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In this paper, we discuss a discrete mathematical model of Islamic polygamy and the
social position of Muslims. In eleven compartments we explain the social situation and
give an explanation of the marital status of each Males and females in Islamic societies
that allow polygamy. In order to controlling and reducing the number of virgins men
and women, divorced men and women we implement two control variables. The first
control characterizes the benefits of an awareness campaign to educate virgin men and
women about the benefits marriage to the individual and society, and the second control is
about the legal procedures, administrative complexities and the grave financial and social
implications of divorce. After that, we applied the optimal control theory to describe
such an optimal strategies and finally a numerical simulation was performed to verify the
theoretical analysis using a progressive-regressive discrete schema that converges following
a convenient test related to the Forward-Backward Sweep Method (FBSM).

Keywords: discrete marital status model; polygamous marriage; Pontryagin’s mazimum
principle; optimal control.
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1. Introduction

Polygamy for humanity is a topic that has been found in many cultures and civilizations over the
centuries and in our article we will focus on polygamy in Islam. Polygamy is a term in Islam that
denotes that it is permissible for a man to have more than one wife in his relation marital, provided
that they do not exceed four.

The issue of polygamy is always the subject of renewed controversy and disagreement within Islamic
societies, between a defender who considers polygamy to be God’s law that must be implemented and
an opponent of the idea of polygamy as it negatively affects the wife family and children, as they put it.
Opinions usually abound and vary about polygamy, which is the right that Islamic law has permitted for
men and some religious scholars excluded it due to the difficulty of achieving its conditions mentioned
in the Quran, while some Arab and Islamic countries criminalized it and others restricted it. In most
Arab countries there are no conditions or restrictions on polygamy and the law does not deal with it,
and Arab governments allow it in accordance with the principles and conditions of Islamic law only,
including: justice, physical ability, and the number of wives not exceeding four per man.

Polygamy is legal in 58 of the 200 sovereign states, the vast majority of which are Muslim-majority
states located in Africa and Asia. Some Arab and Islamic countries allow polygamy, but with strict
conditions and restrictions. Some countries require a judge’s permission, after he verifies the conditions
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set by the state to approve polygamy. As for Morocco, it sets harsh conditions against a man married
to another in its law issued since 2003, a law that has succeeded in reducing polygamy, to less than 1000
cases annually. However, in some Islamic countries, such in other countries, polygamy is prohibited
on their lands and criminalized, and it is punishable by imprisonment for a term, a fine, or one of two
penalties. A large number of Western countries prohibit polygamy. In some of them, prison sentences
are imposed on the husband whose marriage to another is proven, and this prohibition applies to
Muslim immigrants as well. The husband who combines two wives is considered to have committed
a crime in the law at the proportions of the states, in the event that the first does not divorce, and
the courts even obligate him to pay a fine, in addition to imprisonment, in addition to the first wife
obtaining the right of custody of the children, and the state also provides her with social assistance. As
for other countries, they have enacted a law that applies against refugee Muslim preachers and imams,
in case they are proven to incite polygamy among Muslims.

Recently, the controversy has renewed in Morocco about polygamy, as a result of the country’s
recording of an increase in the rate of polygamy, nearly 20 years after the adoption of the Family
Code. In [1] the latest reports of the Central Agency for Public Mobilization and Statistics revealed
the size of the phenomenon of polygamy recently. Where it was found that the number of marriage
contracts for previously married people amounted to 1128.7 thousand contracts during 2019, including
4 percent of marriage contracts for a man who has more than one wife, and the statistics report
indicates that the number of marriage contracts for those who have more than one wife. The number
of marriage contracts between two wives reached 41.2 thousand contracts during the period, in addition
to 2363 marriage contracts for the husband with 3 wives, and 390 marriage contracts for the one who
has 4 wives.

In recent years, a great deal of reluctance to marry has been observed. Divorce has also increased,
and this is an unusual phenomenon. For this reason, we propose in our article a mathematical model
of the relationships between the population dynamics of the age group over eighteen years. We are
interested in changes in the rates of marriage and divorce, and then we try to create functions to
control and reduce the number of spinsters and reduce divorce rates.

In many studies, topics close to the topic of polygamy were discussed, in other fields, the topic of
polygamy was discussed in statistics, religion, and law [2-7]. M. Lhous in [8] have discussed Discrete
mathematical modeling and optimal control of the marital status for the monogamous marriage case.
And in [9] M. Lhous have develop a new mathematical model to study, analyze, and control the family
status in several regions and the impact of the connectivity of regions and the mobility of residents on
the marital status of the family, by adopting a multi-region discrete-time model. The civil status of
a person in islamic family and society can be classified for women into one of four categories: virgin,
married, divorced or widowed. For males in seven compartments virgin, married (by one, two, three
or four wives), divorced or widowed. The model VMDW to be studied classifies the marital status of
the family dynamics of a population into eleven compartments: virgin men V™ virgin women V"W,
married men by one wife MM married men by two wives M2 married men by three wives MM3,
married men by four wives MMt married women MW, divorced men DM divorced women D",
widowed men W™ and widowed women WW.

For our mathematical system, there are two signs of delay functions that we will include in the
equations, they will be considered through the conditions that must be respected for marriage. For
those who want to marry a widow, they must wait for a period of no less than four months and ten
days after the death of the husband. As for those who want to marry a divorced woman, there are two
cases. The first case is that if the divorced woman is not pregnant, she must wait four months and ten
days. The pregnant woman, she must wait for her to give birth to the fetus or its miscarriage. These
conditions are according to the teachings of the Islamic religion.

In this paper, we study an approach that determines an optimal control relative to a discrete marital
status model which allows to inoculate controls, that allows to reduce the virgin individuals and to
increase the number of married individuals with a minimal cost. The optimal control problem was
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subject of an optimization criterion represented by the minimization of an objective function. There
are lot studies that explain the method of optimal control [1,10-13]. The optimality system is solved
based on an iterative discrete schema that converges following an appropriate test similar to one related
to the Forward-Backward Sweep Method (FBSM).

The paper is organized as following: in Section 2, the model VMDW is described for the polygamies
marriage case. In Section 3, we give some results concerning the existence of the optimal control and
we use Pontryagin’s maximum principle to study analysis of control strategies and to determine the
necessary condition for the optimal control. Numerical simulations are given in Section 4. Finally, we
conclude the paper in Section 5.

2. Model description

We used an adaptive mathematical model VMDW to describe social relations in Islamic societies
between men and women (marriage, polygamy, divorce and widows).
The system of equations associated with the schematic diagram that governs the model are:

a VWV + DY+ aswWW

Vi =Vt - N ==V, (1)
(2
wo_ W 71MiM1 +72MiM2 +73MiM3 W ar VM + BoDM + WM -y
Visi =V; 7 Vi 7 Vit (2)
7 7
A iy OV EBDE A asWit, BV 4 BDI B,
i1 =M , Vit + . (
N; N;
ViV + By DY+ W
+— N ERywM (A + 01+ p) MM+ Qo+ o) MM (3)
(2
MMV :
Mty = are g PV sy )M (g ) M (@)
1
MMy W
MG = MM 4 B = (g 8+ ) MM () MM (5)
(2
MMy W
MY = MM B O by ) M, (6)
(2
WV o OV B 4 asWi L BV 4 BDY 4 By
i1 =M+ Vit + D;
Vi + BaDY, + adWih, o M e M s My
+ N WM i~ v
7 (2
— (A1 61+ ) MM — (g + 8o+ po) MM — (N3 + 03 4 pz) M]3
— (A3 + 03 + pa) MM — (Mg + 64 + pa) MM, (7)
DM . DM 52‘/ZW —|—53DZM_/71 +55VVZ"Y7-2 DM —|—51MM1 (8)
i+1 — i T % i)
N;
VM 4 B3sDM + g WM
DZV-VH :DZVV_ b : +53N,Z = : Dy—/ﬁ +61Mij‘/[1 +52Mi1‘/[2
(2
+ 63 M M3 4 4 MM, (9)
as VW 4+ ,DV _ + a WiV
W =wM - = - ]Z\rn M g MM (10)
7
v M DM wM
Wi =w -l 55N7 O W, + A oM
7
—l-/\3]\42-]v[3 +/\4MZ~M4. (11)

The application area €2 of this study represents a country, a city, a town, or a small domain.
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Fig. 1. The flow between the eight compartments VMDW.

The unit of ¢ can correspond to days, months or years, it depends on the frequency of the survey
and demographic studies as needed. However demographic statistics are generally done annually so
the unit of ¢ can be considered as years, where VOM, VOW, Mé‘/h, Méwz, Mé\/[3, Mé\/[4, M(YV, Dé‘/f, DYV,
WM, and W}V are the given initial state. In equations (1)—(11), all parameters are non-negative and
defined in Table 1.

Table 1. The description of parameters used for the definition of discrete time systems (1)—(11).

Parameter Description

ay Marriage rate of virgin man to a virgin woman

Qs Marriage rate of widower man to a virgin woman

Qs Marriage rate of virgin man to a widow

Qy Marriage rate of widower man to a widow

b1 Marriage rate of virgin man to a divorced woman

Ba Marriage rate of divorced man to a virgin woman

B3 Marriage rate of divorced man to a divorced woman

B4 Marriage rate of widower man to a divorced woman

Bs Marriage rate of divorced man to a widow

A1 rate of women who lost their husband for a man marries one woman
A2 rate of women who lost their husband for a man marries two women
A3 rate of women who lost their husband for a man marries three women
A4 rate of women who lost their husband for a man marries four women
01 Divorce rate of married man

0o Divorce rate of married men with two women

03 Divorce rate of married men with three women

04 Divorce rate of married men with four women

1 rate of men married one woman who lost their wives

I rate of men married two women who lost their wives

s rate of men married three women who lost their wives

g rate of men married four women who lost their wives

Y1 Marriage rate with the second

Yo Marriage rate with the third

Y3 Marriage rate with the fourth

Ti The waiting period after a woman’s divorce

Ty The waiting period for the widow

For the equation (1) of the model, virgin men can contact a virgin, divorced or widowed woman
with an a1, 81, and ag rates respectively, and this contact can result in a marriage. Thus the number

of virgin men decreases and the number of virgins at the instant ¢ is substituted for the number

vMyW VMDY VMW . . : :
o1t + 61 N L+ agTz and this number is added to the number of men marrying with
one, two and three woman at the time 7 + 1.

Similarly in equation (2) the number of virgin women decreases at the instant i + 1 by substituting

. . . vMyWw DMyW wMyw .
the number of virgin women at the instant 7 the number oy —x*— + Bo—tx"— + ag—x*—, which
1 7 7
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represents the number of married women after the contact with a virgin, divorced or widowed woman
with the a1, B2, and as rates respectively.

In equation (8), a divorced man can contact a virgin, divorced or widowed woman with fs, 83, and
M pW

My W
05 rates respectively, so this contact can result in marriage. Then the number (5 D; V’ + B3 — _“71 +

M
,85D - £ is decreased by the number of divorced men at the time i + 1 and added to the number
of marrled men with one, two and three women. In addition a married man with one woman, two
women, three or four women can divorce with a rate of Ay, A2, A3, and A4 respectively and as a result
the number of divorced men with one woman, two women, three or four women increases from A\ M Z-Ml,
)\gMiMQ, )\3MZ-M3, and )\4MZ-M4 respectively. The same principle applies to equations (9), (10) and (11).

For the equation (3) the number of married men increases at the instant ¢ + 1 by the number of
virgin, divorced, and widowed men who are married by contacting virgin, divorced or widowed women
and decreases the natural mortality with a §; and divorce rate with a A\; rate. The same principle can
be applied to equations (7).

In the equation (4) the number of married men with the second woman increases at the instant
i 4+ 1 by the number of virgin, married men with one woman, divorced and widowed men who are
married by contacting virgin, divorced or widowed women and decreases the natural mortality with do
and divorce rate with Ao rate. The same principle can be applied to equations (5) and (6).

3. An optimal control problem

We also know that Morocco and many countries are still suffering at this moment from the phenomenon
of reluctance to marry from both parties, young men and girls, and divorce has increased. For this we
proposed a control variable (u;,v;) that characterizes the benefits of an awareness campaign to educate
virgin men and women about the benefits of marriage for the individual and for the society, especially
the legal procedures, administrative complications, the heavy financial and social consequences of
divorces respectively in the above mentioned model (1)-(11). So, the mathematical system with time
delay in state and control system of variables is given by the nonlinear retarded system of differential

equations:
al VW + + asW}V
‘/Z+1 VM 1 51 ]ZVTl 3 1—T2 VM —UZVM (12)
i
MM 4y MM g DM VM 4 g,DM wM
(AR AL n +’Y2N' o AR +ﬁ2N,Z kil ViV -V, (13)
(3 (3
MM M arVV + 5DV + asWV Y BV + 8D+ WY pM
i+1 ) Nz Nz
VW + 8DV + ayW}_
e ! o DLy M () 46y 4 ) MM+ (A o+ i) M
(2
+w; VM + v, DM, (14)
MMl 1AL
MM = MM+ %ZT — (A2 + 02 + o) MM + (s + p3) MM + ryv; DM, (15)
K]
MMy W
MM = MM+ WZT — (A3 + 03 + p3) MM + Ay + pa) MM + 730, DM, (16)
(]
MM = MM %ZTZ — (Aa + 04 + pa) MM + 40, DM, (17)
(]
W QIVW_‘_/BlDZ T +a3WZ T2 M /82VW+53DZ T +55VI/2 T2 M
Mz—l—l Mz V D
N; N;
n VW + DY + W WM NMM 4 o MM MM VW
Ni Nz ‘

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 748-763 (2023)



Discrete mathematical modeling and optimal control of the marital status: Islamic polygamous ... 753

— (A1 + 61+ ) MM — (Ag + 8+ o) MM — (A3 + 03 + pug) MM

— ()\4 + 04 + M4)M~M4 + uiV-W + ’U,'DZVV, (18)
vV + + BWNY
DM, =DM — & PsD le-ﬁ PsWirr, DM 4 5, MM — 4, DM (19)
KA
VM DM wM
Dz—l—l D:/V - 51 - i 53]\[2 il ﬁ4 - DJ/VH + 51MiM1 + 52MiM2 + 53M2M3
T
+ 6, MM — 0, DIV (20)
M OZQVW + 54D2/VT + Oé4W o M M
Wi, =w; N,l Wi+ p M (21)
(3
vM DM wM
P o i 2 e Lt [ W VE L W Ve

Ni 1—T2

+ A3 MM 4 N MM (22)
The model (12)—(22) fulfils the constant population through time constraint, i.e.:

N; = VM vV o M vz M M MV 4+ DM+ DY WM WV = N> o.
Andri+ro+rg+1ry =1

After applying the control u; to reduce the number of divorced men we have r; represent percentage
of divorcees who remarried, ro mean the percentage of men with two wives who divorced one in order
to remarry and remarry the second, rs is the percentage of men with three wives who had divorced
one in order to remarry and remarry the third and r4 is the percentage of men who have four wives
who have divorced one of the wives to remarry the fourth wife.

Note this assertion proves that the constant population through time is independent of the control
strategy.

Characterization of the optimal control

For an initial state (VOM, VOW, MoMl, Mé‘/‘fz, MOM3, Mé‘/[“, MOW,D(J]V[,DgV, Wé\/[, WOW), we consider an op-
timization criterion defined by the following objective function

N N-1 / /
J(u,0) =3 (A VY + 4,0V — A M)+ Y <%(ui)2 + %(W) (23)
1=0 1=0

subject to system (12)—(22) here Ay, Ay and As are positive constants to keep a balance in the size
of VW DW and M W, respectively. In the objective functional, 7{ and 7} are the positive weight
parameters which are associated with the controls u; and v;.

In other words, we seek the optimal controls (u*,v*) such that

J(u*,v*) = min{J (u,v) | (u,v) € Uyq}, (24)
where U, 4 is the set of admissible controls defined by
Uag = {(u,0) | ™™ < uy < a™ 0™ <oy < 0™ € {0,..., N —1}},
where (u™", ¢ pmin ymax) 2] 1[4,

The sufficient condition for existence of optimal control (u*,v*) for the problem (23) coming from
the following theorem.

Theorem 1. There exist an optimal control (u*,v*) such that

J(u*,v* min  J(u,v
( )= Wi (u;v)

subject to the control system (12)—(22) with initial conditions.

Proof. There is a finite number of time steps, VM = (VO ,Vl ,...,VN ), VW = (VOW, Vl ,...,VJ\V,V),
S WW =WV WV, W) are uniformly bounded for all (u,v) € Uyg. Thus J(u,v) is uniformly
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bounded for all (u,v) in the control set U,q. Since J(u,v) is bounded, ( i)nfu J(u,v) is finite, and
uw,v)EUGq

there exist a sequence (u/,v7) € Uyg such that lim J(uw/,v?) = inf J(u,v) and corresponding
J—o0 (u,0)€Uaq

sequences of states VMj, ywi e wwa, Since there is a finite number of uniformly bounded
sequences, there exists (u*,v*) € U,y and yMI o WW? e RNFD guch that on a subsequence,
wo— vt — U*,VMj — VM*,...,WWj — WW*. Finally, due to the finite dimensional
structure of the system (12)—(22) and the objective function J(u,v), (u*,v*) is an optimal control with

corresponding states VM VW WW* Therefore ( i§1f J(u,v) is achieved. ]
u,0)EUgq
In the following, we shall use the placeholder variables y; and s for the retarded state variable,
ie y1 = DWT1 and yo = WW
In order to find an optlmal solution, first we find the Hamiltonian for the optimal control prob-

lem (24). In fact, the Hamiltonian H of the optimal problem is given by

/
H=AV"Y + 4D} — AsM}” + %uz + gqﬂ
11

+ 3 Crirt S (VML VY MY M MM M a DY DY W WY g g).
k=1

Where (1, (s, ..., (g are the adjoint functions to be determined suitably.

And f;, is the right side of the difference equation of the k" state variable at the time step.

At the same time by using Pontryagin’s maximum principle [14], we derive necessary conditions for
our optimal control. We obtain the following theorem.
Theorem 2 (Necessary Conditions). Let VM™ yW?* ppM* - ppM2*  ppMs® - ppMa* g pw= - pM*
DW* WM* and WW™ be optimal state solutions with associated optimal control (u*,v*) for the

optimal control problem (24). Then, there exist adjoint variables (1, (s, ..., (s, that satisfy
041‘/;-W
A = — |Crit1 + N, (Crit1 + Cit1 — i1 — Criit1)
1
asWl,
t— (Cit1 — G3it1 — Cryit1 + Ci1,i41)
1
8D
#(Cl i+1 = C3it1 — Crit1 + Cosit1) + ui(Crivt — C3iv1) |5
1
alVM
Ay = — [Al + (2,41 — N% (Crie1 + €21 — G341 — (7i41)
(2
OQWM 52DM
N (CQatt G+ Crivt — Goarn) + = (S + Gt + Gt — Giatt)
(2 (2
v MM Yo M}
N, (—=Coit1 + Caiit1 + Crin) + N'Z (=C2it1 + C5iit1 + Cri1)
1 (3
s MM
1 N (—C2i+1 + Coit1 + Criv1) + ui(—Coit1 + C7,i+1)] :
1
1 VW
AQi=—| — (i+1 + N (—Coit1 + Cayit1 + Criv1) + M(G3it1 — Criir + Cityit1)
(2

+ p1(€3,41 — Cryie1 + Croi41) + 01(¢3i41 — Cryit1 + (giiv1 + C9,i+1):| ,

Yo VW

3
N;

Ay = — [C4,i+1 + (Coiit1 — Civ1 — Criat1) — A2(C3iiv1 + Cairr + Crir — Ciryiv1)
+ p12(C3i41 + Cayivr + Criir1) — 02(Cajiv1 + Criiv1 — C9,i+1):| ,
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—v3VW

N (=241 + Co,i+1 + G7iig1) + A3(Cayitr — Goiv1 — Critt + Ci1,i1)

Alsi = —|C5i41 +

+ p3(Casiv1 — Cs,iv1 — C7iv1) + 03(—Cs,it1 — Criiv1 + Cojit1) |

Ao = —[Coi+1 + Aa(Cit1 — Co,it1 — Crit1 + Ciayig1)
+ 14 (Csi1 — Co,it1 — Crit1) + 0a(—Co,iv1 — Crii1 + Co,it1) ]
Al7; = A3 — (7,641,
BV

Ay = [Cs i1+ (—C2,i+1 + G3it1 + Criit1 — (8i+1)

53 55WW
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471
53 J,_
Ni (3 i414m + CTitien — C8it1+m — Coit14+m)
i 7—1
64 _|_
N —— " (GBit 14 + Critien — Cojit14n — Cl0i14m) ) |5
i+71
W
Oégv-
Ao = — |:<10,i+1 + NZ' (=C2i+1 + 3it1 + Criv1 — Cr0,i+1)
(3
W
Oé4W 54
T(Cs i+1 + Crit1 — Cro,i41 — Cityi+1) + #(43 i1+ (71 — Co,ir1 — Cr0i41) |5
(3 (3
VM
i+
Al = — |:<11,i+1+7—2 + X{o,___,N_TZ}[ 7 2 (—ClLiti4m + Gititm + (Tit14m
1+T72
Ps D Z—I—Tz
— QLirttn) F (Gt + itlen — (Sitlen — ClLitlen)
1+72
M
WH—Tz
+ T(Cs,zurum + (7it14m0 — Cl0i+14m — Citit14m)] |
i+7o

1, if kel,

with transversality conditions
0, else

with for n = {1,2}, Xqo,....i—r,}=1(k) = {

anN=0, GnN=-41, GnN=0, Gny=0, GN=0 (nN=0,
(v =A3, GgN=0, (nN=-A2, Con=0 and (n=0.

Furthermore, the optimal control (u;*,v;*) is given by

M . _ . W . _ .
{V; (CLH_I Cg’H_l) - ‘/Z (4271—1—1 477Z+1) ) umin} 7umax} ’ (25)

!
T

u;" = min {max

I DM ((siv1 — 1G4 — m2Cait1 — 73C5,i41 — T4Co,i+1) + DIV (Coit1 — Cri1)
- b

/
b

Ui* = min { maX{L, umin}v umax}' (26)
fori =0,...,N—1.
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Proof. In order to derive the necessary condition for optimal control, the Pontryagins maximum
principle in discrete time given in [8,9,14,15] was used. We obtain the following adjoint equations:

0H;
ACi = ———=7
oV
¢ 1 a1VW — agWW _ ﬁlDng ) ¢ Oéﬂ/;-w
1,41 Nz 2,i+1 Nz
a1VW + /BlD,Wn + a3WZW
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El ]\[Z
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(A T A
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with transversality conditions
GnN=0, G@n=-41, GN=0, Gunv=0, GN=0, (n=0,
GoN=A3, GnN=0, (n=-42, Con=0, (n=0

To obtain the optimality conditions we take the variation with respect to control (u},v}) and set it
equal to zero

OH

S i — CLim Vit = G ViV + G ViV G VY =0,
(2

OH

o0 750 + Gais1m1 DY+ Caip1r2 DM 4 G igar,
(2

DM+ C67i+1r4D£\/[ + C?,i+1DzW - C8,i+1DzM - C9J+1DZW = 0.
Then we obtain the optimal control
o VMGt — Gir1) + VIV (G — i)

i )
&

. DM(Csiv1 — Gt — m2Cair1 — 3G i41 — T4Ceit1) + DYV (Coiv1 — Crit1)

vy = 7 .
T2

By the bounds in Uy, it is easy to obtain (u;*,v;*) in the following form
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/
T
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Ta

L=

Ui* = min { maX{L, umin}, umaw}v

fori=0,...,N —1. ]

4. Numerical simulation

In this section, we will present some percentages showing the great spread and the alarming increase
of the phenomenon of spinsterhood and divorce in our Arab society.

The Lebanese women ranked first in the ranking of the Arab women who were the most late in the
age of marriage, with 85 percent of the percentage of females over the age of 35 years. Tunisian women
advanced in the second place, with the percentage of spinsterhood rising to about 81 percent, while
Iraqi women ranked third, with an estimated rate of between 70 to 85 percent. Emirati women ranked
fourth, with an estimated rate of 70 to 75 percent, and Syrian women ranked fifth, with 70 percent.
Moroccan women ranked sixth (60 percent), with an increase of about 20 percent over the past decade.
Jordanian women ranked seventh with 55 percent, with an increase of about 10 percent over the past
decade, while Algerian women ranked eighth with 51 percent as governorates, compared to the same
percentage that was in 2013. Egyptian women ranked ninth with 48 percent, with Recorded an increase
of about 8 percent since 2013.

Divorce rates have increased in Arab countries. The British newspaper, The Independent, confirmed
that divorce rates in Arab countries have increased 10 times over the past 50 years, while official
statistics confirms the occurrence of two divorce cases every minute in some countries such as Egypt
and seven cases per hour in other countries such as Saudi Arabia.

We present some numerical solutions of system (1)—(11) for different values of the parameters. We
will start by presenting the numerical simulation of eleven equations, using parameters, some of which
are estimated and some of which are real. The goal is to see clear that the data showing changes that
can be observed for the rapid increases in the development and increase in the number of single men
and women, as well as divorce rates, and widows can be added as well.
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We solve the system by an iterative method with forward solving of the state system followed by
backward solving of the adjoint system. We start with an initial guess for the first iteration and then
before the next iteration, we update the controls by using the characterization. We continue until
convergence of successive iterates is achieved. A code is written and compiled in MATLAB using the
following data.

Different simulations can be carried out using various values of parameters. In the present numerical
approach, we use the following parameters values taken from [9]: a3 = 0.0023, ay = 0.0015, ag =
0.0018, ay = 0.00013, £; = 0.000022, B> = 0.000026, 53 = 0.000027, 54 = 0.000024, S5 = 0.000025,
A1 = 0.00003, A\ = 0.00002, Az = 0.00018, A4y = 0.00004, §; = 0.00002, d2 = 0.00002, 63 = 0.00022,
04 = 0.000028, p; = 0.0002, pe = 0.0003, pz = 0.0004, pg = 0.0004, v; = 0.00035, v, = 0.0001,
v3 = 0.0001, 71 = 2000, and 7 = 3290.

The population values used (reel values in Morocco in 2014) in numerical simulation: V™ (0)
9102000, V' (0) = 10500000, M™1(0) = 5869830, MM2(0) = 863000, M™Ms3(0) = 431500, MM+(0) =
287667, M"Y (0) = 7452000, DM (0) = 215000, D" (0) = 361000, W (0) = 573000, and W"W(0) =
831000.

The graphs represent the changes that occur in each group in society over a period of one year.
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Fig. 2. The results of simulating the evolution of the numbers of the virgin man, the virgin woman, the married
man and the married woman, with and without control.

LaFie _ In Figure 2 we have the variation over time
m/ of virgin men and virgin women, we can see
1 the number decreasing so slowly, for virgin men
- starting at 9102000 to 7805940 and for virgin
2ur women starting at 10500000 to 8986230. But
;51 i after applying the u; control, we see very clearly
= i — MPwithout contras the number of virgin men and virgin women de-
|  Meith fonteals creasing as quickly after 3 months, for the first
N | | | | starting from the initial number at 910200 and
150 w e (days) " " for the second starting from the initial number

Fig. 3. The results of simulating the evolution of the  at 37897.
numbers of the virgin man, the virgin woman, the mar- In Figure 3 discussing the variation of mar-

ried man and the married woman, with and without

ried women starting with 7452000 and after one
year we have a small increase to 841690, and
after applying the control we have a good increase from 7452000 to 18233500 then 17320500 a slight
decrease due to widowed women occurred during this period.

Figure 4 shows that we start from men married with one wife. We have 5869830 married men and
after a year we have a small increase to 6912590. After applying the control we have a good increase
from 5869830 to 15085200 then 14363100 a slight decrease due to widowed men occurred during this
period. For married men with two, three and four wives we can see the effect of control v; gives an
increase of 967006, 8104 and 7636 respectively.

control.
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Fig. 4. The results of simulating the evolution of the married men with one wife, two wives, three wives and
four wives, with and without control.
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Fig.5. The results of simulating the evolution of the divorces men and divorces women, with and without
control.
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Fig. 6. The results of simulating the evolution of the widow men and widow women, with and without control.
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04 Figure 5 shows the bad increase in male di-
053] vorces, in one year we have more than 43792
03l cases. But after applying the control, we can
Los| see the decrease from 215116 to 4571 cases.
§ b Women divorces in one year we have more
22;0_157 than 53815 cases. But after applying the con-

o

trol, we have a decrease from 361 149 to 9 752

the control u,

0.05 - - - the control u, ‘ cases.
w | | ‘ ‘ In Figure 6 male and female widows in-
150 . “h 50 30 crease automatically due to increase in nat-
Time (days)
Fig. 7. Simulation results of the controls u; and v;. ural deaths of married males and females in
one year.

5. Conclusions

In this paper, we have formulated a mathematical model of polygamous marriage. In order to reduce
the number of virgin men and women, divorced men and women, two controls have been applied.

The
and

first control introduced is assumed the benefits of an awareness campaign to educate virgin men
virgin women about the benefits of marriage for individuals and for society, and the second

control characterizes legal proceedings, administrative complications and the heavy financial and social
consequences of divorces. We applied the results of the control theory to characterize the optimal
controls. The numerical simulation of the results obtained showed the effectiveness of the proposed
control strategies.
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Chaos, Solitons &

,D,I/ICerTHe MaTemMmatTmn4ydHe MO,EI,eJ'II'OBaHHFI Ta OI'ITI/IMaJ'IbHe KepyBaHHA

cimeliHMM cTaHOM: Moaenb ICNaMCbKOIro noJliraMHoro LLIJ'IIO6y

Caxym AL, JIxyc M.!, Pauuk M.2, Tpinan A3

L JIabopamopis dyrdamernmanvioi ma npuxaadnoi mamemamuxu (FAML),
Kagedpa mamemamuru ma ingopmamuru, DParxyavmem nayx Atn Yok,
Yuisepcumem Xacana II Kacabaanxu, Kacabranka, Mapoxko
2 Jlabopamopis ananisy, MoOCAI06GHHA Ma CUMYAAUT,

Kagedpa mamemamuxu ma ingopmamuru, DPaxyasvmem nayx Ben Mcix,
Vnisepcumem Xacana I1 Kacabaanwxu, Kacabaanka, Mapoxko
3 Kadedpa mamemamuwnus Hayx,

Vuisepcumem O6’ednanur Apabevkuxr Emipamis, Aav-Atn, OAE

VYV mifi ctaTTi 0OrOBOPIOETHCS AUCKPETHA MAaTEMAaTUIHA MOIEb iCJIaMCBbKOI mojiramii Ta
COIiaJIbHOI'O CTAHOBUINA MYCyJIbMaH. B OAMHAIIATH CKJIAJOBHUX IIOSCHEHO COIAJIBHY CH-
TYyaIlio Ta JIAHO MOSICHEHHS MO0 CIMEHOI'0 CTaHy KOYKHOTI'O YOJIOBIKa Ta XKIHKH B iCJIaMCh-
KX CYCIJILCTBAX, K1 JOMyCKaOTh noJtiramio. 1106 KkoHTpo/oBaT Ta 3MEHITYBATH KiJlb-
KIiCTh He3alIMaHUX YOJIOBIKIB 1 YKIHOK, PO3JIyIeHNX YOJIOBIKIB 1 YKIHOK, peasi3yloThbes JBi
kepytoui 3minsi. [lepmra xapakrepusye nepeBaru iHGOpPMAIITHOT KAMITaHIT /I HABIAHHS
He3alMaHUX YOJIOBIKIB 1 KIHOK MO0 II€PEBAru MLII0Y JJisi OCODMCTOCTI Ta CyCIiIbCTBA,
a JIpyra CTOCYETbCH IOPUJIUYHUX IPOIELYDP, aIMIHICTPATUBHUX CKJIAQJIHOIIIB 1 cepiio3HuX
dinaHCOBUX Ta COIIAIBLHUX HACTIAKIB po3aydeHus. [licas 1mp0ro 3acTocoOBaHO TEOPIO OII-
TUMAJIHOTO KepyBaHHsI, MO0 OIMMCATU TaKi ONTHMAJbHI cTpaTerii, i, HapemTi, OyJ0 BuU-
KOHAHO YHCEeJIHbHE MOJICTIOBAHHS IS ITEPEBIPKA TEOPETUIHOTO aHAII3Y 3 BUKOPUCTAHHSIM
[IPOTPECUBHO-PETPECUBHOI INCKPETHOI CXeMHU, SKa, 30iraeThbCsi BIAIIOBIIHO 10 3pyYHOTO Te-
CTY, IIOB’3aHOTO 3 METOJIOM IIPSIMOI Ta 3BOPOTHOI IIPOTOHKH.

KntouoBi cnoBa: duckpemmna modead cimelinoeo cmany; nosieaMHull wab; npuHuyun
marcumymy Ilonmpazina; onmumasvHe KePYSaHHA.
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