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Separation of particles in a fluid domain is relevant in various industrial applications. The
effect due to the roughness is preponderant compared with that due to fluid inertia so that
the Reynolds number is low and the creeping flow equations apply. The wall roughness is
assumed to be rigid and periodic, varied in one direction. The trajectories of freely moving
particles in a shear flow are calculated.
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1. Introduction

Small particle migration in a fluid domain occurs in various applications, e.g., field-flow fractionation
separation technique (FFF) [1] in analytical chemistry, cell-sorting in microfluidic devices, and migra-
tion of blood cells [2] in biological flows. Understanding the dynamics of particles transport in a fluid
flow would help engineers in industrial processes and biological applications.

Many recent studies have been focused on particle migration in the last decades, showing that the
appearance of this phenomenon is linked to the nature of the suspending flow, particle size, particle-wall
interactions, and inertial effects. On the experimental side, the first study on particle migration was
achieved by Segre and Silberberg [3,4]. The authors observed that in a dilute suspension flow through
a pipe at a low Reynolds number, the particles migrate across streamlines to specific positions in the
channel. This phenomenal effect has been verified by various experimental studies. On the same kind of
problem, [5,6] showed that this lateral displacement is due to fluid inertia. From a theoretical point of
view, the first enlightening study on particle migration was performed by Safman [7], where analytical
expression of the lift force exerted by the fluid on the sphere is given. Additionally, Asmolov [8] and
McLaughlin [9] generalized the theory of Saffman, discarding some constraints on the flow parameters.

The motion of a rigid sphere entrained in a linear shear flow in the vicinity of a smooth wall was
investigated in a large number of studies by using the asymptotic methods. Leighton and Acrivos [10],
Cherukat and McLaughlin [11], and Krishnan and Leighton [12], have calculated the lift force induced
by the fluid inertia in the vicinity of a smooth wall. Other theoretical that are interested in the lift
force on drops and bubbles in shear flow [13].

In earlier studies, we have studied the problems of influence of wall roughness on a shear flow [14]
and its influence on a freely moving spherical particle near a rough wall in a shear flow [15], and the
problem of a particle settling towards a rough wall in a fluid at rest [16]. Based on these results, we
will evaluate the effect of wall roughness on the separation of spherical particles entrained by a simple
linear shear flow. The rough wall assumed here is periodic and changes in one direction. The particles
are considered here rigid, spherical, the same density but have a different radius.
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2. Creeping flow equations

We consider a rigid, inertial, spherical particle of a radius a translating and rotating along a rough
wall in a linear shear flow of velocity Ṽ

∞

, with negligible fluid inertia. The model is schematized in
Fig. 1. We use a right-hand Cartesian coordinates system (x̃, ỹ, z̃), with unit vectors (ix, iy, iz), linked
to the fictitious plane wall located below the roughness. The wall roughness is chosen to be periodic
and expanded in a Fourier series as following:

z̃p = a ε

[
c0 +

p∑

n=1

(
cn cos(nωx̃) + sn sin(nωx̃)

)
]
, (1)

where ε is the dimensionless amplitude, assumed to be small compared of the particle radius (ε ≪ 1),
and ω = 2π/L̃ is a positive constant, L̃ is the period of roughness, and

c0 =
1

L̃

∫ L̃

0
R(x̃)dx̃, cn =

2

L̃

∫ L̃

0
R(x̃) cos(nωx̃)dx̃, sn =

2

L̃

∫ L̃

0
R(x̃) sin(nωx̃)dx̃,

and the function R(x̃) is assumed to be periodic. Its expression, in (x̃, ỹ, z̃) absolute frame of reference
a sawtooth profile, is defined in the half region z̃ > 0 by





0 6 x̃ 6 δL̃ : R(x̃) =
1

δ

x̃

L̃
;

δL̃ 6 x̃ 6 L̃ : R(x̃) =
1

δ − 1

(
x̃

L̃
− 1

)
.

Taking p = 3 and δ = 3/2 in the Fourier expansion (1) are sufficient to describe the profile as shown
in Fig. 1.

Fig. 1. Spherical particle moving in a linear shear flow
near a rough wall.

The flow around the particle is governed by
the Stokes equations. Linearity of this model
allows to decompose the problem into three el-
ementary problems:

(1) A spherical particle held fixed in an ambient
linear shear flow Ṽ

∞ = ksz̃ ix, in the vicinity
of a rough wall.

(2) A spherical particle translating with velocity
Ũp along x̃ direction parallel to a rough wall,
in a fluid at rest.

(3) A spherical particle rotating with velocity
Ω̃p around ỹ direction parallel to a rough
wall, in a fluid at rest.

The resultant force and torque are evaluated by superimposing the forces and torques, exerted on
the sphere, due to three elementary flow fields:

F̃ = F̃S + F̃T + F̃R

C̃ = C̃S + C̃T + C̃R

Where the subscript (S) denotes the problem of sphere fixed in an ambient linear shear flow; (T )
and (R) denote the problems of flow fields due to translating and rotating sphere in a fluid at rest,
respectively. Let (X̃p, φ̃p) be, respectively, the position vector of the particle center and the angular
rotation of a point from particle surface. The translational and rotational velocity of the particle are
defined by

Ũp =
dX̃p

dt̃
; Ω̃p =

dφ̃p

dt̃
.
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In the case where the fluid inertia effect is negligible, by the assumption Re ≪ ε ≪ 1, where Re is the
Reynolds number, the equations motion of the spherical particle can be written as follows as

mp

dŨp

dt̃
= F̃S + F̃T + F̃R + P̃ + Ã, (2a)

Jy
dΩ̃p

dt̃
= C̃S + C̃T + C̃R. (2b)

Where mp and Jy are the mass and moment of inertia of the spherical particle, respectively. P̃ and Ã

denote the weight and the buoyancy, respectively, which are given by

P̃ = −
4

3
πa3ρpg iz,

Ã =
4

3
πa3ρfg iz,

Jy =
2

5
mpa

2.

Where, ρp and ρf are the particle and the fluid densities, respectively, and g is the gravitational
acceleration. Based on the assumption of a low roughness amplitude, the expressions of the forces and
torques in Eq. (2), in terms of the dimensionless coefficients are expressed as

F̃S = 6πµfak̃sl
[(
f
(0)
x,S + εf

(1)
x,S

)
ix + εf

(1)
z,Siz

]
,

C̃S = 4πµfa
3k̃s

(
c
(0)
y,S + εc

(1)
y,S

)
iy,

F̃T = −6πµfaŨx

[(
f
(0)
x,T + εf

(1)
x,T

)
ix + εf

(1)
z,T iz

]
− 6πµfaŨzfz,Stiz,

C̃T = 8πµfa
2Ũx

(
c
(0)
y,T + εc

(1)
y,T

)
iy,

F̃R = 6πµfa
2Ω̃y

[(
f
(0)
x,R + εf

(1)
x,R

)
ix + εf

(1)
z,Riz

]
,

C̃R = −8πµfa
3Ω̃y

(
c
(0)
y,R + εc

(1)
y,R

)
iy.

The analytical and numerical results of the friction factors of the forces and torques of the first and
second order have been obtained by various authors, see [15,16,18]. In a similar way, the components
of translational and rotational velocities of the particle are expanded as

Ũx = Ũ (0)
x + εŨ (1)

x + O(ε2),

Ω̃y = Ω̃(0)
y + εΩ̃(1)

y + O(ε2),

Ũz = Ũ (0)
z + εŨ (1)

z + O(ε2).

Where Ũ
(0)
z is due only to the force of gravity, because there is no motion of sphere along z̃ for a

smooth wall, and the term Ũ
(1)
z is due to the presence of the roughness. Taking into account the

previous expressions for forces, torques, and velocities, the equation Eq. (2) can be written:

4

3
πa3ρp

dŨx

dt̃
= −6πµfaŨx

(
f
(0)
x,T + εf

(1)
x,T

)
+ 6πµfa

2Ω̃y

(
f
(0)
x,R + εf

(1)
x,R

)

+6πµfak̃sl
(
f
(0)
x,S + εf

(1)
x,S

)
, (3a)

8

15
πa5ρp

dΩ̃y

dt̃
= 8πµfa

2Ũx

(
c
(0)
y,T + εc

(1)
y,T

)
− 8πµfa

3Ω̃y

(
c
(0)
y,R + εc

(1)
y,R

)

+4πµfa
3k̃s

(
c
(0)
y,S + εc

(1)
y,S

)
, (3b)

4

3
πa3ρp

d
(
Ũ

(0)
z + εŨ

(1)
z

)

dt̃
= −6πµfaŨxεf

(1)
z,T + 6πµfa

2Ω̃yεf
(1)
z,R + 6πµfak̃slεf

(1)
z,S

−6πµfa
(
f
(0)
z,StŨ

(0)
z + εf

(0)
z,StŨ

(1)
z

)
−

4

3
πa3(ρp − ρf )g. (3c)
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In Eq. (3), the equation of the first order (0) due to gravity is easily solved independently. Only the
terms of the second order (1) due to roughness will be considered below. In the following, we will
make the system dimensionless by using reduced velocities Ũx = k̃saUx, Ũz = k̃saUz, Ω̃y = k̃sΩy, and
reduced time t∗ = k̃−1

s , where k̃s is the dimensionless constant. The equations (3) become:

dUx

dt
=

1

Stk

[
l

a

(
f
(0)
x,S + εf

(1)
x,S

)
− Ux

(
f
(0)
x,T + εf

(1)
x,T

)
+ Ωy

(
f
(0)
x,R + εf

(1)
x,R

)]
,

dUm

dt
=

1

Stk

[
l

a
εf

(1)
z,S − Uxεf

(1)
z,T + Ωyεf

(1)
z,R − f

(0)
z,StUm

]
,

dΩy

dt
=

5

3Stk

[(
c
(0)
y,S + εc

(1)
y,S

)
+ 2Ux

(
c
(0)
y,T + εc

(1)
y,T

)
− 2Ωy

(
c
(0)
y,R + εc

(1)
y,R

)]
,

dxp
dt

= Ux,

dzp
dt

= Uz,

dφy

dt
= Ωy.

Where Um = εU
(1)
z is none other than the migration velocity of the spherical particle due to the

roughness. Stk denote the Stokes number; it is dimensionless and represents the ratio between the
kinetic energy of the particle and the energy dissipated by friction with the fluid. It is defined by

Stk =
2

9

ρp
ρf

Re.

3. Numerical results and discussion

3.1. Trajectories of a freely moving sphere in a linear shear flow near a rough wall

Based on the equations (4) of the sphere motion, and neglecting the effects of inertia of the fluid
(Re ≪ ε), we calculate the trajectory of a sphere with inertia near the rough wall defined by ε = 0.1,
L = 4, and δ = 3/4. The evolution of the position vector of the particle center is obtained by simply
integrating its dimensionless velocity:

X(t) =

∫ t

0
Up dτ.

a b

Fig. 2. Trajectory of the particle center near a rough wall, for initial
values of the position above the base plane (l/a)(X=0) = 1.4, with pa-
rameters of roughness ε = 0.1, L = 4 and δ = 3/4. (a) The ordinate
Zp of the sphere center as a function of its abscissa Xp over a distance
d = 400L. (b) The ordinate Zp of the sphere center as a function of its

abscissa Xp over a distance d = 10L.

Figure 2 presents the trajectory
of the inertial particle for the
initial position (l/a)(X=0) = 1.4
and Stokes number Stk = 0.5.
The numerical results show that
there is an important migration
of the sphere during its horizon-
tal displacement Dx = 400L, it
moves away from the wall by mi-
gration by Dz = 0.0812.

Figure 3 represents the tra-
jectories of the spheres, of differ-
ent Stokes numbers (Stk). The
results show that the migration
of the sphere increases with its
inertia, this migration is impor-
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tant when the particle is close to the wall and begins to decay with the increase of the sphere-wall
gap, this can be explained that when the sphere near the wall its migration is caused by the coupling
between the roughness effect and the inertia effect of the sphere, and as the sphere migrates away from
the wall the roughness effect begins to diminish and the inertia of the sphere remains the only source
of its migration.

Fig. 3. Migration of spheres, of different Stokes number Stk, near a rough wall, for ε = 0.1, L = 4 and δ = 3/4,
with the same initial position (l/a)(X=0) = 1.4 over a distance d = 400L.

3.2. Migration comparison of that due to particle inertia coupled with wall roughness effects and

that due to the fluid inertia effect

The migration of a particle can have several sources. Yahiaoui and Feuillebois [17] studied the effect
of fluid inertia on the motion of a spherical particle without inertia in a quadratic flow. Their results
showed that the fluid inertia causes also the sphere migration. In this paragraph, we will make a
comparison between the migration due to the fluid inertia, in the case of a free sphere near a smooth
wall limited a simple shear flow, and that due to the coupling between the effects of the particle inertia

Fig. 4. Trajectory of a sphere with inertia Stk = 0.2,
near a rough wall, for ε = 0.1, L = 4, in a shear linear
flow with initial position (l/a)(X=0) = 1.4 and Re =
1.4× 10−4, and comparison with the results of Yahiaoui

and Feuillebois [17] (trajectory B).

and the wall roughness, in the case of a free
sphere near a rough wall limited a simple shear
flow. For this, we took the case of a steel
grain of radius a = 1.5µm and density ρp =
7.850103 kgm−3, in free motion in air of density
ρf = 1.293 kgm−3 and kinematic viscosity ν =
1.510−5 m2 s−1, with a shear rate ks = 103 s−1.
These parameters give:

— A Reynolds number around the particle:
Re = 1.4 × 10−4.

— A Stokes number of the particle: Stk = 0.2.

The numerical results in Fig. 4, show that dur-
ing an horizontal displacement Dx = 400L of
the sphere center, the particle makes a displace-
ment by migration due to fluid inertia equal to
Dz = 1.03×10−4 (trajectory B), and during the
same displacement, the sphere with inertia near
a rough wall makes a displacement by migration
Dz = 3.79 × 10−2 (trajectory A), which shows

that the migration due to the fluid inertia is negligible compared to that due to the coupling between
the roughness effect and sphere inertia effects (under the assumption Re ≪ ε).
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4. Conclusion

This paper studied the migration of spherical particle moving freely in a shear flow along a rough wall.
Based on the creeping equations, we have calculated the trajectories of spheres without inertia and
with inertia, by neglecting the effect of fluid inertia. The results show that in the absence of the particle
inertia, the particles will follow a periodic trajectory with low migration, more and more the particle
inertia becomes important more its migration increases. The results also show that the migration due
to the fluid inertia is negligible compared to that due to the coupling between the roughness effect and
the particle inertia.
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Математична модель для вивчення впливу шорсткостi стiнки
на мiграцiю iнерцiйних частинок у зсувному потоцi

Ассудi Р.1,2, Ламзуд К.2, Ахмеду А.3, Чауї М.2
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Роздiлення частинок у рiдиннiй областi актуальне в рiзних промислових застосуван-
нях. Вплив шорсткостi є бiльшим, нiж вплив iнерцiї рiдини, тому число Рейнольдса є
низьким i застосовуються рiвняння повзучого потоку. Шорсткiсть стiнки вважаєть-
ся жорсткою i перiодичною, змiнюваною в одному напрямку. Розраховано траєкторiї
вiльних частинок у зсувному потоцi.

Ключовi слова: повзучий потiк, мiграцiя частинок, шорстка стiнка, iнерцiя ча-

стинок, iнерцiя рiдини.
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