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In this paper, we study the asymptotic behavior of radial solutions of the following quasi-
linear equation with the Hardy potential Apu + h(|z|)|u[P~%u = 0, z € RN — {0}, where
2 < p < N, h is a radial function on RY — {0} such that h(|z|) = v|z|7P, ¥ > 0 and
Apu = div (|Vu|p_2Vu) is the p-Laplacian operator. The study strongly depends on the

sign of v — (o/p*)? where o = (N —p)/(p— 1) and p* =p/(p — 1).
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1. Introduction

This paper is devoted to some results concerning the asymptotic behavior of radial solutions of the
following quasi-linear elliptic equation with Hardy potential

div (|VuP~2Vu) + h(|2|) [ul?u =0, =eRY -{0}, (1)
where 2 < p < N and h is a radial function on RY — {0} such that h(|z|) = v|x|™P with v > 0.

This equation has been studied by several authors, see in particular the survey given in [1-8] where
h(|z|) = ~v]z|™" with v # 0 and v > 0. The purpose of this article is to apply some results obtained in [5]
to equation (1). More precisely, we combine some elements of this approach with others from dynamical
systems theory, in particular the techniques developed by [1-3,8]| for the p-Laplacian problem. We use
a Fowler-type transformation, introduced in [1,2,9], which establishes a bijective relationship between
radial solutions and those of a two-dimensional dynamical system. Using these techniques, we provide
an explanation of the asymptotic behavior which strongly depends on the characteristic equation of
the dynamical system obtained from radial version of equation (1) using the logarithmic change.

Let up,u; € R and r¢g > 0. We consider the initial value problem,
N -1
(W'P~2) + =—= (Ju'P72) + v PlufP2u =0, >0, (2)
r
u(ro) = uo, u'(ro) = uy, (3)
where 2 < p < N and v > 0.
To prove global existence result for problem (2)—(3), we will use a result of [5|. For this, we introduce
the following logarithmic change

wo(t) = r7u(r), yo(t) = rTTVEDW (1) P2 (r), ¢ = log(r), (4)
where 0 = (N — p)/(p — 1). Then using the equation (2), we obtain the following dynamical system
{ 25(8) = 0o () +ya ()" 2y (1), -
&(t) = _’Y’wa( )‘p_zwo(t)7

with p* = p/(p — 1). Reciprocally, if (z(t), yo(t )) is a solution of (5), then u(r) = r~%z,(logr) is a
solution of (2) and «/(r) = =Dy, (logr)[P" 2y, (logr). Hence the study of equation (2) amounts
to studying the dynamical system (5).
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According to [5], for (ug,u;) € R? and rg > 0, the system (5) has a nontrivial solution (z,,%,) on
R with tg = log(ro), zo(to) = €7 ug and yy(tg) = elo+1)(p—1)to |u1|P~2u; using a standard argument on
a general theory of EDO. That is to say, the problem (2)—(3) has a nontrivial solution u on (0, +00).

In the case p = 2, the equation (2) has exact solutions. More precisely, (2) becomes the following
Euler differential equation

N-—-1
u”—i——u'—i——féuzo, r>0. (6)
r r

Thus, seeking for a simple solution of the equation (6) of the form u = r®, we obtain the following
characteristic equation
o?+ (N -2)a+v=0.
Let po2 = (0/2)% with ¢ = N — 2. Then exact solutions of equation (6) are as follows:
(i) If ¥ > pg2, then

u(r) = Cir~VFo2sin (/7 — po2log ) + Cor™VFo2 cos (\/7 — pig2logr) .
(ii) If v = po,2, then
u(r) = Cyr~Vie2 4 Cyr~VEo2Jogr,
(iii) If v < pto,2, then
u(r) = Cyr~VFe2=VHe2=7 | Oy~ vVHe 2t Ve 2=7

Here, C7 and Cs are arbitrary constants.

In the following, we assume that p > 2. Using ideas of [4,5,10,11], we will prove that the asymptotic
behavior of solutions of problem (2)-(3) can be divided into three cases: v < pyp, ¥ = ptop and
Y > o p, Where pg, = (0/p*)F, 0 = (N —p)/(p—1) and p* = p/(p — 1). We shall go into the details
in following Section. This is the content of Theorems (2), (3) and (4).

The rest of the paper is divided in three section. In section 2, we recall some technical lemmas
which will be useful for proving our main results. In section 3, we present the asymptotic behavior of
solutions of problem (2)—(3). The study is based on the characteristic equation. In section 4, we give
an idea of the approach of the study of a quasi-linear elliptic equation with Hardy potential and the
perspectives of this work.

2. Technical lemmas

In this section, we recall some technical lemmas used in [5] and which will be very useful to us to show
our main results.
We consider the following system already studied in [5],

a = ax + bly[P "y,
/I p—1 d (7)
Y = clylP~ 'y + dy,

where a, b, c and d are real constants.
In [5], it is shown that the characteristic equation of the previous system is the following

A= alP (A = a) [(p — DA — d] —[b]""*be = 0. (8)
We use also the notations given in [5],
a df —2 *—2
T'=a+d A=|— —— |bP~=bc, C(A):{(x,y):(a—)\)x—i—b]y\p yzO}. 9)

If A <0, then be # 0.
It is natural to expect that the study of the system (5) is very similar to the study of the system (7)
by considering a = o, b= 1, ¢ = —y and d = 0. We begin with this following existence result.

Lemma 1 (Ref. [5]). For each (t,z0,y0) € R3, the initial value problem (7) with
z(to) = zo, y(to) = o (10)

has a unique solution on R.
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Theorem 1. For each ug,u; € R and rg > 0, there is a unique solution of the initial value prob-
lem (2)—(3) on (0,400).

Proof. Let ug,u; € R and 79 > 0. According to Lemma 1, the system (5) has a nontrivial solution
(24(t), 55 (t)) for each tg = log(rg), x4 (to) = e”ugy and y4(tg) = el@tDP=Dto |y |P=2y;. Then, using
the logarithmic change (4), we obtain the existence of a unique solution of the problem (2)—(3) on
(0, +00). [
To study the asymptotic behavior of the solutions of problem (2)—(3), we give the asymptotic
behavior of the solutions of the dynamical system (5) in the form of lemmas whose results depend on
the sign of A given by (9).
Lemma 2 (Ref. [5]). Let (z(t),y(t)) be a solution of system (7) with (10) and let (xo,yo) # (0,0).
Assume that A < 0. Then the equation (8) has no real roots, (z(t),y(t)) is rotating infinitely around
the origin in a clockwise [respectively counter-clockwise| direction as t — oo when b > 0 [respectively

T T
b < 0], and e_?tx(t), e_P_*ty(t) are periodic with period L for some constant L > 0, which depends on
a, b, ¢, d and p.

Lemma 3 (Ref. [5]). Let (z(t),y(t)) be a solution of system (7) with (10) and let (xo,yo) # (0,0).
Assume that A = 0 and be # 0. Then the equation (8) has the unique real root A\ = T/p and the
following (i) and (ii) hold:

(i) if (zo,y0) € C(T/p), then

(2(t), y(8) = (woeF =), yoer =) € C(T/p), teR
(ii) if (xo,y0) ¢ C(T'/p) then (z(t),y(t)) ¢ C(T/p) for t € R and
lim (t7re” Pa(t), 6 e (1)) = (21,m1)
for some (z1,y1) € C(T/p) with x1 # 0.

Lemma 4 (Ref. [5]). Let (z(t),y(t)) be a solution of system (7) with (10) and let (xo,yo) # (0,0).
Assume that A > 0 and bc # 0. Then the equation (8) has exact two real roots A = A1, Ao with
A1 < A2, and the following (i) and (ii) hold:

(1) if (xo,y0) € C(N;) for some i € {1,2}, then

(z(t), y(t) = (woe*i(t‘“’,yoeki@—”(t—tw) eC(N), teR;
(ii) if (zg,y0) ¢ C (A1) U C(N2), then (xz(t),y(t)) ¢ C(A)UC(Ng) fort € R and

lim <e_)‘2tx(t),e_)‘z(p_l)ty(t)) = (z1,v1)

t—o0

for some (z1,y1) € C(A2) with z1 # 0.

3. Main results

In this section, we are interested in studying the behavior of nontrivial solutions of problem (2)—(3).
The study is based on the comparison between v and 5, where gy, = (0/p*)P, 0 = (N —p)/(p—1)
and p* = p/(p - 1).

Let u be a nontrivial solution of (2), then

1
N1

(TN_1|u/|p_2u/), = —l|u|p_2u, r > 0. (11)
rp

In the same way as the case p = 2, we take &« = A — o (\ # o) and we look for a simple solution of the
equation (11) of the form u = r® (see [4,5]). This gives the characteristic equation
Dy(N) = A= 0P 2\ —0)(p— DA+ =0. (12)

It is easy to see that this equation is a special case of equation (8) with a = o, b = 1, ¢ = —v and
d=0.
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Under the same notations, in the next lemma we will prove that

min Do (A) = Do(0/p) =7 = hop = =4,

where A is given by (9).
Now, we give this particular result of [5] which we recall the proof.

Lemma 5. The real roots of (12) are divided as follows:

(i) if ¥ > pop, then there is no real root and Dy(\) > 0 on R;

(ii) if ¥ = {tp, then there is a real double root A = o/p and D,(\) > 0 on (—oo,0/p) U (0/p,0);
(iii) if v < pep, then there are two reals A\; and Ay with 0 < A\ < A2, Dy(X) < 0 on (A, A2) and
Dy(A) >0 on (—00, A1) U (A2, 00).

Proof. We note that D’ (\) = (p — 1)|A — o[’ "%[pA — 0], A # 0. This implies that Dy()) decreases
strictly on (—o0,0/p), increases strictly on (0/p,00), and lim D,(\) = lim D,(\) = +oo. Hence,
A——00 A—400
&ni{g Dy (X) = Dy(0/p) = — pop- Moreover, it is easy to see that if v < 14, then 0 < A; < Ag since
€
Dy(0) =7 >y — top = 1}]\[11]{{} D, (\). The points (i)—(iii) are obtained. [
€

The following theorems use the Lemma 5 and give the behavior of the solutions of problem (2)—(3)

in the different cases v — g p > 0, v — ptlop = 0 and v — 15y < 0.

Theorem 2. Assume that v > p,p. Let u be a nontrivial solution of problem (2)—(3). Then (12)
has two non-real solutions and

u(r) =77 So(log(r)), w/(r) =177 "' Silog(r)), >0,
where Sy and S are periodic functions with period L > 0, which depends on N, p and ~.

Proof. Let ty = log(rg) and (z,(t),y,(t)) a dynamical system solution of (5) with initial condition
(x5(t0),ys(to)) # (0,0). It is clear by Lemma 5 that (12) has two non-real solutions. According to
Lemma 2, the solution (z,(t),y,(t)) is infinitely rotating in a clockwise direction around the origin as
t — oo, and

So(t) = e 7l (t), Si(t) =e 7 yy(t)
are periodic functions with period L > 0, which depends on o = (N —p)/(p — 1) and ~.
Since (24 (1), yo (t)) = (ru(r), r@FDE=D|y/ (7)|P=24/ (1)), we conclude that
u(r) = T_T%S()(log(r)), u'(r) = r_rji*_lSl(log(r)), r > 0.
[

Theorem 3. Assume that v = fi,p. Let u be a nontrivial solution of problem (2)—(3). Then (12)
has a unique real root A = o /p and the following points hold:

(i) if rou'(ro) = —(o/p*)u(ro), then
u(r) = u(ro)ry
(i) if rou/(ro) # —(o/p*)u(ro), then there exist constants Iy # 0 and ly # 0 such that

u(r) w'(r)

3o

o
*

rr, r>0;

lim 3 - = ll, lim 5 AN = ll (13)
T (log(r)) P v T (log(r) 7 (rTT)
and
/
lim “r__ lim wi) (14)
r07 (—log(r))rrT#" =0T (—log(r))r (r#)

Proof. Let ty = log(ro) and (z,(t),y-(t)) a dynamical system solution of (5) with initial condition
(x5(t0),ys(to)) # (0,0). By Lemma 5, equation (12) has a unique real root A = o/p. According to
Lemma 3, the following (a) and (b) are valid:
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(a) if (0/p*)zo(to)+ |yo(to)|”” Yo (to) = 0, then

2o (1) = 24 (t0)e TPy (t) = yo(to)el?/PIU=0) ¢ € R; (15)
(b) if (0//p" )75 (t0)+ 9o (t0) "~y (to) # 0, then
tlg)_aoo t_%e%’t:ng(t) =1, tliglo t_Pl*e;_ftyo(t) =1 (16)

for some (Iy, L1) with (o /p*)l1+|L1|P 2Ly = 0 and [} # 0.

Using the change (2, (t),yo(t)) = (r7u(r),rtDE=D/(7)[P=20/(r)), t = logr we find that
(0/p") o (to)+|yo (t0)|P 2yo(to) = 0 is equivalent to rou/(rg) + (0/p*)u(ry) = 0. Consequently, we
obtain (i) by (15).

Now we suppose that rou/(rg) # (—0/p*)u(rg), then (o/p*)zo (to)+ |yo ()P~ 2ys(to) # 0. Accord-
ing to Lemma 3, the change (4) and (16) we obtain easily (13).

To show (14), we put

Wy (8) = xo(—$), vs(8) = —yo(—s), t=-—-s=—logr. (17)
Then (wq(s),vs(s)) is a nontrivial solution of
wh(t) = —owe(s)+[ve ()P ua(s),
{00 = ot "

It is easy to see that the system (18) is similar to the system (5) by replacing —o by o and the fact
that —(o/p*)we(s0) + Vo (s0)[P" ~2vs(s0) # 0 with sg = —tg. Hence according to (18) and Lemma 3,
we have
2 o 2 a
lim s™ Per’wy(s) =1y, lim s » er “v,(s) = Ly
S§—00 5—00

for some (Iy, Ly) with — (o /p*)la+| Lo’ "2Ly = 0 and Iy # 0.
Finally, using the changes (17) and (4), we obtain (14), the proof of Theorem 3 is finished. n

Theorem 4. Assume that v < p,p. Let u be a nontrivial solution of problem (2)—(3). Then
equation(12), has two real roots A1, Ag with 0 < A\; < A9 and the following points hold:
(i) if rou’(r9) = (\; — o)u(ro) fore some i € {1,2}, then
u(r) = u(ro)rg_AirAi_U, r>0.
(i) if rou'(ro) # (N; — o)u(rg) fore each i € {1,2}, then there exist constants l; # 0 and ly # 0 such
that
u(r) o' (r)

rl}l-ll-loo rA2—o =l 7“2141-100 (7")‘2_0)/ —h (19)

and

/
lim iy fim ) (20)

r—0+ 7’)‘1 d

Proof. The Lemma 5 implies that (12) has exact two real roots A1, Ay with 0 < A; < Ag. According
to Lemma 4, the following (a) and (b) are valid:
(a) if (0 — Ai)zo (to)+ |yo (to) [P 2ys(to) = 0, for i € {1,2} then

2o (t) = wo(to)eN ™),y (t) = yo (tg) e P HET0); (21)
(b) if (o — Xi)xo(to)+ Yo (to)|P 2yo(to) # 0, for i € {1,2} then

tliglo e_)\thU(t) = I, tllglo e_A2(p_1)tya(t0) =L

for some (l1,Lq) with (o — )\2)11—|—|L1|p*_2L1 =0and l; #0.
By (24(t), yo (t)) = (r7u(r), r@tDE=D o/ (7)[P~20/(r)), we note that (0—X\;)zo (to)+|yo (t0)|P 2yo (to)
=0 for ¢ € {1,2} is equivalent to rou/(rg) = (\; — o)u(rg) and point (i) of Theorem (4) is verified.
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To show (ii), we suppose that rou'(rg) # (A, — o)u(rg) fore each ¢ € {1,2}. This is equivalent to
(0 = M) 2o (t0)+yo (t0) [P "2ys(to) # 0 fore each i € {1,2}. Then by Lemma 4, the change (4) and (21),
we obtain easily (19).

Finally, to show (20), we set (ws(s),v5(s)) = (x5(—5), —ys(—s)) with t = —s. Then (ws(s), vs(s))
is a nontrivial solution of (18) and — (o — s )we (s0)+ [vs(s0)|P? 2vs(s0) # 0 with tg = —sq is equivalent
to rou/(ro) # (N, — o)u(rg). Since —A; and —\g are solutions of equation(12) with —Ae < —\; < 0,
then

: A1s _ : A1(p—1)s _
Slggloe we(s) = lo, Slggloe Vo (8) = Lo (22)
for some (lg, Ls) with —(o — A1)la+|La[P "2Ly = 0 and Iy # 0. Using the change (17) and (22) we
obtain (20). Therefore, point (i) of Theorem 4 is verified. [

4. Conclusion

In this work, we have used an interesting approach to study the existence and the asymptotic behav-
ior of the solutions of a quasi-linear equation with the Hardy potential. It consists in transforming
this equation into a two-dimensional dynamical system by using logarithmic change. The study is
strongly based on the characteristic equation of the dynamical system obtained. In this paper, we have
considered the radial case; the non-radial case will be studied in a future research work.
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MNpo paaianbHi po3B’a3kn piBHAHHSA p-Jlannaca 3 noTeHuianom Xapai

Baxanna M., Bysexsmar A.

Jlabopamopis LaR2A, daxyrvmem wayx,
Vuisepcumem A6deavmanexa Eccaadi, Temyan, Mapoxxo

V 1miif craTTi JOCHIIKYETHCST ACUMITOTHYIHA ITOBEIIHKA PaTiaJbHIX PO3B’I3KIB TAKOTO KBa-
sininiitnoro pisusHHsA 3 noremmiagom Xapm Ayu + h(|z])|ulP~2u = 0, z € RY — {0}, xe
2 < p < N, h — pagiambna dyuxnia na RY — {0} tax, mo h(|z|) = v|z|7P, v > 0 i
Apu = div (|[Vul[P~2Vu) € p-oneparopom Jlamnaca. Joci1i1KeHH sl CHIBHO 3aJIe2KATh BiJ|
snaxa v — (o/p*)P, ne o = (N —p)/(p—1) ip* =p/(p—1).

Knrouosi cnosa: xeasiainitine pisuanna; p-onepamop Jlansaca; nomenuyian Xapdi; pa-
dianvHi Po36’A3Kku; QUHAMIYHG CUCTNEMA; TAPAKMEPUCTIUYHE PIBHANHA; ACUMNMOMUKA.
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