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Abstract. This article presents results related to the direct solution of the polynomial regression parameters based on the analytical
solving of regression equations. The analytical solution is based on the normalization of the values of independent quantity with
equidistance steps. The proposed solution does not need to directly solve a system of polynomial regression equations. The direct
expressions to calculate estimators of regression coefficients, their standard deviations, and also standard and expanded deviation
of polynomial functions are given. For a given number of measurement points, the parameters of these expressions have the same
values independently of the range of input quantity. The proposed solution is illustrated by a numerical example used from a

literature source.
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1. Introduction

In  measurement practice and statistics,
polynomial regression of order & is widely used to
determine the relationship [1] —[8]:

Y=F(X)=B,+B,- X +.+B X +&=

=Zk:ﬁj.xf+g (1)

between input (X) and output (Y) quantities of various
systems, where P = (ﬂo, B, By )T is a vector of i+l

regression coefficients; & is normally distributed
random noise with zero expected value (4=0) and
unknown standard deviation ¢ [1 - 6]. For example,
relationship (1) in measurement is typically used to
describe the conversion functions of sensors and other
measurement systems [9], to build calibration function of
measurement instruments and systems [10], [11], and to
determine parameters of time series functions, etc. Using
an appropriate number of measurement points, the goal
is to determine the estimators of these coefficients and
evaluate the accuracy of both the coefficients and the
function itself.

Before using a sensor in a measurement system,
we need to know its conversion function [9], which very
often is described by polynomial function (1), and also
its uncertainty. In the same situation, while calibrating
the measuring instrument [10], [11], the main goal
relates to establishing the relation between quantity
values provided by measurement standards and the
corresponding indications of a measuring system or
instrument. The calibration curve usually is presented in
the polynomial form (1).

Most of the theoretical and practical issues have
been developed by various authors. There are very exten-
sive literature sources on deep analysis of both theoretical

and different practical aspects of regression, but only
some of the literature sources are listed in [1] — [8]. In
classical regression analysis, only the effect of random
effects on the results of measuring the output quantity is
usually considered. However, one should take into
account the correlation of random effects as well as such
effects on both the input and output quantities [12], [13].

Based on the general algorithm for polynomial
regression of order up to 3, we present a modification of
it, which provides a simplification of all stages of
polynomial regression. Such a possibility arises in the
case with an equal distance of values of the independent
quantity. Then, by shifting the independent variable, all
average values of odd powers of the values of input
quantity are equal to zero. Due to this, in the system of
equations, describing the regression, the number of non-
zero coefficients is reduced by twice. The next modifi-
cation is to normalize the values of the independent
variable to the value of half of its range of variation. The
application of these modifications provides indepen-
dence of the coefficients of the normal system of equ-
ations from the absolute values and the range of vari-
ation of the independent quantity. I.e., with the same
number of measurement points for any values of this
quantity, the coefficients of the normal system of
equations remain unchanged. Due to these modifications,
all regression issues can be reduced to simple analytical
relationships instead of direct solving a system of
regression equations.

2. Drawbacks

A certain problem of applying the classical
approach in regression is the need to solve systems of
equations of the appropriate order, including the
calculation of the inverse matrix [1] — [8]. Another
problem is that with the same number of measurement
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points, but with a different range of variation of the
independent quantity, all the elements of the system of
equations, including the corresponding matrices, must be
recalculated. This results in solving the system of
equations again and recalculating the inverse matrix.

3. Goal

The goal of this article consists in the derivation
of the simple analytical formulas, that make it possible to
calculate directly the estimators of the coefficients, their
standard deviation, and the standard deviation of the
function with its expanded uncertainty, without the need
to solve the system of equations and calculate the inverse
matrix.

4. Modification of Classical Regression
Solution
4.1. Classical regression solution

Traditionally, most publications on polynomial
regression [1] — [11] to determinate regression coef-
ficients b= (b, b,,...b,) usually maximal likelihood
estimation (MLE) or the least squares method (LSM)
used [1] —[11]. In general, these coefficients are
determined by n measurement points, i.e. pairs (x;; y;,
i=1,2,..., n) of non-random values x; (vector
X = (xl, Xys s X, )T) of the input (independent) quantity X

that are matched by values y; (vector y = (yl, Vases Yy )T)
of the output quantity Y. With some simplification, the
results of the classical solution of the polynomial
regression problem are the dependencies for estimating

and the

standard deviations of these estimators and also the
regression function.

Since the main matrix formulas related to the
classical procedure of solving polynomial regression will
be used with proposed modifications of input quantity, this
procedure is presented briefly here. When the values y; of
the output quantity Y are mutually uncorrelated
(cov(y;;0)=0, i#) then using LSM, the estimated values

b=(b,.b,..b,) of the
B= (ﬂo, B, By )T can be determined by matrix equation
[1]-[6]:

the regression coefficients b =(b,, b, .., b, |

regression  coefficients

b=(@®]'® y=M'®" .y, @)
here
1 x, X x; |
1 x, x x)
®= : , 3)
I x,, xi—l x;l;—l
2 k

M=(@'®), M'=(@®]" 4)
Because for the normally distributed random
effects & with standard deviation ¢ the distribution

Py, (bj‘ B j,G) of estimate b; is normal too, and the

standard deviation of the estimated regression

coefficients is given by the formula [1] - [6]:

olb,)=c-M];, . 5)
After estimation of the regression coefficients

(vectorb = (bo, b, ... b, )T ) the dependence y(x) between

input X and output Y quantities can be presented by
function:

k
y(x)=by+b - x+.+bx" =D b x. (6)
j=1
Therefore, using the standard deviation of
coefficients (5) the standard deviation of the estimated
regression function (6) is given by the formula:

()

4.2. Matrix after modification of the values of
input quantity

The first step of modification of the classical
algorithm (2) — (4) consists of the following. Using

denotations x’ for the arithmetic mean values xl.j of

the corresponding power j of x; and x/ y for the

arithmetic mean values of products xl.j ‘Y

— 1< . — 1< .
x’ :—le.’ ,j=0,2,.., k; x’y:—le.’ Vi,
nio n o

Jj=0,... k ®)
matrix solution (2) can be presented directly in another
form:

-1
b=M_ Y, 9)
here
1 )_c x2 Xk X
i x2 xl\—] X xk+]
1 2 - N
M =—(@®)=| ¥ '
n xk*l x2k—2
xl: o B
| xk xk+] .. x2k—2 x2k—] x2k |
Ed
Xy
x? y
Y=—0®'y= , (10)
n
xk—ly
xky
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and
-1 _ -1
M =(M))
is an inverse matrix of the modified normal equation.

The next step of modification is the normalization
of equidistance values of input quantity:

(11)

X —x 2i
= = -1,i=0,...,
xi Vv n—1

(12)

n—1,

here x is a mean value and ¥ = R/2 is half of the range
(R = Xmax — xmin)'

From (12) it can be seen that the range of new
modified by (12) quantity is: —1< ¥ <+1 and the
values of the variable y; are evenly symmetric. Then the
values of the corresponding to (8) arithmetic mean

values xl.j of the corresponding power j of y; and yy J
for the arithmetic mean values of products y;, - x.j :
— 1= -] 2l
== 1l vx =—Z
ni—o n;
J=0,.... k. (13)
Due to odd symmetries y, from origin all odd

components in the matrix (10) are equals to zero:
2/+1= Z%Zl+1= (14)

In measurement practice, polynomial relation-
ships (1) of the first (k=1), second (k&=2), and third
degree (k=3) are most often used. Therefore, for the
linear, quadratic, and cubic polynomials the matrix
components a given by expressions:

1 0 ;
Miy=| —; vl =L (15)
0 x’ yx
10 % ¥
M2y =10 2% 0[; Y2, =|y-x|, (16)
o0y vl
1o 20 v
2 4 Dy
M3, =| 2 0 O Xy XL ()
x 0 x 0 y-x
0 x* 0 4«° yvox
Three different coefficient denotations to
distinguish the three regressions are used:
T .
a, Z(axo;axl)-hnear, (18)
T .
b, = (bx s, 15b, ) — quadratic, (19)
T . . . .
c, :(CZ,O’CZ,I’CZ,Z’CZJ) - cubic. (20)

The general solutions of these three matrix
components (15), (16), and (17) can be presented as:

-1
=ML'-Y1,, 1)

(22)
=M3;Y3,. (23)

For matrices (15), (16), and (17) the inverse
matrices are:

-1
b,=M2,-Y2,,

1 0
M=y L], (24)
%2
_ .
_Z 0 — X
14_ %2 14_ %2
1 —
2
. X
2
- - 1
— 0 —
Lt -’ =)
X 0 —2 0
= . = o
6 4
[ — (— (26)
VT - x”z“(z") PR AR IV
—2 0 _ 0
= . = o
0 _x 0 _x
L -t xz~xﬁ—(x"i_

4.3. Analytical expressions for the coefficients
and function

Due to the form of inverse matrices (24), (25),
(26) it is possible to derive the analytical solutions for
the regression coefficients in the forms:

3
X

¥ —=; 7)
X
) 2
bxo_x Sy S Y ;bxlzy_’
P 2
x —\x x
. 2—_2._
b= XL LY (8)
x“—ixzj
AR ey AR A N A
€r0 4 2 > T 6 2 4 ’
X —x)z XX —(97)1
2 2 T — 3 4 T
C“:y_ai xz y;%:x 161_2 x_Ay (29)
X —(x ) XX —(x)z

Using values of estimated regression coefficients
(27), (28), (29) it is possible to determine functions
directly functions dependently on previously determined
matrices components (15), (16), and (17):

Y- X
)

X

W(x)=y+=2 7, (30)
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R 2
)L LE LT T
x—(; X
2 2 7
IRAY St NP SYRS (1)
x“—‘xzj
4T 2 2 6 3 3
y3(x)=XY_XZYX+Xl6%_27(A;VX.
- -]
2 2 T ) 3 4 T
x_'_y_)i %2 y'%2+% 16%_2 %4.)/ .%3 (32)
X‘X)z X X _(7?)2

4.4. Analytical expressions for the variations
and covariations of coefficients and function
For the definition of the matrix M in (10) and

inverse matrix (11) for a known variation ¢° the variation
of the estimated coefficient c; can be presented by the
general formula:

2
o-z(cj)z %'[M;l]j,j

I.e. variations and nonzero covariations of
corresponding regression coefficients are:

(33)

2 2
T e O e
X
2 4
1
O'z(bx,o)—o-? ?f? ’o-z(b)(l) 0-7‘7;
o’ 1 o’ 1
Gz@LJ‘"jr';stZQQJ) ~ ;
o -7
O (35)
x —\xX
2 a4 2 %
G(CZ,O)_G _47( - ’Gz(cx,l):% —2_ZC ik
X _Z_ X X —\X i
: ot 1 I
e A
2 2
cov(bx,o,bﬂ) 67 ?_xxz ;
_ (36)
_0_2. _l4
cov(bm,b )—7 ??_ =

Because in most practical cases the variance 6> of
the random deviations in results y; (i=1,..,n) of
measurement of output quantity is not known in (34) —
(36) the unbiased estimators are used [1] - [8]:

2
n k

§*= xf—yij .
n—k-— 12(;

G37)

i=1

Applying the denoting definition

PP —y,j

i=1\_j=0

(38)

of the so-called biased estimator of variation o for
which  §? =Ls2,

n—k-
variances can be of can be presented directly, without
coefficients values:

o5} -2l

the biased estimators of

(39)
2l o O (2 x)z ( vl o)
S s
o rr e
3 (y)z ?_(?)2
_% 7 x_;z’ (41)
ST 1)
where ?z%‘zly,z .

4.5. Inverse substitutions

The dependencies of the estimated regression
functions directly on the value of the input variable are

obtained by substituting the values y = TX into the
corresponding relations (30) - (32):
-y X—Xx
(x)=y+2£ ( j (42)
% V

-1y [(x-x)
Ry - (43)
-l
= - 5T Ti—— i
)= K E e A
-l -]
—_ —_— = —\2
— 2_ —
x“—xz)z
—2 N —\3
Sl e

From (27) - (29) and (44)- (46) the initial values
of estimated coefficients are given as:

a,=a,,—a

)(,l.;. - %4 . (45)
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_ ) —
bo=bxo—bxll+w' e T (50.3)
) ) > n p—
K V 752 . 756 _(754)
b = by _ 2b,,-x b = b, ) (46) Estimated variances of regression functions:
1 1% Vz ’ 2 Vz

] -
X el ) s (1(x)) = nsi 3 [l +£%—;Z]; (51)
2,1 V Vz V3 ’

Col 2c)(’2 - X N 3c)(’3 (x)z )

' x
c =—= 3 3 5 sz(yZ(x)): 1+ +=—= 5(52)
v v 14 ¥ n_3 ( 4 (—z)zj . )
- -Ww)r X
c 3c,5-x c
CZ :Lj_%; C3 :L’; (47) _ 2
Vv Vv Vv ((x_x)z_ 3 sz
Estimated variances of coefficients can be deter- ) 53 x
. s,(y3(x))— 1+ +
mined by formulas: J n—4 ? _ (? e
1§ (Y
s x
Hla)=1=5 1+=z'(7j ; Pl Wi S 2
- X - ( Ax=xl =9*v )
) . +(x_2—x2' 1+ Z__ - (53)
oa)=" = (48) x¥ (%%—(?)Z)V

Because for the polynomial regression of order k&

Cv 2
V—iz)} -\ B -b, o
s*(b,)= s2? 1+ [(x ) X + 1 ( X j . the ratios th ; have ¢-Student distribution with
0 pu— — ) K
n-3 4_(7)2 2 v
x -\ x d=n—-k-1 degree of freedom, therefore for a

R confidence level p expanded uncertainties of coefficients
2 - . .
s*(n)= s2° 1 [l +4(%j ) 1 ]; 49.1) Up(ﬂj) and regression function Up(Y(x)) can be
2
1

calculated from (48) — (53) using coverage factor
k,=t, (n—k —1) from ¢-Student distribution:

) _ §2° ) )
s7(by) =3 V4(?_(f)zj’ (49.2) U ()=t (1—k-1)- (5 )
Up(Y(x)):tp(n—k—l)-wlsz(y(x)). (54)

s%(cy)= R + 5. Example
n—4 1t - (? )Z
In this example, the cubic polynomial model
— N2 (k=3) is built as example 8.1 in [3]. This example
1 (x : [% (;C V)Z - (%7)} relates to the treatment of algae density measures over
+=2(;j — = : ; (50.1)  time (¢). The n= 14 solutions were randomly assigned
X X X —\x )Z for measurement to one of each of 14 successive days
(n=14) of the study,
_ o ie.t=day=1 2 3 4 56 7
(e = 3 1 |, 4 [1] N 8 9 10 11 12 13 14.
n-4 v* F_ e 14 The dependent variable (Y=algae density)
reported is a log-scale measurement of the increased
-, 2 absorbance of light by the solution:
(3942 G} - (?)) In the first replicate: ¥/ =0.530  1.183
== (50.2) 1.603 1994 2708 3.006 3.867
X (% X —()7)2) 4.059 4349 4.699 4983 5.100
5.288 5.374.
e e L] e
N P e A A A 3802 4367 4.551 4.656 4754

4.842  4.969.
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For the data given above in [3] a cubic polyno-
mial model (k = 3) is applied which results in:

YO=Py+ Bt + Pyt Byt
The first step is the determination of normalized
values y, of input quantity (days). For the given data the

mean value x=7.5 and halfrange V = 6.5. Therefore,

due to (12):
v=-1 ~-11/13 -9/13 -7/13 -5/13 -3/13
-1/13 113 3/13  5/13  7/13  9/13
11/13 1.

Detailed results will be presented applying only
to the first replicate. The final results will be presented to
both replicates. Due to (13) parameters of corresponding
mean values are:

22 =0.38462; 7 =0.26445; 5°=0.21498;

y=3.48164; y- 7 =095988; y- x> =1.23621;

y-x’=0.64913
Therefore matrix (XX) components are:
1 0 0.38462 0
M = 0 0.38462 0 0.26445
*10.38462 0 0.26445 0
0 0.26445 0 0.21498
3.48164
| - 0.95988
*ol1.23621 |
0.64913

In usual regression solution matrix M=((I)T(I))
(4) is:

14 105 1.015-10°  1.1025-10°
| 105 1.015-10°  1.1025-10* 1.27687-10° | ,
1 1.015-10°  1.1025-10* 1.27687-10° 1.53982-10°
1.1025-10* 1.27687-10° 1.53982-10° 1.90923-10’

From a comparison of these matrices, we can see
that using the proposed modification we obtain a simple
matrix with limited values of its components. Besides it,
the condition number, (which can be as multiplied
coefficients of random influences) is equal to about 53
and 5.1-107, i.e. about -10° bigger. Le., even using the
usual method of solving a system of regression equations
is simpler and more accurate.

The values of estimates of coefficients b,; (29)
are:

byo=3.8212, b, ,=2.7210, b,,=-0.88293,
b,3=-0.32766.

The values of estimates recalculation by (47) are:
bo=0.009478, b= 0.53074, b= 0.005947,
b3=-0.001193,

which are consistent with [3].
From (41) the biased estimate of variation:

sf, =0.009756 . Therefore from (49) the standard devia-
tions of these estimates are:
s(bo) = 0.1676, s(b;) = 0.09343,
s(by) = 0.01422, s(b;) = 0.000625.

which are consistent with values determined by the
classical method in [3].

From (53) using the values of parameters x=17=7.5, V=6.5, z> =0.38462, 7* =0.26445; °=0.21498

and y2V? =1625, x'V?=11.1731 (? - (?)Z )V“ =208, ( 1ot (?T)V‘* ~22.7625 the standard deviations of

function related to first replicate is:

2
0.009756 1+((t—7.5) —16.25)Z +(

s(() = 0 0

16.25

22.7625

t-7.5) {1+ (0.38462~(t—7.5)2 —11.1731)7 .

Expanded uncertainty of function related to the first replicate is:

U,(1(t) = 1,(10) 208

For the second replicate the values of estimates are:

16.25 22.7625

0.009756|, ((1—7.5)2 —16.25)Z . (t-7.57 '[H (0.38462'(t—7.5)2 -1 1.1731)7
10 '

bo=-0.55173, b1=0.69885, b= -0.01263, b;=-0.0006796.
For the second replicate, the biased estimate of variation is: sf, =0.007202 . Therefore from (49) the standard

deviations of these estimates are:

s(bo)=0.144, 5(b;)= 0.0803, s(b,)= 0.0122, s(b3)= 0.000537.
From (53) and (54) we can see that the same values of input quantity standard deviation and expanded

uncertainty of function differ only by values of estimated standard deviation s, =\/:; . Therefore the standard

deviation and expanded uncertainty of

function

related to the second replicate are:
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0.007202

(0.38462: (- 7.5¢ ~11.1731]

s(v2(t))

1+
10 208

((t ~7.5) -1 6.25)Z . ((-75)
16.25

{H J ,

22.7625

2 2
0.007202 1+((t—7.5) —16.25)Z +(r—7.5) '

(=75f ~11.1731]

U,(v2(e) =1,(10)

10 208

The expanded uncertainties U, (y(t)) of both

regression functions for a confidence level of p=0.95,
which ks = ,45(10)=2.228, are sown in Fig. 1, a.
Expanded uncertainty with the part for the forward
prediction is shown in Fig. 1,b.

From the results obtained and from Fig.1, we see
that despite the different values of the input quantity in
the two data series, in both cases the standard deviations
and the expanded uncertainties are described by the same

0.2

0.16[%

0.12

0.08
0.04

0
1 2 3 4 5 6 7 8 9 1011 12 13 14

0.6

16.25

[ (O.38462~(
1+
22.7625

relationships only with different values of the estimated
variances as scale factors. In addition, Fig. 1, b shows
that if based on the estimated regression function we
want to forecast the values of the function beyond the
given range of variability of the input quantity, the
uncertainty of such a forecast increases rapidly. For
example, if we set a forecast for the 16th day (2 days
ahead), the forecast uncertainty increases almost 3 times!
This is a known effect [7] but is sometimes forgotten.

05| Uoss®) 5

0.4

0.3

0.2\"\\-q_.—'—'—_'——.:-ﬁ.—-$—'—‘——'-/l_._‘/4-‘.t

0.1 5 ‘ P
01 23 45 6 7 8 9101112131415 16

Fig. 1. Estimated expanded uncertainties of functions (a), expanded uncertainty for the prediction (b)
1 — first replicate, 2 — second replicate

5. Conclusions

The obtained results can be applied to
polynomial regression of order up to 3 with a constant
interval of the independent (input) variable.

The use of a modification of the values of the
input quantity, which consists in centering these values
by the mean and subsequent normalization to the value
of half of the range, provides the possibility of deriving
analytical relationships both for the determination of
coefficients and regression functions as well as for
determining all values of estimated variances, standard
deviations, and uncertainties.

Relationships have been derived for the direct
calculation of parameters, related to the regression
analysis, the main ones are:

— coefficient estimators and regression functions
of orders 1, 2, and 3:

— standard deviations of coefficient estimators
and regression functions:

— uncertainties of the expanded regression function.

The derived formulas depend only on the means
of the 2nd, 4th and 6th powers of the normalized values
of the input quantity, and the means of the products of
the output quantity and zero, 1st, 2nd, and 3rd powers of
the normalized values of input quantity, as well as the
mean and half of range of the input quantity.

I.e.,, a complete regression analysis can be
performed easier without the necessity to directly solve
the corresponding system of equations and calculate the
corresponding inverse matrices.

The obtained results show that for the same
number of measurement points (with a constant
distance), the standardized values of the input quantity
and the associated coefficient used to calculate the reg-
ression coefficients and functions and also corresponding
estimated standard deviations are the same for
regressions of a given regression. This simplifies
performing regression analysis for different sets of the
output quantity.

A numerical example, taken from a literature
source, shows all the steps of the analysis, concerning
polynomial regression of order 3, performed only by
analytical dependences which gives the same results
without performing operations with systems of equations
and calculating the inverse matrix.
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