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We present a central finite volume method and apply it to a new class of nonlocal traffic
flow models with an Arrhenius-type look-ahead interaction. These models can be stated
as scalar conservation laws with nonlocal fluxes. The suggested scheme is a development
of the Nessyah—Tadmor non-oscillatory central scheme. We conduct several numerical
experiments in which we carry out the following actions: i) we show the robustness and
high resolution of the suggested method; ii) we compare the equations’ solutions with local
and nonlocal fluxes; iii) we examine how the look-ahead distance affects the numerical
solution.
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1. Introduction

Many successful macroscopic models have been created and researched to understand the interactions
and emergent behaviors of vehicles on the road. These models explain the progress of the density
distribution of traffic as opposed to focusing on specific vehicles. The Lighthill-Whitham—Richards
(LWR) model is one of the most well-known models of macroscopic traffic flow [1],

Op+0:f(p) =0, fl(p)=pv(p), v(p)=vmax(l—p), (1)
where p(t,z) is the local traffic density, v is a traffic velocity function that only depends on density,
and f is the flux.

The flux in (1) is concave and symmetric. However, statistical evidence from traffic networks in
the real world indicates that neither a concave nor symmetric flux is expected. Instead, as the density
increases, the measured empirical fluxes become right-skewed and convex, as seen in [2].

There are several extensions to the LWR model (1). Consider the nonlocal slowing effect, which
states that if there is going to be heavy traffic, drivers will slow down. This requires a nonlocal
interaction with a look-ahead distance,

Oup + O <f(p) xp <— [ st +y>dy>> — 0, f(p) = tmaxpl1— ). 2)

where £, is a kernel function. The model was initially published by Sopasakis and Katsoulakis (SK)
in 2006 [3| with x, = 1, and in 2009, Kurganov and Polizzi proposed a modified version in [4].
Another source of concern is the SK model’s fundamental schematic (2). The flux

f(p) = Umaxp(l - p) (3)
is a concave function with even symmetry (concerning p = %), which contradicts experimental re-
sults [2]. A non-concave, right-skewed flux appears to be a better fit,

f(p) = vmaxp(1 = p)*, a>1. (4)
2

In (4) the flux f is right-skewed and switches from concave to convex at a point p = renE
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To account for these impacts, we are interested in the following class of traffic models [5]:
atp + a:c(f(p) eXp(_"fn * P)) = 07 f(p) = Umaxp(l - p)ay o > 17 (5)
where

x+n
o # plt ) = / fo(y — 2)plty) dy, 1> 0.

The kernel &, is a decreasing function such that x, € C'([0,n];R") and [ ky(z)dz = 1 (in the
numerical section, three different non-negative decreasing kernel functions will be considered: &, (z) =

%, kp(x) = %(1 - %) and K, (x) = %(1 - 2—;)) Therefore, we define the convolution product as being:
U(t7 LE) = Kp * p(t, ‘T)7

and the flux as being:

F(p,U) = f(p) exp(=U).
The formula (5) can be rewritten as follows:

Op(t,x) + 0,(F(p,U)) =0, xze€R, t>0, (6)

with the following initial data:

p(O,a:) = pO(‘T) € [Oapmax]- (7)

In this paper, we attempt to study the effect of the nonlocal flux when eta is large (or small
enough). We do this by developing an accurate numerical method for the equation (6). Since this
model is an extension of (1) with (4), methods designed for scalar conservation laws may be used for the
nonlocal flux equation (5). The main methods are finite-volume methods (see, for example, [6-8|), more
specifically a class of projection-evolution techniques known as Godunov-type schemes. Godunov’s
schemes are split into two categories: upwind and central. The approximate solver of the Riemann
problem is used in the construction of upwind techniques. Sadly, no Riemann problem solutions exist
for the nonlocal flow model (5), therefore upwind approaches can be avoided.

On the other hand, central schemes integrate conservation laws over space-time cells selected in such
a way that each Riemann fan is completely contained inside the cell (this is possible due to the finite
speed of propagation). As a result, no approximate Riemann problem solution is needed, and central
schemes may be expanded to solve our proposed problems. The Lax—Friedrichs (LxF) scheme, [9],
is a central scheme prototype. Although it is the much more well-known numerical approach for
time-dependent PDEs, despite having a limited resolution. As a result, to improve the LxF scheme’s
performance, we expand it to a second-order central scheme using the MUSCL (Monotonic Upstream
Conservation Laws) approach, which meets the total variation-diminishing (TVD) property.

The following is the manner in which this document is structured: in Section 2, we explain and
clarify the second-order central scheme in more detail; in Section 3, we compare the approximate
solutions constructed by the proposed central scheme for the problems 6 and 7 with a similar problem
but with local flux to show how the calculated solution is dependent on the look-ahead distance. Lastly,
in Section 4, we offer some concluding remarks.

2. Central scheme

In this section, we construct the proposed schemes for the new model. We first consider uniform grids
and use the following notation: let z; = jAuz, Tjp1= (j+ %)AJE, t" = nAt, for Ax, At > 0.
Given the cell average of the initial data

1 Tivl
= E/ ? p(0, ) da

T, 1

i-3
and the cell average for the exact solution p(t,x) of (6) in each cell, [z; 1,z, 1] at the time level ¢,
2 2
1 T, 1
Py =~ M/ I a)de, j=1,2,...,N.

T,
i3
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Second-order accuracy is obtained with the following linear reconstruction from the cell averaged
(center) value:

p'(x) =pj +07(x—z5), j=1,...,N, (8)
where (5? is a gradient centered on a cell. These gradients are assumed to be constants in each cell,
and, therefore, the presence of shocks requires the limitation of the cell-centered gradients in (8).

The choice of adequate limiters is essential in order to obtain accurate and non-oscillatory shock
capture. In our numerical tests, we use a generalized minmod limiter (as in [10-12]) with:

07 = mm <9><mm <p?—p?_1 pg‘ﬂ—p}‘) p?H_p;L_l) 0 €[1,2] 9)

J Az~ Ax 2Ax
where the minmod function (denoted as mm) is defined as
min(E) if E C R,
mm(E) =< max(E) if ECR™,
0 otherwise,

and the number # may be utilized to regulate the numerical viscosity in the final scheme.
We integrate (6) over the space-time cells [t", t"T1[x [x;, 2;41[ and divide two parts by Az yielding:

1 [ 1 (o
z;/ mw“wazzg/ p(t" ) du

Tj Tj
tn+1 tn+1

1
([ Feta U [ F ), Ue)a). 1o
Defining
n 1 e n
Pyl = A_x/ p(t", x) dx.
Tj

The staggered averages, pg‘+ 1 can be computed exactly as
2

n 1 AR ~ tn d
Pi+l = As ., p(t", x) dx
Pyt P | Az
=t ).
The resulting central scheme (10) is then written as follows:
P+ pt Az
+1 _ g J+l
=" T )

tn+1 tn+1

_ Aix </tn F(p(t,rj1),U(t,zj41)) dt — /tn F(p(t,a:j),U(t,g;j))dt> . (11)

Because of the finite propagation speed, the solution is smooth in the neighborhood next to the

points z; for all j if the following CFL condition is satisfied:
1 At
B<25max’ B = Ap’

* * PE[0,pmax] dp

Therefore, the numerical flux is approximated by the second-order mid-point rule:
tn+1

/ F(plt. ). Ult, ) di = AF (p(t"+3,2,), Ut ) (12)

where the Correspontding functions can be evaluated by Taylor’s expansion:
P2 a5) = p(t" ) + St ), (13)
U(t"+%,a:j) =U(t", x;) + SLU(t", 2;). (14)

where
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Compute the terms in (13) and (14). Firstly, from equation (8), we get:
ﬁ?(tnvxj) = P?.
The time derivative p; in (13) is computed with the help of (6),
pt(ta ‘T) = _F:c(p(tv x)? U(t7 LE)),
where the spatial derivative F) is approximated by the minmod limiters,

Fr—F*, F*, —F*\ F', —F"
F. o= 0 J j—1 Jj+1 J Jj+1 j—1 15
@ = < o < Az Az T 2Az ’ (15)

where
Fy = F(pj, Uj) = vmaxp; (1 — pj)® exp(=Uj).
We use the midpoint and the composite trapezoidal rule to calculate the terms in (14), and we obtain:

xj+77
U™, 2;) = / ot ) ooy — ) dy

%+k+1
/ oy — ) dy

k=0 "tk
N-1
4kl ~n Z‘JJrk+1
= Ratas: y) kn(y — z; dy—i—Z/ kn(y — x;) dy
k=0 Y Titk J+k+1
i, n n Az\| Az
- “n(xk)Pj+k+“n($k+%) Pitk T 05k )| 4
k=0
N-1
n n Az n Az
+ Z [ﬂn (xk+%) <Pj+k+1 - 5j+k+17> + ﬂn($k+1)/7j+k+1} 4
k=0
and
Tj+n
Up(t", xj) = / pe(t",y) kn(y — x5) dy
T
zj+n
—— [ R ). U ) oy~ )y
T
n xj+n A / n n
== [y —2)) F(p(t",9), U(",y) )], +/ kop(y — x5) F (p(t",y), U(t", y)) dy
z;
(e n (e n Agj n /
= £in(0) F(Pj ) Uj ) — kp(zN) F(pj—i-Nv j+N) + = B [ (Pg ) U ) K ( ) + F(p]—I-N? U]—l—N) (77)]
N-1
+ Az Y F(pfy, Uy o (kAz).
k=0

Finally, the substitution of (12), (13), and (14) in (11) results in our central scheme, which can be
written in the following form:
P+ Py Az n+i _ n+t n+t o ntl
+1 J J+1
g =S Sy o) - s (PO - GO ) . o
Remark 1. If ; =0, p(t"+%,:1:j) =0} for all j, thus the second-order central scheme is simplified

to the first-order staggered LxF scheme. The resulting first-order scheme is as follows:
nt1 _ P3P

= = B (F (s Ufa) = (6, U) (17)
where
N-1
Ul = Az Y wy(kA)pfy, and  F(p}, UT) = f(pf)) exp(=U}).
k=0
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3. Numerical tests

In this section, we provide a variety of numerical tests to demonstrate how the second-order
schemes (16) perform and are particularly appealing for the traffic flow model under consideration.
Our objectives are as follows:

— Using a variety of tests, we compare the performance of the proposed central scheme to that of the
Lax—F scheme (17).
— Compare the non-local solution to the local solution when the kernel support is large (or small
enough).
— Investigating how the computed solution varies with the look-ahead distance
In all our numerical tests, we impose the condition n = NAz; the CFL number is 0.5; vyax = 1;
we use periodic boundary conditions for simplicity; and we use a generalized slope limiter with 6 = 2.
We indicate the form of boundary conditions that are applied for each numerical test. Assuming a
uniform partition of [a,b], {C} };” with Az = %, we define p} in the ghost cells for j =1,...,m as
follows:
Po = Py and  pi =p7 for j=1,...,N.
Since we can not explicitly compute the exact solution, we refined the grid to get a reference solution.
Regarding the Lax—Friedrichs schemes, if pa, (T, x) and P (T, z) are the solutions calculated with m

and 2m grid cells, respectively, the L' error for the cell average pa, is given by
e(Az) = ||panlT,) = pas (T, )

) /
j=1"12;

Ll

paz(T, ) — p%(Tv"E)‘ dx +/

pA:B(Tv :E) - P% (T7 33‘) dux

I2j1
Az &
=5 (Ipj = p2;jl + lpj — p2j-1l) 5
=1
where e
_ _ pP2j—-1, < 2j—1,
Ci=1;_1UIl, and (T x) =
J Zj—1 2j p%( ) { P2;, T € [gj.

The integrals in the second-order central schemes are calculated using a high-order quadrature method;
therefore, the L' error is determined as

e(Az) = HpAm(T, ) = pau(T, ')‘

M
= AJEZ
j=1

In both situations, the convergence order is specified by

nle X —neM
ar) = MO e ()

Ll

9 1 Az
pj — 1—6(p2j + p2j-1) + 1—6(P2j+1 + p2j-2) 9

3.1. Test 1. Comparison of the schemes
We consider the equation (6) with the following initial data:

1 if 0<2<10,
polx) = { 0 otherwise. (18)

This is appropriate when the traffic light is at * = 10 and changes from red to green at the start
of the time interval. We compute the numerical solution of (2)—(18) at time 7' = 5 using x, = %,
kp(x) = %(1 — 7) and kp(x) = %(1 - %;) We fix Az = ;5 and compare the numerical results
produced with the second-order central scheme to those obtained with the first-order Lax—Friedrich’s
scheme. The results are displayed in Figures 1a, 1b, and 1c are compared to the reference solution,

which was obtained with the second-order central scheme.
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Fig. 1. Comparison of numerical solutions computed with the second-order central scheme and Lax—Friedrich’s
scheme using Az = % and n = 0.1 at T = 5, corresponding to the initial condition (18) and different kernel
functions. The reference solution is computed using a second-order central scheme with Az = ﬁ.

Figure 1 shows the results for different kernel functions. The numerical results obtained by the
second-order central scheme are appropriate approximations of shocks and rarefaction waves. The
second-order central schemes are better than Lax—Friedrichs schemes at capturing the reference solution
for the shock waves, while the former’s solutions are more diffusive.

3.2. Test 2. Convergence order
To determine the correct rating of the schemes (16) and (17) in terms of accuracy, we now examine
the initial data given below:
08 if —1/3<x<1/3,
pol@) = { 0.2 otherwise,
for x € [—1,1] and compute the approximate solutions at 7' = 1 for various kernel functions with
7n = 0.1. The results are given in Table 1.

(19)

Table 1. L' error and convergence orders using various kernel functions and 1 = 0.1 for the initial condition (19).

Scheme “n:% nn:%(l—%) mn:%(l—fl—g)
% L'error  ~y(Ax) L' error ~v(Ax) L' error v(Ax)
40 5.8914e-04 — 5.6440e-04 — 5.6564e-04 —
80  1.7837e-04  1.72 1.4507e-04 1.96 1.4358e-05 1.97
S.order 160 4.2055e-05  2.08 3.4213e-05 2.08 3.5470e-05 2.01
320 1.1782e-05 1.83 9.0058e-06 1.92 9.2867e-06 1.93
640 2.9148e-06  2.01 2.3252e-06 1.95 2.4753e-06 1.90
40 5.6300e-02 — 5.9000e-02 — 5.8200e-02
80  3.7600e-02  0.58 3.9900e-02 0.56 3.9400e-02 0.56
Lax-F 160 2.3300e-02  0.69 2.4600e-02 0.69 2.4400e-02 0.69
320 1.5900e-02  0.55 1.6900e-02 0.54 1.6700e-02 0.54
640 9.8000e-03  0.69 1.0500e-02 0.68 1.0300e-02 0.69

Table 1 shows the L! errors and numerical accuracy orders y(Az) for both schemes. We computed
numerical approximations with ﬁ =10 x 2F for k = 2,3,...,6. The L' error of the second-order
schemes is smaller than the Lax—Friedrichs errors for each step of refinement, which is a clear indication
that the error of the second-order central schemes diminishes as the mesh is refined. In conclusion, we
may compare the performance of the second-order schemes with that of the first-order scheme when
the solution has discontinuities.

3.3. Test 3. Numerical comparisons between local and nonlocal solutions when 7 is large or small
enough

As in Test 3.1, we apply the proposed central schemes to (6), (18) and a similar problem with local
flux, and we compute its solutions on a uniform grid with Az = 0.1 for various 7 values at the time
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final T' = 20.20. The solutions are shown in Figures 2 and 3. It is easy to see the impact of the
nonlocal flux that reflects the look-ahead rules. The effect is especially clear in the wave’s head, where
the density wave corresponding to the nonlocal situation visibly follows behind the local one. This
can be explained by being vigilant when cars are coming. At the same time, because the interaction
potentials for cars at the front of the wave vanish, the nonlocal and local solutions are nearly identical.
Finally, we show how the computed solution is affected by the look-ahead distance, n. Figure 4 shows
the solutions produced using the second-order central scheme for n = 0.1,0.2,0.4,0.8 and n = 1,2,4,8
are shown in Figure 5. As can be observed, there is a high reliance on 7: as 1 diminishes, drivers can
see less, which reduces their sensitivity to contact and causes the initial traffic congestion to dissipate
more quickly. The nonlocal flow, however, is not very significant when 7 is quite large.

12

NonLocal NonLocal
Local Local

1+ 1 1} 1 1

NonLocal
Local
08 1 0.8 1 08

06 1 0.6 1 0.6
Q aQ a

04t 4 04 '\_Dx 04 '\ﬂ\
02t 1 02t 1 02t 1

o
=
s
=

2 b (ry(z) = 2(1 - %)) ¢ (ky(z) = £(1- %))

Fig. 2. The effect of look-ahead dynamics: nonlocal vs. local fluxes. The solution to (6) computed with a
different kernel function and n = 8, T' = 20.

5
x

Shosot

a (Ky

a (ry(x) = 1) b (sy(2) = 2(1 - 2)) ¢ (hnle) = £ (1— 2))

772
Fig. 3. The effect of look-ahead rules: nonlocal vs. local fluxes. The solution to (6) computed with a different
kernel function and n = 0.1, T' = 20.

o o

5
8

a () =) b (sgle) = 2(1 - £))  (rglx) = & (1 2))

,,72
Fig.4. The solution to (6) computed with different kernel functions and decreasing values of n = 0.8, 0.4,
0.2, 0.1; T = 20.20.
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Fig.5. The solution to (6) computed with a different kernel function and increasing values of n = 1, 2, 4, 8,
T = 20.20.

To further elucidate the dependence of  Table2. L! distances between the approximate solutions
the computed solution on the look-ahead  p;, and p, to the local model and the nonlocal model, re-
distance 1, we compute the L! distance be-  spectively, for different 7 at T = 20.20 with different kernel

tween the approximate solutions obtained functions for the initial condition (18).

for the central second-order scheme ap- llon — oLl e

plied to (6)—(18) and the solution of a tra- noky =1 my(2) =2(1-2) myr) = (1 %)
ditional (LxF) scheme for the equivalent 1 0.832g 0.8g77 . 0.8;76 s
local equation. The corresponding L' dis- 2 0.6602 0.7628 0.7341
tances shown in Table 2 decrease when 7 4 0.4028 0.5594 0.5168

is large enough. Figure 5 illustrates the re- S 0.2477 0.9299 0.1628

sults in more detail.

4. Conclusion

We extended and studied the central accurate numerical method for nonlocal traffic flow models with
look-ahead rules. Our numerical method extends the second-order reconstruction-based schemes for
local conservation laws in the sense that, as the nonlocal variable disappears, we regain the well-
known second-order central scheme for the local equation. We created the second-order approach that
converges to the unique solution if the convolution kernel and the look-ahead distance meet certain
conditions. We performed many numerical experiments that compared our proposed scheme to the
first-order method proposed in [13,14]. The nonlocal solution provided by the second-order central
scheme is also more accurate than the solution obtained by the Lax—Friedrichs scheme. Hence, the
reliance on 7 is substantial: as 1 diminishes, drivers can see more, lowering their attention to contact
and causing the original traffic congestion to clear more slowly. When 7 is quite large, however, the
influence of the nonlocal flux is negligible. Our numerical results also showed that the choice of the
flux function influences the development of shocks in the nonlocal model.
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LieHTpanbHi cxemun ckiH4eHHOro ob’'emy Anst HeNoKasibHUX Mopaenein

TPAHCNOPTHUX NOTOKIB i3 NpaBnJamMmun NpPorHo3y Tuny AppeHiyca

Benkami C., Aryari M.

Hepwui ynisepcumem Myzammeda,
Bazamonpoginorui garyavmem Hadopa, 62702 Ceayan-Hadop, Mapoxko

IIpesncraBieno meHTpasbHUIl METO, CKIHIEHHOTO 00’eMy Ta fOro 3aCTOCYBaHHS O HOBO-
ro KJjacy MoJjejieil HeJIOKaJIbHOrO Tpadiky 3 IPOrHO30BAHOK B3aEMOJIE0 Tuily Appeniy-
ca. i momesnri mMoxkHa cHOPMYIIOBATH K CKAJIsIPHI 3aKOHHM 30€peKeHHsT 3 HeJTOKAJbHHU-
MM TIOTOKAMU. 3aIMPOIOHOBAHA CXEMa, € PO3BUTKOM HEOCIUJIAIIIHOI IEHTPAIBLHOI CXeMU
Hecca—Tanmopa. IlpoBeneno nekinbka YUCETbHIX €KCIEPUMEHTIB, V SKUX BUKOHAHO Ta-
Ki [il: 1) IpOJEMOHCTPOBAHO HAJIHHICTD 1 BUCOKY DO3JLIBHY 3JATHICTH 3AIIPOIIOHOBAHOIO
MeToy; ii) HOPIBHSHO PO3B’AI3KU DIBHSIHB 3 JIOKAJIBHUMH Ta HEJOKAJHHUMH IIOTOKAMU,;
iil) mepesipeHo, K BiZICTAHD yIIepe BIUIMBAE HA YHCEJbHE DIlleHHSI.

Knrouosi cnoBa: memodu ckinuennozo 06’emy; 3aK0HU 36€PEAHCEHHA; HEAOKAALHUL NO-
MiK; MOOJENIOBAHHA MPAHCTOPINHOZ20 NOMOKY; 0OMENCYEa .
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