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1. Introduction

1.1. Assumptions and the main results
We consider the elliptic problem
{ —div (a(x,uw)a(z,u, Vu)) + + By _ f, in Q,

[ul?

u =0, on 0f),

where € is an open bounded set of RN (N > 3), B > 0, f is a positive function belonging to L™()(Q)
(m(-)=1),0<0<1andp: Q— [2,+00), are continuous functions, such that

(1)

1 <p :=minp(r) < pT := maxp(r) < oo. (2)
z€N e

Suppose that a: 2 x R = R, is Carathéodory function such that for a.e. x € ), for every s € R,

o
W <a(r,s) <6, (3)
where «, 3 are strictly positive real numbers and v: Q — [0, +-00[ is continuous function.
Suppose that @: © x R x RY — R, is Carathéodory function and satisfying, for a.e. z € Q, Vs € R
and V¢, ¢ € RY | the following

a(z,5,6) - € > ¢ (4)
[z, 5,€)| < cﬂs\ip@ o eolept, (5)
(CL(I‘, 376) - a(x7 375 )) (5 f ) 03‘6 5 ’p(gc (6)

where c1, co, c3 are strictly positive real numbers.

1.2. Previous results and some remarks

We will state some characteristics of problem (1) as well as the main difficulties we encounter.
Firstly, from hypothesis (5), the operator Au = — div (a(z,u)a(z,u, Vu)) is well defined between

Wol’p(')(Q) and its dual space (Wol’p(')(Q))/. But, from (3) it fails to be coercive if u is large. Due to
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134 Zouatini M. A., Mokhtari F., Khelifi H.

the lack of coercivity, the classical theory for elliptic operators cannot be applied even if the data f
are sufficiently regular.

The second difficulty appears when we give a variable exponential growth condition (5) for a. A
“bad” result is that in the principal term, @(x,u, Vu) may not be in L'(Q), that is to say, maybe the
first term in (1) does not make sense even as a distribution; thus, some techniques used in the constant
exponent case cannot be carried out for the variable exponent case.

Finally, the lower order term has a growth with respect to the gradient and is singular in the
variable u. As we will see, existence and summability of solutions to problem (1) depend on these

features. We overcome these difficulties by replacing operator A by another one defined by means of
| Vu|P)
|ul®
corresponding approximated problems have finite energy solutions.
Equations with variable exponents appear in various mathematical models. In some cases, they

truncations, and approximating the singular term B by nonsingular one in such a way that the

provide realistic models for the study of natural phenomena in electro-rheological fluids and important
applications are related to image processing. We cite some papers that have dealt with the equation (1)
or similar problems, we refer the reader to [1-4] and the references therein.

When the singular lower-order term does not appear in (1) (i.e., B = 0), the existence and regularity
of solutions to problem (1) are proved in [5] under the hypothesis a: Q@ x R — R is a Carathéodory
function satisfying the following condition:

<o
(1 + t)0(p(=)=1)

The problem was also considered in [6], when p(z) = p, B = 0, v(x) was a constant with 0 <
v <p-—1, f € L™(Q). The authors in [6] mainly considered the regularity of u varying with m.
In particular if p(z) = 2 and y(z) = =, in |7, 8|, the authors have shown the existence of solutions
to (1). The presence of lower order terms can have a regularizing effect on the solutions. In [9] and [10]
three kinds of lower order terms are considered for elliptic problems with degenerate coercivity, with
no restriction on p. The corresponding results in the case p(z) = 2 and ~y(z) = 7 are developed in [11].
Moreover, in the constant case where 1 < 6 < 2, v > 0, p > 2 and a(x,u, Vu) = |Vu[P~2Vu, the
existence and some regularity results are proved in [12|. Problem (1) has been studied in the case
p(z) = 2, y(z) = 0, and f € LI(Q), for O(z) € C*(Q). The authors of [13] proved the existence of
solution u € H}(Q) N L>®(Q) with ¢ > % and 0(x) < 2 on JS.

a(x,t) = b(z,|t]), with b(z,t) = , >0, 6>0.

2. Mathematical preliminaries

In this section we recall some definitions and basic properties of the generalized Lebesgue—Sobolev
spaces LP0)(Q), WP()(Q) and Wol’p(')(Q), where  is an open subset of RN, (N > 2). For further
details on the Lebesgue-Sobolev spaces with variable exponents, we refer to [14, 15] and references
therein.

Let p: Q — [1,+00[ be a continuous, real-valued function (the variable exponent), we set

p~ =minp(z), and p* =maxp(z). (7)
e e

By Lp(')(Q) is denoted the space of measerable function f(x) on € such that
pp()(f) = /Q |f(2)|P@dz < oo.

The space Lp(')(Q) equipped with the norm (called Luxemburg norm),
u(z)

w7 () :inf{u>0;/
l[ull Lo (@) o

becomes Banach space. Moreover, if p~ > 1, then LP()(Q) is reflexive and the dual space of LP1)(Q)

p(z)

da:él}
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Degenerate elliptic problem with singular gradient lower order term and variable exponents 135

can be identified with LP'()(Q), where -1~ +

oty = 1 Forany u e LPO(Q) and v € LP'O)(Q) the
Holder type inequality

[ hvlde < (= + =2 ) Balololo, (5)
holds true. We define also the variable Sobolev space

WirO)(Q) = {u e LPO(Q); |Vul € L”(')(Q)} .
On W0 (Q) one may consider one of the following equivalent norms

ullwree @) = llull o @) + 1VUll oo @)

p(z)
Hu||W1,p(.>(m=mf{u>o; / (‘V“T@“’) | |ut2) )gl}.
Q

1
Next, we define also VVO1 P (')(Q) the Sobolev space with zero boundary values by
Wol’p(')(Q) = {u e WHO(Q): u=0 on 89}

or
p(z)

endowed with the norm [[u|y15()(q). The space VVO1 P (')(Q) is a separable and reflexive provided that
1 <p—<pt < +oo.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the
modular p,.)(u) of the space LP0)(Q)). We have the following result.

Lemma 1 (Ref. [15]). If u,,u € LP0)(Q) and p* < 400, then the following properties hold true:
. - + - +
min (a2l ) < op () < ma (), Jull?, ) -

Remark 1. The variable exponent p: Q — [1, +00) is said to satisfy the log-continuity condition, if
there exists a positive constant C such that

_ C
Vo,y € Q, -yl <1/2; |p(z) —p(y)| <

|log [ —yl|
Log-continuity condition (9) is used to obtain several regularity results for Sobolev spaces with variable
exponents; in particular, C*(Q) is dense in W'P()(Q) and Wol’p(')(Q) = whrt(Q)n WOI’I(Q). For
p € C(Q) with 1 <p~ <p" < N. Ifr € C(Q) and r(x) < p*(z), for all z € Q, then the Sobolev
embedding holds (see [14])

9)

WhPO(Q) s LTO(Q). (10)
Moreover, if p satisfies the log-continuity (9) condition and 1 < p~ < p™ < N, then the Sobolev

embedding holds also for r(-) = p*(:) = ]\][V_plg())

The rest of the paper is organized as follows: in Section 3 we state the main results and we fix
the notations used throughout the work. In Section 4 we will use a standard approximation procedure
similarly to [11,16-18|. First, we approximate the problem (1) by a sequence of non-degenerate and
non-singular nonlinear elliptic problems. Then, we prove both a priori estimates and convergence
results on the sequence of approximating solutions. Next, in Section 5 we prove that the weak limit
of the approximate solutions is strictly positive in 2, applying the strong maximum principle and
Harnack inequality. In the end, we pass to the limit in the approximate problem.

3. Statement of results

Let us start giving our definition of solution to problem (1).
Definition 1. Let L™)(Q) (m(-) > 1). A function u is a weak solution of problem (1), if
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N |Vu|p

we Wy (), ale,u,Vu) € (L'(Q)", — 57— €L'(Q), u>0 in Q
and
\Vu]f”(””
a(z,u)a(z,u,Vu)Vodr + B | ——pdr = fgoda: Vo € CLH(Q). (11)
Q Q

Our main results are the following theorems.

Theorem 1. Let f € L'(Q) be a positive function and p: Q — [1,+00) is a continuous function,
assume that (2)—(6) hold true and

2 < p(x) < N. (12)
Then, the problem (1) has at least one distributional solution u € Wol’n(')(Q), with
N(p(z) - 0) o
n(x) < N7 Vo € Q. (13)

Theorem 2. Let p: Q — (1,+00), is a continuous function and f € L™(S2) be a positive function
such that

Np~
Np~ —0(N —p~)’
assume that (2)—(6) and (12) hold true. Then the problem (1) has at least one distributional solution
u € Wol’q(')(Q), where q is a continuous function on ) satisfying
mN (p(x) - 0)
< -
a(w) N—-0m

l<m<

vz € Q. (14)

Theorem 3. Let m: Q — (1,4+00), p: © — [2,+00) satisfy the log-coninuity condition (9) such that

for x € Q
Np(x) N

<m(x) < —,
N — 08 —p@) =" < o)
let f € Lm(')(Q), and assume that (2)—(6) and (12) hold true. Then, the problem (1) has at least one
weak solution u € Wol’p(')(ﬂ)

(15)

Remark 2. (1) The assumption (12) implies 1 < n(z) < p(x).
(2) In Theorem 3, we have inequality (15) is meaningful, because
Np(x) N

2SP) < N= Gy =0 —p@) ~ p@)

3.1. Notations

For any ¢(z) > 1, ¢'(x) = q(qm()xll is the Holder conjugate exponent of ¢(z). For fixed k > 0 we will

use of the truncation T}, defined as Tj(s) = max(—k, min(k, s)) and Gi(s) = s — T (s). We define, for

s =0,
t(1+ T, 1+t
Hn(s):/ Mdt Hoo(s):/ ﬁdt n € N* (16)
0 (t+ ) 0 Oét
and for t > 0
Hy /Bl+s /Bl+s ds. neN (17)

Observe that H is well-defined, since 6 < 1. We will also use the following functions, for A > 0
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1, 0<t<
YA(t) = —3(t—1 =), 1<t<A+1 (18)
0, A+1<
and for k € N
1, s < k,
Ri(s)=qk+1—-s, k<s<k+1, (19)
0, s>k+ 1.

We will denote by C several constants whose value may change from line to line and, sometimes,
on the same line. These values will only depend on the data (for instance C' can depend on Q, p, v, 6,
N, ...) but will never depend on the indexes of the sequences we will often introduce.

4. Approximate solution and a priori estimates

We consider the approximate problem

—di T, ny V) + BelYusllD e i
iv (a(z, T (un))a(z, un, Vun)) (unl 1) fn, in (20)
Uy = 0, on 0.

The problem (20) admits at least one solution wu,, € Wol’p(')(Q) N L>°(Q) (see [19-21]). Using as a test
function u,, = min{u,,0}, one has u, > 0 almost everywhere in €.

4.1. A priori estimates

The following lemma gives a control of the lower order term.
Lemma 2. Let u, be the solutions to problems (20). Then it results
p(z)

T (un)
h

Proof. For any fixed h > 0, let us consider as a test function in (20) and dropping the

nonnegative first term, we obtain
U | Vun [P Ty (u Th(u
B/ n| n|0+1hn /fnhn
2 (un+ )

Letting h tend to 0 in this estimate, by Fatou’s lemma, we obtain the result. ]

Lemma 3. Let f € L'(Q) be a positive function. Then, there exists a constant C' independent on
n, such that for all continuous function 1 on Q as in (13); we have

HunH 1’7()( Q) < C, (22)
ij(UN)H 1P(R§D (7, vk > 0. (23)
Proof. Case (a). In the first step, let n* be a constant satisfying
Np -0) _
LSy < —g—5— <P 24
T<TN—g =°? (24)

The estimate (21) and that w, (u, + )79~ > 2791y % on the set {u,, > 1}, we have

u)

p(x
B/ de <C. (25)
{un>1}
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By Young’s inequality (with the exponents % and (p )(f) ), (25) and the fact that u% > 1, we get

P~ p(z) p(z)
ALy . P S P
{un>1} ug {un>1} u?z {un>1} ug {un>1} qu

Using Holder inequality (since nt < p™), (26) and that u, < G1(uy) + 1,

nt p=—nt

P p— 07]+ p—
/ VG ()| da < / V4, / W
. {un1}  Un fun>1)

p~—nt
+

9,7+ —
<C / ul” " da
{un>1}
p_—n

<C / Gl e | te (27)
{un>1}

Inequality (13) implies that + < nT". By Sobolev’s inequality and (27),
+

* 77+*
< / (G1(up))"" dw) <C VG (up)|"" da
{un}l} {un>1}

<C ( / (Gl(un))"**dx) RG] (28)
{un>1}

Since pip_fﬁ < 7;7:* (since p~ < N), by inequality (27) and (28),

p_—nt

/ VG ()" dz < C. (29)
{un>1}
Now, using Tj(u,) as test function in (20),
/ (VT (un) PP de < Ch(k +1)"" ¥n €N, (30)
{un<k}

taking k = 1 in (30), we deduce that T} (u,) is bounded in Wol’p(x)(Q) hence in Wol’n(m)(Q). Using (29)
and the fact that u, = G1(uy) + T1(uy,), we deduce that (22). Moreover (30) implies that (23).
Case (b). Now let us consider a continuous variable exponent 7(-) on Q satisfying the pointwise
estimate (13) and
+ s N(p~ — 9)‘
- N-9¢
By the continuity of 7(-) and p(-) on  there exists a constant § > 0 such that

max n(t) < _min w, (31)

t€Q(w,0)n% teQ@on N —0

where Q(z,6) is a cube with center z and diameter 6. Note that  is compact and, therefore, we can
cover it with a finite number of cubes (Q;) =1, x with edges parallel to the coordinate axes. Moreover,
there exists a constant v > 0 such that § > |Q | > v, Q=Q;NQforall j =1,..., k. We denote by
nj (respectivel p;7) the local maximum of n(-) on (respectlvely the local minimum of p(-) on Q;),
such that
N(p; —0)

N—-6 ~

Using now the same arguments as before locally, we see that the inequality (27) holds on €25, so

n < forall j=1,... k.
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p.*—n{.»
9nj prj
— J
/ VG (un)|™ dz < C / (G (up )5 "% da e) (32)
Q; {zeQy: un(z)>1}
Denote by E}'vl(un) the average of G (uy) over §;
~ 1
Gi(up) = ——— G1(uy)dz.
1(un) meas(§2;) /Qj 1(un) d
By Poincaré-Wirtinger inequality, we obtain
— G, . < j=1,... k.
G (un) = Gr(un)ll ¢ . CIIVG1(un)HL,7j+(Qj), forall j=1,....k (33)

Using (28) (since n™ > 1) and (33),
1G1(un)

| < HG(un) = Gr(un)|| o F[Gi(un)l] 4
L7 (Q5) LY (%) LY (%) (34)
< ) =1,...,k.
< CHVGl(u")”L’J(Qj) +C, foral j=1,...,k
We deduce from (32) and (34)
/ ]VG’l(un)\”}dw <O, forall j=1,... k. (35)
{(EGQ]‘ un( )21}
Knowing that n(z) < 77;' for all x € ;, and all j =1,...,k, by (29) and (35), we conclude that
k
/ |V |7 d < Z/ [V, "™ dz < C.
Q pagrie?
This finishes the proof of the Lemma 3. ]

Lemma 4. Suppose that the hypotheses of Theorem 2 are satisfied, then the solution (u,) to prob-
lems (1) are uniformly bounded in Wol’q(')(Q), where q is a continuous function on §) satisfying (14).

Proof. Take ¢ = (u, +1)"77"* — 1, with

p* — Om!

s (36)

“
as a test function in problems (20), (note that s < 0 and 6 + p~s > 0). Using (3), (4), (21), fn < f,
and dropping the nonnegative first term, we obtain

p(z)
B/ U"’L"’@H(un + 1) e < / fup + 1P %dz + C.
Q (up + 2) Q

Remark that |Vu, [P~ < [Vu,[P®) + 1, it is not difficult to prove that

P~ p(z)
/ [Vl 1) < / Un [Vl 4+ 1) 5 4 .
{un

>1} (4 )7 fun>1} (up, + 1)

Using the fact that 2uy, (u, + 1) > (u, + %)GH on the set {u, > 1}, then we can write

/ IV ((un + 1L = 2 ) dz < C VP (g + 1) da
{un>1} {un>1}

<C f(up + 1) %de 4+ C
{un>1}

1
<C ( / (un + 1)<P8+9>m’dx) +C. (37)
{un>1}
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Using (37) and the Sobolev inequality on the left one imply

p—

(/ ‘(un + 1)s+1 — 28+1|p** .d:E) ! < C’/ ‘V ((Un + 1)s+l _ 2s+1) ‘p’ dx
{un>1} {un>1}

1
<C < / (un + 1)(p8+9)m’dx> +C. (38)
{un>1}

We remark that (36) is equivalent to require (s + 1)p~* = (p~s + ) m’, by (38), we have

Pr_ 1
% p—* . m/
( / |(uy, + 1) — 25+ 1P da:) <C ( / (up 4 1)5FDP da:) + C.
{un>1} {un>1}

Since = > %, due to the hypotheses on m and 6 the previous inequality gives

p—x*
/ (4 D 4 < (39)
{un>1}
By (39), and using the same techniques as in the proof of Lemma 3, we prove that (u,) is uniformly
bounded in Wol ’q(x)(Q). Here we consider the case ¢t < % < p~ and the opposite case. [

Lemma 5. Let m, p be restricted as in Theorem 3. Then, there exists a constant C' independent on
n, such that
HunH 1 »p( )(Q) < C. (40)

Proof. Testing (20) with ¢ = (u, +1)? —1, using (3), (4), (21), f, < f, and dropping the nonnegative

first term, we obtain
n| Vg [P
B/H( +1)? C/fu dx + C. (41)

By (41), and the fact that & (u, +2)%%! < up(uy 4+ 1)% on the set A1 = {z € Q: u,(z) > 1}, we deduce
that

B
| | Vua PPz < C | fun —1)0dz + C. (42)
2 A1 Al

Using Sobolev’s inequality (with exponent p(z) on the left-hand side in (42)),

/ (Va1 [P e — / IV (ur, — 1)P@) da
Aq Ay

Z [V(un = Dllizeeray — 1
2 Cllun = | yay) — C

1
>C (/ (un — 1)?*@)) dz — C, (43)

Ay

where
9 o >1
S (p*)_v Pp=(-),A1 (U) Y= w, — 1

(P*)75 Ppr(ya, (v) <1,

By Holder’s inequality (on the right-hand side in (42)),
Un — <C Up — 1 0 e
Alf( 1)°d £l p(()f)(Al)H( ) ||Lp0(>(A1)
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1 1
< C||f||Lm(->(A1) max <(pp*9('),A1 (un — 1)9) Gt (P%(-),Al (un — 1)9) (%)>

1
1
where .
(%)+7 Pr() 4 (U) 21,
NG pen @<, Y
] ’ pp*e(')7A1 v)x L,
Using (42)—(44) and that L > %, it flows that
/A (up — 1P @z < C, (45)
1
inequality (42) and (45) imply
/ [V, [P®dz < C. (46)
Aq

Taking 77 (u,,) as a test function in (20), using (3), (4), fn < f and dropping the non-negative lower
order term, we get

/{ >1} VT (un) [P < eh 128 (47)

Thus, by (46) and (47) the statement of the Lemma 5 is proved. [

5. Proof of theorems

Because the proofs of Theorem 3 and 2 are similar to that of Theorem 1, here we only give the proof
of Theorem 1. By Lemma 3, the sequence (uy), is bounded in Wol ’n(')(Q). Therefore, there exists a
function u € VVO1 ’n(')(Q) such that (up to a subsequence)

Uy — u in Wol’"(')(Q), (48)
U, — u a.e. in .

Now, we are going to prove
Vu, = Vu ae. in Q. (49)

Let h,k > 0. We use Ty (u, — T(u)) as a test function in (20), by hypothesis (3) and estimate (21),

/Q 1+ Tn((lun))’v(r) a(x, un, Vi) VT (un — Ty (u))dz < Ch. (50)

This gives, by (6), and (50),

1 < 1
()@ S [ T ()7

/ |V (tp, — Tie(w))|P®) dr < / C(’d(a:,un, Vuy,) —a(z, up, VI (1)) VT (un — Tk(u))da:
p, (Ttup)® Ay, (1 + T (up))Y@®
< C’% _c a(z, up, VT (w)) VT (uy _u)dg:
o A, (1 + Ty (un))®
_ C’@ _c a(z, Thyr(un), VI(w) VT (uy — w) i, (51)
o AR, (1 + T () V@

where A}, = {|u, — Tjx(u)| < h,[u| < k}. Combining (6), (23), (48), we obtain
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VT (uy —u) — 0 in LPO(Q), (52)
(2, Ton (un), VTi(u)) = @(z, u, VT (u) in LF'O(Q).
According (51), (52) and passing to the limit for n — 400, we get
Jimn sup / IV (ur, — Th(u))P® < Ch(1 + k + )" (53)
n——+0o00 Az,h

Let now 7(x) be such that 1 < 7(z) < n(z) < p(x). It is clear that

/Wuwwa R R LRI
where By ) = {|un, — u| < h, \u! kY, Cpy = {lun — u] h,|u| > k} and D} = {|u, —u| > h}. By

Holder’s inequality, and that u,, is uniformly bounded in VV0 ()(Q), we can write

(§1>+ <§1>*
/ |V (1 — )" dx < C'max — )W da : / IV (un, — w) [P da
Q n

k,h
1

-Wm%mwmw“*qwmww)

1 1
+ C max (u {lun —ul > B T7 u({Juy — u| > h}) o7 >> . (54)
Thus, we deduce from (53) and (54), that

1 1
limsuplimsup/ IV (t, — w)|"@dz < C’max( {Ju| > kD)7 u({|ul > k‘})(nif)> . (55)

h—0 n—00

At the limit as k¥ — 400, pu({|u| > k}) converges to 0. Therefore (up to subsequences), Vu,, — Vu
a.e. in 2.

Now, we are going to prove the strict positivity of the weak limit u of the sequence of approximated
solutions uy,.

Lemma 6. Let 0 <60 < 1. Let u,, and u be as in (49). Then u > 0.

Proof. Let ¢ € Wol’p(')(Q) N L>®(Q) is a positive function. We choose e~ BHn(un) ¢ (H,, given by (16))
as a test function in (20), we get

un (14 T (uy))”

o (u, + %)GH

—I—/ a(x, Ty (up))a(x, un, Vuy)e BH"(“”)qud:E
Q

Up |V, [PE) " 3 "
B/ | 1|0+1e BHny( n)¢d$ _ / foe BHay( ”)¢d$.

G_BHn(u")(stZ'

—B/Q a(x, Ty (up))a(z, upy, Vi, )Vuy,

Using hypothesis (3), (4), fn = T1(f), Vn > 1,

B/a(x,un,Vun)'Vqﬁe_BH"(“")dx > / Ty (f)e BHn(wn) g da. (56)
Q

Q

Let ¢ in Wol’p(')(Q) NL>(Q), with ¢ > 0. Taking ¢ = 1) (un)e (¥ given by (18)) in (56), by using (4)
and that ¢, (t) < 0, we obtain

/QT1(f)‘ﬁlb/\(Un)E_BH"(U")X{Ogungxﬂ}diﬂ < B/Qa(x’u”’vu”) : VW%(Un)e_BH"(u")X{ogun<>\+1}d$-
(57)
By (57) and that 1 (un)X{o<u,<r+1} = X{o<un<1} 8 A — 0, we have
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3 / (@, Ty (), VT4 (1)) - Vipe—BH T 00) gy > / T (f)pe=BHn T gy (58)
{0<u, <1} {0<u, <1}

According to (5), (30), (48), and (49), yielding
@z, Ty (un), VT (un)) — a(z, Ty (w), VTi(u)) in LP'O(Q). (59)
Now, we pass to the limit as n — +o0o in (58), we deduce from (59) that

1

8 T1(f)pe BHo (M) gy (60)
{0<u<1}

/’d(x,Tl(u),VTl(u)) Ve BH=(T(W) gp > =
Q

for all ¢ in I/VO1 P (')(Q)OLOO(Q) with ¢ > 0, and then, by density, for every nonnegative ¢ in Wo p( )(Q)
Now, we define the function

t
P(t) = / e~ BHx(9) s,
0
the inequality (60) is equivalent to

/va Vo) - Vedr > ﬁ/ x)pdz,

—1
M(,5.6) = P 500 (a3 ) [0 e P=005] s )

g(z) = ST1(fe PrWy ocuimy<ty, v = P(Ti(u)).

The comparison principle in Wol’p(')(Q) says that v(x) > z(z) (see [22]), where z is the bounded weak
solution of

where

{z e W (@),
—div(M(z,2,Vz)) = g(x).
Indeed, by using (4)-(6), M satisfies, for almost every x € €, for every &,¢" in RY
M(z,5,€) € > €7,
[M(x,s,6)] < CalsP D" + Caolg P91 + Oy,
(@(x,5,8) —a(z,5,¢)(E—¢) >0
Since g is nonnegative and not identically zero, and p(z) verifies (2), (9). Then, the weak Harnack

inequality (see [23]) yields z > 0 in © and so v > 0. Since T3(u) > v, we conclude that Th(u) > 0 in
), which then implies that v > 0 in €. ]

Corollary 1. Let 0 < 6 < 1. We have |vu|P< e LY(9Q).

Proof. In fact, by passing to the limit in (21), we deduce from (48), Lemma 6, and Fatou’s lemma,

that @)
p(x
|Vu|€ da:é/fdw. (61)
Q u Q

]
Ry (up)p (H1 and Ry given by (17)
and (19)), where j € N and ¢ is a positive C} () function, as a test function in (20), then

“Hi(u,) Hi(T
Passage to the limit. We consider v = e L(un), 1(T5(w)

— un) Hi(Tj(u
/Qa<w,Tn<un>>a<x,TkH<un>,VTkH(un))-We ) D b () do
(1+Ty(w)~

2 [ 0l )l T ). Vi () VT 1)
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_E/
o/
—H1 (un)

Hy
X e n e 7

_ uy) Hi(Tj(u
X e Ha )e ;( i ))Rk(un)gpda:

(L+u,)” Oéun|Vun|p(9”

(27l + 7

—Hi (up) H1(Tj(u))
n e J

a(x, Ty, (up))a(z, Tt (un), VIgt1(uy)) - Vuy,

(T (u))
Rk(un)(pd"n + 0 Tn(f)e Rk(un)‘pdx
_ uy) Hi(Tj(u
/ a(z, T (up))a(x, un, Vuy,) - Vupe Hylun), (T ))Rﬁﬂ(un)gpdw. (62)
Q

Using (3), (4) and that R} (s) < 0, we have

— un) Hi(Tj(u
/ a(z, Ty (up))a(x, up, Vuy,) - Vuge Hylun) 3¢ ))Rﬁc(un)godaz>0. (63)
Q
Combining (3), (4),
(1 +u,)" un]Vun]f”(w
a(x, Tn(un))a(z, un, V) - Vg (i 17~ £ 1) > 0. (64)

Letting n — +o00, by using (30), (62), (63), (64), and Fatou’s lemma,

Hiy(Tj(u
/a(a:,u)fi(x,u, Vu) - Ve HoWe 3 (5 ))Rk(u) dx
Q

(1 + T(U))77 e_HO(u) BH% (T ()
(Ty(u) + %)9

—/ a(z,u)a(z,u, Vu)VT;(u) Ry (u)pdx

—/ a(z,u)a(r,u, Vu) - Vu——— Ry (u)pdz

H 1 (Tj(u))

p(z) T (u
[ T ot “’Rk(uwﬁ / fe e s Riu)p d. - (69)
Q

Let j > k+ 1. Using (3), (5), (61) and Rg(u) =0 on {u >k + 1},
(1 —I—Tj(u))f —Ho(u) Hy (Tj(u))

a(z,u)a(z,u, Vu) VT (u) T + %)0 e 7 Ry (u)p
<5 (ol 57 + 0w ) [wul T R
<A (C|u|9 + C'|VulP@)~ ) |Vu |ﬂRk(u)sﬂ

<8 <cyw + c’%) (14 u)" Re(u)p € L Q).

.. . . . —Ho(u) H1 (Tj(u)) .
We pass to the limit as j — oo in (65), using that e~ "0\"e 7 < 1 (since Hi(Tj(u)) < Hi(u) <
J J
Hy(u)), (66) and Lebesgue’s theorem, and then to the limit as k¥ — +o0o0. We obtain
p(z)
/ a(z,u)a(x,u, Vu)Ve dr + B/ |Vu|€ pdr > / fpdx. (67)
Q

To prove the opposite inequality, we choose ¢ € COI(Q) with ¢ > 0, as test function in (20), to obtain

U | Vi, [P B
/Q (z, Ty (up))a(x, un,Vun)Vgodaz+B/Qm<pdaz /fngpdzn (68)

From (5), (48), (49), Lemma 3,
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a(x, up, Vup) — a(z,u, Vu) in LI®(Q), Vq(z) e <1, %) . (69)
Therefore (68), (69) and Fatou’s lemma imply
p(z)
/a(a: u)a(z,u Vu)chdx—i—B/ [Vu | cpdx</f<pda: (70)
Q Q

Combining (67) and (70), we deduce that
/a(ac u)a(x,u Vu)Vgodw+/ [V cpdx—/fgpdw (71)
Q

for every ¢ in C}(Q), with ¢ >0
Now, let  any C}(£2) function and & > 0. We define 5. = p° * ¢+ as the convolution of a mollifier
p° with 4. Then ¢% is a positive C¢(Q) function, for ¢ sufficiently small. By (71), we have

N Vu|P@)
/Qa(x,u)a(x,u, Vu)V (¢S — ¢ ) dx + /Q %(gﬁi — ¢ )dr = /Qf(goa_ — ¢ ) dx.

Since ¢° — ¢ — ¢ uniformly in €2 and in VVO1 ’n(x)(Q) for every € — 0, the results follows.
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Bupopg>xeHa enintnyHa 3agadva 3i CUHIYASIPHUM FPagi€EHTOM HUXKYOIo

nopsAaKy 1Ta 3MmIHHMM NMNOKA3HUKOM

Byarini M. A.%2, Moxrapi @.53, Xemidi X. 12

! Kagpedpa mamemamuru, Paxysvmem nayx, Aascupcoruti ynisepcumem, Aastcup, Aasicup
2 Jlabopamopis LEDPNL, HM, ENS-Kouba, Anocup, Ansicup

3 JIabopamopis Mamemamuto20 a3y ma 3acmocyeans, Yuisepcumem Aasicupy 1, Anowcup, Arorcup

Y mift cTaTTi M0BOAMUTLCS ICHYBAHHS Ta PEry/sSpHICTH CIaOKMX PO3B’SA3KIiB /I KJIacy
HEJIHIMHUX eJINTUYHUX PIBHSHB 13 BUPOJZKEHOIO KOEPIIUTUBHOIO CUJIOI0 Ta CUHTYJISPHUMUA
YJIeHAMH HIZKYOTO TOPSIIKY 3 MPHPOJHUM 3POCTAHHSM BiJHOCHO 3a rpasientom i L™()
(m(z) > 1) nanumu. OyHKIIOHAIbHA TOCTAHOBKA BKIOUae mpocropu JleGera—CobGoseBa
31 BMIHHUMHU TOKA3HUKAMU.

Knto4oBi cnoBa: supodscena 3a0a4a; CUHYAAPHULT YAEH; PE2YAAPHUT PO3E A30K; NPUH-
UUN NOPI8HAHHA; Hepiericms Iapraxa.
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