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Abstract. A method of forming algebraic-differential
equations of a nonlinear pass-through active quadripole,
which connect its independent pole currents and inde-
pendent polar voltages, is proposed. The difficulty of the
analysis lies in the fact that some of both internal and
external unknowns may be under the symbol of differen-
tiation. The common differential equations of the system
of internal and external currents and voltages act as start-
ing information for this formation. The method is demon-
strated on two cases of the formation of corresponding
algebraic-differential equations of systems as formed by
nonlinear two-port elements. The analysis is significantly
simplified in the case of internal D-degeneracies of the
system or purely resistive circuits.
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1. Introduction

A nonlinear pass-through quadripole can have any
complex and unpredictable structure, extremely complex
physical processes can take place in it, so establishing its
independent equations sometimes requires extraordinary
talent and skill of the researcher . It is not always possi-
ble to describe a physical process with sufficient accu-
racy, so you often have to limit yourself to approximate
methods or use experimental dependencies taken on a
real device. Sometimes, to describe an element in-depth
knowledge of the physical process from related fields
(physics, mechanics, heat engineering, chemistry, etc.) is
necessary. It is almost impossible to describe all unfore-
seen situations. But further on, we will consider a fairly
universal approach based on the description of the ele-
ment as a calculation circuit built from two-port ele-
ments.

Any pass-through quadripole contains two channels
(input-output). It is characterized relative to the outer
part of the circuit by a system of two equations express-
ing the relationships between its independent voltages
and currents determined by the nature of the element
itself [1]. These equations do not depend on the nature of
the outer circle. They must be satisfied both in the idle
state of the element (when it is not included in the circuit
at all) and in the short-circuit state (when all its poles are
shortened to each other).

No restrictions are imposed on the form of the equa-
tions of functional dependencies between independent
currents and voltages of such a quadripole. But the most
common of them are the dependence of voltages on
currents (Z-equation), the dependence of currents on
voltages (Y-equation), the channel-by-channel depend-
ence of input on output, or output on input (A-equation).
According to the markings of the quadripole equivalent
circuit shown in Fig. 1, the mentioned equations can be
written in matrix form as:

u=Zi+E; (1)
i=Yu+J; 2
x=Ay+B, 3)

where Z, Y, A — matrices of coefficients; E, J, B —
columns of active elements;
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The transition from one form of writing quadripole
equations to another is carried out according to the gen-
eral rules of theoretical electrical engineering, and more
preferable rules of matrix calculation.
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Fig. 1. Scheme of independent pole currents and polar voltages
of a pass-through nonlinear active quadripole.

In our computerized time, it is perhaps not necessary
to talk about the equations of a quadripole as themselves,
but when forming the equations of complex electrical
circuits composed of such elements, they acquire funda-
mental importance. This is because the matrices of coef-
ficients (1)—(3) in this case take on the role of subma-
trices of matrices of equations of a branched external
circuit in accordance with one or another chosen method
of analysis: node voltages, loop currents, variable states,
etc. [2-5]!
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This important point may be somewhat lost in the
field of implicit methods of integrating the equations of
circuit state, but in the field of explicit methods it is
relevant. According to this, we focus on the columns of
active elements (1)—(3), as those that are formed not only
by physical sources of voltages and currents, but also
pseudophysical ones as a result of time discretization of
the differential equations of the physical reactive ele-
ments of the circuit, for example, according to the sim-
plest difference scheme

duc e (t+At)—uc (1)

dt At (5)
ﬂ_ jL(t+At)_iL(t)
dt At ’

where ec, j; are the reactive sources of capacitor volt-
ages and inductor currents as components together with
corresponding active sources of columns of active ele-
ments (1)-(3); At is the time step of discretization.

Since there is a time difference between the reactive
sources and the corresponding physical voltages and
currents Af, then in the process of forming the quadri-
pole equations at a given time step, the reactive sources
will be considered given next to the real physical sources
present in the structure of the device.

We emphasize that this joint work is a direct con-
tinuation of the theoretical development [6] published
earlier on the pages of this journal.

2. Formation of the equations of a nonlinear
pass-through active quadripole.

1. On the basis of the calculation diagram of the
quadripole electric circuit, we build a equivalent genera-
tor circuit, which is obtained by replacing the capacitors
with their reactive voltage sources, and the inductance
coils with similar current sources.

2. We write down the initial state equations of the
equivalent generator circuit as structural equations

ZMk,ek =0, zik’jk =0; (6)
k k

and equations of internal bipolar resistors

U, = R0y, (7)
where R, =R, (iRk) are the static resistances of resis-

tors.
3. To determine the columns of active elements E,

J, B according to (5), we form autonomous differential
equations of the reactive elements of the quadripole

diy, _ Uk, dugy :iLk )

i L dt C

where L, =L, (i, ),C, =C,(uy,) are the differential

inductances of coils and capacitances of capacitors.

4. From systems (6), (7) we exclude all unknown
currents and voltages, with the exception of elements of
columns of independent polar voltages u and pole cur-
rents i, and at the same time we give the resulting equa-
tions one or another form (1)—(3).

Currents i and voltages u refer to the external char-
acteristics of the element, they represent the physical
state of the element in the external circuit. The remaining
currents and voltages are internal and, if possible, are not
considered (cases of linear subelements, or selected
entire linear parts). If we are dealing with nonlinear
subelements, then the mentioned equations, although in
an autonomous form, are subject to a compatible solu-
tion with the basic equations of the device (1)—(3).

In the case of a resistive nonlinear circuit, as already
mentioned, such a problem of excluding internal elec-
tromagnetic quantities does not exist. It is also simplified
in D-degenerate circuits, where the derivatives of all
unknowns in the initial equations of the multipole are
present. In this case, it is enough to make a simple sub-
stitution in (6), (7). X; =>dx;/dt,i=1,2and further
analysis becomes obvious [6]. Based on this, the first
problem to be solved was the formation of nonlinear
differential equations of multipole elements with totally -
D- degenerate internal electromagnetic circuits [4],
which are electric machines and transformers of electric
machine and electric power systems [5].

Below we will consider two typical examples of the
formation of such equations of a nonlinear pass-through
active quadripole.

Example 1. Fig. 2 shows the calculation diagram of
the electric circuit of a nonlinear pass-through quadri-
pole, and at the same time its equivalent generator cir-
cuit.

Fig. 2. Calculation diagram of the electric circuit of a nonlin-

ear pass-through quadripole (above), and at the same time its

equivalent generator circuit (below). The case of the presence
of a nonlinear capacitor.
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Ininitial equations of state (6), (7) of the equivalent
generator circuit of the quadripole are written as
i +iy+i,=0; i, —i,+is=0;
€cy—Up —U; =0; uy —eqy +ugs—e, =0;; (9)
Upy =Ryl upy = Rylys ups = Rsis.
On the basis of (9), excluding internal unknown cur-
rents and voltages, we form matrix Z-equations (1) in
expanded form

-R
u, ! A
= R,R; —+
U, - )
R, + Ry (10
€c3
+

5 .
—(e s + €
R4+R5(C3 4)

In the same way, if desired, the corresponding Y-
equations (2) can be constructed, which will have an
expanded form

1 e}
g “l R
I B L+L u, e te,
R, R R,

Equation (11) could be obtained formally from (10).
For this, it was enough to multiply the left and right parts
of equation (10) on the left by the inverse ma-
trixZ ' =Y.

To determine the columns of active elements in the
right part of (10) and (11) according to (8), (9), we form
the autonomous differential equation of the nonlinear
capacitor of the quadripole

. —h —h ==
decs _ics _ Ry
dt (68 (68
which at each time step of the integration is subject to a
solution compatible with (10) or (11).

If necessary, based on (9), or (10) or (11), A-
equation (3) can be obtained. But we will do this in the
next example, where other surprises await us.

Example 2. Fig. 3 shows another calculation scheme
of the electric circuit of a nonlinear pass-through quadri-
pole, as well as its equivalent generator circuit.

Initial equations of state (6), (7) of the equivalent
generator circuit of this quadripole are written as

, (12)

i+iy+j =0 uytug —u,,=0; 13

e —u, +u,; =0; up =Rji.

It can be verified that on the basis of (13) due to the
combination of ideal sources in the second circuit of the
equivalent generator circuit of the device, it is not possi-
ble to construct Z-equation (1) of the device. Therefore,
we will consider only Y-equation (2) and A-equation (3).

4]
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Fig. 3. Calculation diagram of the electric circuit of a nonlin-

ear pass-through quadripole (above), and at the same time its

equivalent generator circuit (below). The case of the presence
of a nonlinear inductance coil.

On the basis of (13), excluding internal unknown
currents and voltages, we form matrix Y-equations (2) in
the form

1 1 )
j R | R ||u R
'] — 1 1 1 + 1 ] (14)
Bl | L] (&,

R] R] R] ]L3

Note that the Y-parameter matrix in (14) is special
A=0. So,

trix Z="Y " does not exist, which confirms the above
that Z-equation (1) of the given quadripole cannot be
formed. Here it is necessary to refer to the rules of analy-
sis of degenerate electric circuits [4], or to endow ideal
energy sources with dissipative properties - to replace
them with real ones.

At the same time, on the basis of (13), one can easily
construct A-equation (3)

because its determinant is the ma-

u, 1| R || u, R]J',J_ez (15)

i -1 4, —j

L3

To determine the columns of active elements in the
right-hand part of (15) according to (13), we form an
autonomous differential equation of the nonlinear induc-
tance coil
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U, — 6
dt L, L,
which at each time step of the integration is subject to a

solution compatible with (15).
Since the determinant of the matrix of coefficients

(15)A=—1and A" = A, then it is not difficult to build
the corresponding inverse equations

L3 L3

, (16)

u 1| R ||u e
i -1 i —Jis

In the case of a resistive nonlinear circuit, as already
mentioned, the problem of excluding internal electro-
magnetic quantities does not exist.

(17)

3. Conclusion

A method of forming nonlinear algebraic-differential
equations of a quadripole is proposed, which connect its
independent pole currents and independent polar voltages,
based on the differential equations of a non-degenerate
system of its external and internal voltages and currents.
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AJITEBPO-IU®EPEHIIAJIBHI
PIBHAAHHSA HEJIHIMHOI'O
MMPOXIAHOI'O YOTUPHUITIOJIIOCHUKA

Yaban Bacunp, Prwxuii Tapac

3anponoHoBaHO MeToq (opmyBaHHs anredpo-audepeH-
LiaJbHUX PIBHSHb HEJIHIIHOrO MPOXiZHOr0 aKTUBHOTO YOTHU-
PMIIONIIOCHUKA, SIKi MOB’A3yIOTh MiX COOOK HOro HesalexHi
MOJIFOCHI CTPYMHM 1 He3aJIeXHi HOJSIPHI Hampyrd. TpynHicTsh
aHaJli3y MOJAra€ B TOMY, 110 YacCTHHA SK BHYTPILIHIX, TaK i
30BHIIHIX HEBIJOMHUX MOXYTb IepeOyBaTH IiJi CHMBOJOM
midepeHuitoBaHasa. CrapToBoto iH(pOpMAIi€l0 sl 1aHOro
(opMyBaHHS BUCTYNAIOTh CHUIBHI AM(EpeHIliaibHl pIBHSIHHS
CHCTEMHU BHYTPIIIHIX 1 30BHILIHIX CTPyMIB i Hanpyr. Meroxn
MPOICMOHCTPOBAHO HA JIBOX BUIAJKaX (OPMyBaHHS BiAIOBi[-
HUX are6po-nudepeHIialbHIX PIBHAHD CUCTEM K TAKUX, L0
YTBOPEHI HeNiHIHHUMU J[BOIOJIOCHUMH €JIEMEHTaMH. AHai3
CYTTEBO CHPOLIYETHCSI y BUIAJKY HasiBHOCTH BHYTpilHIX D-
BUPOJDKEHb CHCTEMHU 200 YUCTO PE3UCTUBHUX KiJl.
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