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Abstract

The paper formulates the inverse kinematic problem for the robotic manipulator with six degrees of freedom. For
the solution if this problem, the geometric method combined with the Denavit—Hartenberg transformation was
applied. The Denavit-Hartenberg method offers the advantage of reducing the number of coordinates that determine
the special position of the solid body from six to four. This method provides for an accurate positioning of the
working tool. The inverse kinematic problem was solved. This problem aims at calculating the rotating angle of each
axis. The geometric solution of the problems for each of the axes is presented. Based on the calculation data, the
algorithm of determining the rotating angles of the robotic manipulator was developed. This algorithm was
implemented in the Matlab environment. The control flow chart of the algorithm is presented and its operation is
described. The paper offers an example of solving the inverse kinematic problem using the developed algorithm. The
calculation results were verified and shown to be consistent with the preset position, which confirms the adequacy of
the developed model.

Keywords: robotic manipulator; working tool; coordinate system; travel path; Denavit-Hartenberg method,;
inverse kinematics; generalized coordinates.

1. Introduction

Industrial enterprises are actively automating the manufacturing process on a global scale. The leading plants in
all the industries have replaced manual labour with robotic manipulators and other robotized complexes. The demand
for industrial robots is increasing annually, which is giving rise to numerous studies in this field. Ukraine’s industry
also needs reformation of the machine building complex to be competitive in terms of goods quality and price, which
is why domestic research and development of domestic robotic equipment for complete automation of the
manufacturing process are important.

In this field, the synthesis of the control algorithm for the movement of the manipulator is important as it
determines the accuracy and speed of operation and, consequently, the quality of the products. Therefore, the aim is to
study the robotic manipulator and compute the necessary movements of its links.

2. Formulation of the research problem

One of the tasks in creating a control system for the robot is developing the control algorithm [1]. To do this, the
inverse kinematic problem (IKP) is solved. It consists in determining the variable parameters of the manipulator for
the known geometric parameters of the links, which ensure the preset positions and orientation of the gripper relative
to the absolute coordinate system. The IKP consists in calculating a set of generalized coordinates of the manipulator
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for the preset position coordinates and orientation of the final coordinate system connected with the gripper or
working tool [2], [3].

This problem is more complicated than the forward kinematic problem (FKP) as it can lead to the uncertainty of
solution, i.e. different configurations of the robot can correspond to one and the same set of working tool special
positions. Besides, IKP solution significantly depends on the manipulator design, which rules out the possibility to
develop the only method of solving IKP in general for all robot types.

To develop the algorithm of computing the rotating angles of the six—axis robotic manipulator, the following
tasks need to be fulfilled:

o bridging the coordinate system with the links;

o determination of Denavit—Hartenberg parameters;

e building homogeneous transformation matrices;

e solving the inverse kinematic problem by applying the geometric method using trigonometric formulae.
¢ developing the algorithm for finding the rotating angles for the robotic links based on the IKP solution.
The first three steps were discussed in [4].

The six—axis manipulator design is widely used due to the functional features and kinematic analysis options.
Research of robotic manipulators is of topical importance, which is evidenced by a large number of papers in this
field [5]-[7].

The kinematic problems were solved in [8], [9]. Quite often, researches focus on robots with up to three links.
There are several ways of solving the inverse kinematic problem: mathematical [11], using neural networks [12] or
geometric [13]. These techniques are combined with the Denavit—Hartenberg method and Euler-Lagrange method
[9], [10], [24], [15]. The geometric (analytical) method of solving IKP relies on finding analytical expressions in an
explicit form using trigonometric functions, taking into consideration the kinematic scheme of the manipulator.

As the recent studies show, solving the inverse kinematic problem with further development of the optimized control
algorithm is a topical task, which will expedite the improvement in positioning control systems for robotic manipulators.

3. Solving the inverse kinematic problem

The paper describes the solution of the inverse kinematic problem and control algorithm for the six-axis welding
robotic manipulator (Fig.1).

Fig.1. The welding robotic manipulator with six degrees of freedom (1-6).

This inverse kinematic problem aims at calculating the angle 6; for each joint. The angle 6; is the rotating angle of
the manipulator axis. The initial data is the Denavit—Hartenberg constant parameters, which depend on the robot design
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(di, @, &), and matrix T¢ of the final coordinates and working tool orientation. The detailed review of the Denavit—
Hartenberg method was made in the previous paper [3]. The calculation of angles 6; will start from the first joint.

To find the angle 6; depicted in Fig.2 we need to consider the coordinates of the position vector pg,, pg, of the
transformation matrix Tyt of the fourth link of the robot (1). To make transformation from the matrix

Nye Oxe QAxe DPxe
T6 — ny6 Oy6 ay6 pye
0 Nze 0Oz6 Aze Pze
0 0 0 1
to the coordinate data, the equation (2) is used.
4 4 4 4
nOx OOX an pOx
4 4 4 4
T = Noy Ooy 3oy Poy |. 1)
4 4 4 4 |
nOz 0Oz aOz pOz
0 0 0 1
Pox gy Pox
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P§=P§—Af-dg=| Pov )1 v iag=| Py @
\ Poz Aoz pOz
1 0 1

where P¢ is the working tool position vector; A§ is the working tool approach vector; dg is the distance between the
axes xs and xg along the axis zs.

The vector Py describes the robotic manipulator position without considering the wrist. The vectors pg,, poy
suffice to determine the angle 6,

Fig. 2. The geometric image for finding the angle 6.

Then,
_ Poy _ Py
tan(6;) =—* — 6, =arctan(—*|). (3)
Pox Dox
This solution is correct for the robot’s rotating angles 6, ranging from % to 0 and to —g .
For the rotating angles equalling % T, — g the solution will be as follows:
_ Py
0, = m + arctan | —> 4
Dox

for the angles ranging from gto T,
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6, = —m + arctan <T)

for the angles ranging from m to — g

4
Doy

Pox

This differentiation is aimed at reducing the travel path of the robot to a desired coordinate.

The angles 6, ... 8, are calculated in a similar way.

4. The algorithm for computing the rotating angles of the robotic manipulator
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The rotating angles of all the axes of the manipulator are equal to the calculated theta angles multiplied by the
reduction rate of the corresponding reduction gears. This algorithm was developed in the Matlab environment and is
the solution of IKP. Based on the developed algorithm, the flow chart was built, which is shown in Fig.3, Fig.4.
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Fig.3. The flow chart of the algorithm for computing the rotating angles of the robotic manipulator. Start of the blue subprogram.

The algorithm and flow chart are split into two subprograms, the blue one and the yellow one. This was done due
to the uncertainty of the solutions. In other words, different configurations of the robot can correspond to one and the
same spacial position of the working tool. In some cases, the geometric method produces an incorrect result.

The blue part of the chart implements the algorithm that tries solution equations based on certain signs. These
signs are the location of the position vector in certain quadrants of the coordinate system. This needs to be done only

for the first three theta angles.

Upon completing the calculation of the coordinates of the positions of the end link according to the calculated
angles, the check-up with the matrix T$ is run in the blue subprogram. If the result of the check-up is negative, the

yellow part of the scheme is actuated.
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Fig.4. The flow chart of the algorithm for computing the rotating angles of the robotic manipulator:
a) end of the blue subprogram; b) yellow subprogram.

In the yellow subprogram, the algorithm goes through 12 different solutions for theta angles. This is done using loops.

The full loop of the yellow part of the algorithm:

1) calculating 6, using the equation s;

2) s=s+1;

3) calculating parameters for evaluating 6,;
4) calculating 6, using the equation k;

5) k=k+1;

6) calculating parameters for evaluating 65;

7) calculating 65 using the equation c;

After each loop, the coordinates of the final position of the end link are checked up according to the calculated theta angles.
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8) c = c+1;

9) calculating parameters for evaluating 8,, 65 and 6, and determining these angles;

10) calculating positions coordinates for the end link based on the calculated angles 6;;

11) verification of the coordinates;

12) YES - the calculation is completed, angles 6; are determined;

NO — calculation 65 using the equation c;

¢ > the number of equations — proceeds starting from step 4, c is zeroed;

13) k > the number of equations — proceeds starting from step 4, k is zeroed;

14) s > the number of equations — the preset coordinates cannot be reached or there has been a failure.
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This division into two subprograms is the result of the optimization of the program as a whole. The blue
subprogram is better optimized as it has fewer calculations but is more vulnerable. The yellow subprogram has a large
number of calculations but it finds the correct result at any uncertainties. If the blue subprogram succeeds, the yellow

one is not actuated.

5. An example of solving the inverse kinematic problem

As an example, the angles 6; (of the generalized coordinates) of all the links and travel path of the working tool
will be calculated. The initial data are the coordinates of the working tool position in the final point B with
coordinates X,Y,Z (432; 1576; 1572), written as a homogeneous transformation matrix T¢ taken from the results of
solving the forward kinematic problem and constant Denavit—Hartenberg parameters (d, a, @), recorded in Table 1.

Table 1. Constant parameters of the coordinate system of the manipulator links.

Joint d (mm) a a (mm)
1 637 —-90° 249
2 0 0° 650
3 0 —-90° 100
4 815 90° 0
5 0 -90° 0
6 499 0° 0

0.5 0 0.87 432
T —-0.84 0.26 048 1576
—-0.22 —-097 0.13 1572

0 0 0 1

(6)

This matrix is the result of solving the forward kinematic problem. As a result of calculations of the algorithm
for determining the rotating angle of the robotic manipulator (Fig.3, Fig.4), 8, angles were obtained. For the working

tool to reach the point B, the manipulator must turn the axes by the angles presented in Table 2.

Table 2. The rotating angles of the manipulator.

. 6 by 0 by
Joint number IKP EKP
1 90° 90°
2 30° 30°
3 —45° —45°
4 —90° 90°
5 60° —60°
6 180° 0°

The comparison of the results of solving IKP with the initial FKP data reveals disparities between the rotating
angles. This stems from the uncertainty of the solutions. Despite that, having verified the matrices T¢, calculated
based on the obtained angles 6; and resulting from the forward kinematic problem (6), it is obvious that they are
identical. The result of solving IKP is correct. The calculation of the travel path of the manipulator elements was
carried out in the Matlab environment. The resulting curves are presented in Fig.5 — Fig.7.
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Fig.6. The travel path of the manipulator working tool from point A to point B in different planes. IKP-based calculation.

Fig.5.The travel path of the manipulator working tool from point A to point B in the coordinates X,Y,Z.
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Fig.7. The travel path of the manipulator working tool from point A to point B in different planes. FKP-based calculation.

The comparison of the travel paths of the tool in Fig.5 when solving FKP and IKP, confirms the uncertainty of
the solutions as the travel paths are different.

6. Conclusion

The paper solves the inverse kinematic problem for the six-axis manipulator. The study resulted in the algorithm
for computing the rotating angles of the manipulator links in order to achieve the desired position.

The calculations produced several variants of the working instrument reaching the final position. The disparities
were demonstrated in the calculated trajectories, which corroborate the statement about the uncertainty of the
solutions of the inverse kinematic problem.

This algorithm consists of two components, which makes it possible to take into consideration the specificity of
the IKP solution and to obtain accurate rotating angles of the robotic manipulator axes for the known preset spatial

position and direction of the working tool. The examples of solving the forward and inverse kinematic problems were
given and the trajectories of the working tool were built and compared, proving the correctness of the solutions.

The obtained algorithm can be used for creating control systems for robotic manipulators according to the
requirements of the technological process.
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CuHTe3 aJITOPUTMY KePYBAHHS MOJIOKEHHAM IECTHOCHOBOI0 MAHIIYJIATOpPA
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AHoTAaNis

B crarti dopmymroeThesi 0OepHEHa 3ajada KiHEMAaTHKU ISl PO3TIITHYTOTO po0oTa MaHIMyIsTopa 3 HIiCTEMa
cryneHsMH. Ui po3B’sI3Ky aHOI 3ajgadi BHUKOPHUCTAHO T€OMETPHYHMI METOJ y MOE€IHAHHI 3 IMEpEeTBOPEHHSAMHU
JlenaBita Ta XaprenOepra. [lepeBaroto meromy JlenaBiTa—XapTeHOepra € 3MEHIICHHS KiIBKOCTI KOOPAHMHAT, IO
BU3HAYAIOTh TiJIO B NPOCTOpi, 3 WIECTH IO YOTHPhOX. JlaHWi Meron 3abe3nedye TOYHE IO3MIIIOBaHHSI pOOOYOTO
iHcTpyMeHTy. [IpoBeneHO po3paxyHOK oOepHEHOi 3ajaui KiHeMaTHKH. MeToro aHol 3ajadi € po3paxyHOK KyTa
MOBOPOTY KOXHOi 3 ocell. HaBemeHo reoMeTpwyHWN pPO3B'SA30K 3amad I KOXKHOI 3 oceil. Ha ocCHOBI maHuX
PO3paxyHKIiB pPO3pOOJICHO aJroOpuTM BH3HAYCHHA KYTiB IOBOPOTY poOoTa MadimynsTopa. [lanmii anroputm
peanizoBaHuii B mporpaMHoMy cepenoBuiii Matlab. HaBeneno 650k cxeMu anropuTMy Ta OIMCAaHO HOro poOoTy.
[IponemMoHCcTpOBaHO TPHKIIAL PO3B’sI3KYy OOEpHEHOI 3a/1adi KiHEMaTHKH 3a JIOIIOMOTOI0 PO3POOJICHOTO arOpHTMY.
TIpoBeneHo mepeBipKy pe3ysbTaTiB PO3paxyHKiB, sIKi 30IMIMCh 13 3aJJaHUM Harepe;] MOJOXKEHHIM, 0 CBITYUTh TIPO
aJICKBaTHICTh CTBOPEHOT MOJIEII.

KarouoBi cioBa: poOOT MaHIMynsTOp; poOOYMiA IHCTPYMEHT, CHCTEMa KOOPAWHAT; TPAEKTOPIS PYXY; METOX
Jenesita—XapteHbepra; obepHeHa 3a/1a4a KiHEMaTUKHY; y3arajlbHeHI KOOPAWHATH.
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