

(

2 −1.2
1.8 1.71

)

, ĀI =

(

1.9 −1.25
1.83 1.7

)

, ĀI
1 =

(

1.9 −1.25
1.83 1.7

)

,

B̄R =

(

1.5 0
1.3 1.5

)

, B̄R
1 =

(

1.5 0
1.3 1.5

)

, B̄I =

(

1.4 0.1
1.2 1.6

)

, B̄I
1 =

(

1.4 0.1
1.2 1.6

)

,

D̄ = diag (5, 5) , ∆D(t) = diag (0.02 sin(t− 0.1),−0.1 sin(t− 0.1)) ,

∆AR(t) = diag (0.01 sin(t− 0.1),−0.1 sin(t− 0.1)) ,

∆AI(t) = diag (0.01 sin(t− 0.1),−0.1 sin(t− 0.1)) ,

∆AR
1 (t) = diag (0.011 sin(t− 0.1),−0.1 sin(t− 0.12)) ,

∆AI
1(t) = diag (0.011 sin(t− 0.1),−0.1 sin(t− 0.12)) ,

∆BR(t) = diag (0.02 sin(t− 0.1),−0.1 sin(t− 0.12)) ,

∆BI(t) = diag (0.02 sin(t− 0.1),−0.1 sin(t− 0.12)) ,

∆BR
1 (t) = diag (0.01 sin(t− 0.1),−0.1 sin(t− 0.2)) ,

∆BI
1(t) = diag (0.01 sin(t− 0.1),−0.1 sin(t− 0.2)) .

From Figs. 1–3, the finite-time synchronization behavior of the neural networks (5) and (6) is given
with different time delays (i), time varying delays τ(t) = 1.7t, 0.3et and (ii) constant delay τ = 0.6.
This shows the correctness of the theoretical results.
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Fig. 1. Error vectors of (5) and (6) with given parameters in the numerical example section.
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Fig. 2. Error vectors of (5) and (6) with τ(t) = 0.3et for given parameters in the numerical example section.
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Fig. 3. Error vectors of (5) and (6) with given parameters in the numerical example section.

Remark 4. In [28], to address the problem of finite time synchronization of nonidentical delayed
recurrent neural network, an improved sliding mode control approach is presented by means of drive
response concept and suitable sliding mode controller is designed for the synchronization error system
of real valued delayed recurrent neural networks. But in this article, we consider the complex valued
neural networks with time variant uncertainty connection weight matrices and the generalized neural
network structure of (1) in [28] and introduced the time variant matrices, when choosing the time
variant matrices as a constant one. Therefore, the above findings are extremely generalize the existing
works on the finite time synchronization of delayed recurrent neural networks.

5. Conclusions

In this paper, we have derived the finite-time synchronization problem of delayed complex valued neural
networks with time-invariant uncertainty through improved integral sliding mode control. Firstly, the
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master-slave complex valued neural networks are transformed into two real valued neural networks.
Meanwhile, the interval uncertainty terms of delayed complex valued neural networks are converted into
the real uncertainty terms. Secondly, a new integral sliding mode surface is designed by employing
the master-slave concept and the synchronization error of master-slave systems such that the error
system can converge to zero in finite-time along the constructed integral SMS. Next, a suitable SMC
is designed by using Lyapunov stability theory such that state trajectories of the system can be driven
onto the predefined SMS in finite time. Finally, a numerical example is given to find the effectiveness
of the theoretical results.
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Синхронiзацiя iнварiантних щодо часу невизначених нейронних
мереж iз затримкою на скiнченний час за рахунок

вдосконаленого керування режимом ковзання

Джаянтi Н.1, Сантакумарi Р.1,2

1Урядовий коледж мистецтв, Коїмбаторi, Iндiя
2Коледж мистецтв i науки Шрi Рамакрiшна, Коїмбаторi, Iндiя

У статтi дослiджується задача часово-скiнченної синхронiзацiї складних нейронних
мереж iз запiзнюванням та iнварiантною щодо часу невизначенiстю шляхом вдоско-
налення iнтегрального керування режимом ковзання. По-перше, комплекснi нейроннi
мережi “ведучий–ведений” перетворюються на двi дiйснi нейроннi мережi за допомо-
гою методу подiлу комплексних нейронних мереж на дiйсну та уявну частини. Крiм
того, члени iнтервальної невизначеностi комплексних нейронних мереж iз запiзню-
ванням перетворюються на дiйснi умови невизначеностi. По-друге, нова iнтегральна
поверхня ковзного режиму розроблена з використанням концепцiї “ведучий–ведений”
так, що система помилок може збiгатися до нуля за скiнченний час вздовж побу-
дованої iнтегральної поверхнi режиму ковзання. Далi, за допомогою теорiї стiйкостi
Ляпунова розроблено вiдповiдне керування режимом ковзання, завдяки якому траєк-
торiї стану системи можуть бути переведенi на попередньо задану поверхню режи-
му ковзання за скiнченний час. Нарештi, подано чисельний приклад, який iлюструє
ефективнiсть теоретичних результатiв.

Ключовi слова: керування режимом ковзання, поверхня режиму ковзання, часова

невизначенiсть, часова затримка, нейроннi мережi.
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