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In this paper we are interested to the dynamic von Karman equations coupled with vis-
cous damping and without rotational forces, (α = 0) [Chueshov I., Lasiecka I. (2010)],
this problem describes the buckling and flexible phenomenon of small nonlinear vibration
of vertical displacement to the elastic plates. Our fundamental goal is to establish the
existence and the uniqueness to the weak solution for the so-called global energy, under
assumption F0 ∈ H3+ε(ω). Finally for illustrate our theoretical results we use the finite
difference method.

Keywords: von Karman equation; nonlinear plates; viscous damping; rotational inertia;

non-coupled method; finite difference method.

2010 MSC: 74F10, 74B20, 74B30, 74K25, 74K25 DOI: 10.23939/mmc2023.03.816

1. Introduction

Dynamic von Karman equations without rotational forces, (α = 0) [1], describe the buckling phe-
nomenon nonlinear vibration to the vertical displacement of elastic plates. There is considered the
case when the plate is acted with an active damping in nonlinear thermoelastic plate interaction.
From physical point of view the main peculiarities of the model are the possibility of small deflec-
tions of the plate and small changes of the temperature near the reference configuration of the plate.
For displacement u, the Airy stress function φ and the thermal function θ, can be formulated by the
following system, see for instance [1].

Find (u, φ) ∈ L2([0, T ], (H2
0 (ω))

2) such that

(P)















utt + d0(x)g0(ut) + ∆2u− [φ+ F0, u] = p(x) in ω × [0, T ],
∆2φ+ [u, u] = 0, in ω × [0, T ],
u
∣

∣

t=0
= u0, (ut)

∣

∣

t=0
= u1, in ω,

u = ∂νu = 0, φ = 0, ∂νφ = 0 on Γ× [0, T ],

where ω is the surface plate, u0, u1 and θ0 are the initial data and [·, ·] is the so-called Monge–Ampère
operator defined by [2]

[φ, u] = ∂11φ∂22u+ ∂11u∂22φ− 2∂12φ∂12u. (1)

The case α > 0 corresponds to the equation with rotational term. But the parameters µ, η are
positive fixed real numbers and the parameter k measures the capacity of heat/thermal to the model
of thermoelastic problem [1]. Now, in the case k = 0 and α = 0, if we substitute ∆θ from the second
equation in the model of thermoelastic, [1] without rotational inertia can be decoupled. The first
equation becomes just a model of dynamic von Karman equations with internal viscous damping [1].

The plate is subjected to the internal force F0 ∈ H3+ε(ω) and the external force p0.
Our fundamental target in this paper is to give a condition verified by the external/internal loads

and the initial datums to have a uniqueness weak solution of the von Karman evolution without
rotational term and nor clamped boundary conditions subject to active contracting damping operator
d0(·)g0(·). Our approach is based on an iterative problem (Pn)n>0 when sequence-solution (un, φn)n>0

converges to the uniqueness solution of the problem under consideration.
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This paper will be organized as follows. After this introduction, Section 2 contains some basic
results, Section 3 is devoted to describe the mathematical structure of the considered model by using
an iterative method for establishing the uniqueness weak solution. Finally Section 4 display a numerical
simulation of our initial problem.

2. Preliminary results

In this paper, ω denotes a nonempty bounded domain in R
2, with regular boundary Γ = ∂ω.

Let p > 1 be a real number and m > 1 be an integer. We denote by | · |p,ω the classical norm of
Lp(ω) and by ‖ · ‖m,ω that of Hm(ω). For u ∈ H2

0 (ω), we set ‖u‖ = |∆u|2,ω for the sake of simplicity.
We also denote

‖u‖∗ = ‖u‖2 + |ut|
2
2,ω. (2)

Theorem 1 (Refs. [2, 3]). Let f ∈ L2(ω). Then the following problem:






∆2v = f in ω,

v = 0 on Γ,
∂νv = 0 on Γ

has one and only one solution v ∈ H2
0 (ω) ∩H

4(ω) satisfying

‖v‖ 6 c0|f |1,ω

for some constant c0 > 0 depending only on mes(ω).

Theorem 2 (Ref. [3]). Let f ∈ L2
(

[0, T ],H2(ω)
)

, u0 ∈ L2(ω) and k > 0, 0 6 η 6 µ are non

negative reals. Then the following problem:

(D)







kut − η∆u = −µ∆f in ω × [0, T ],
u|t=0

= u0 in ω,

u = 0 on Γ× [0, T ]

has one and only one solution u ∈ C([0, T ];H2(ω) ∩H1
0 (ω)) ∩C

1([0, T ];L2(ω)), satisfies the following

inequality:

∀0 6 t 6 T, k|u|22,ω + η

∫ t

0

|∇u|22,ω 6 k|u0|
2
2,ω + µ

∫ t

0

|∇f |22,ω. (3)

Theorem 3 (Ref. [1]). Let p ∈ L2(ω) and (u0, u
1) ∈ H2

0 (ω)×H1
0 (ω), the problem

(S)







utt +∆2u = p in ω × [0, T ],
u = ∂νu = 0 on Γ× [0, T ],
u
∣

∣

t=0
= u0, (ut)

∣

∣

t=0
= u1 in ω

has one and only one solution (u, ut) ∈ C([0, T ],H2
0 (ω)×H1

0 (ω)).

Now, let us put

F1(u, φ) = [φ+ F0, u]− d0(x)g0(ut). (4)

Proposition 2. Let (u, v) ∈ (H2
0 (ω))

2 and F0 ∈ H3+ε(ω) be with small norms. Let ϕ,ψ ∈ H2
0 (ω)

be the solutions of the following two problems:

∆2φ = −[u, u] and ∆2ψ = −[v, v],

and d0(·)g0(·) is a contracting non linear operator on ut.
Then the following estimations:

∣

∣[u, φ]− [v, ψ]
∣

∣

2,ω
6 c1‖u− v‖

and
∣

∣F1(u, φ)− F1(v, ψ)
∣

∣

2,ω
6 c2

(

‖u− v‖+ |ut − vt|2,ω
)

hold for some 0 < c1 < 1 and 0 < c2 < 1.
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Proof. Following [1],
∣

∣[u, φ] − [v, ψ]
∣

∣

2,ω
6 c0

(

‖u‖2 + ‖v‖2
)

‖u− v‖,

for some c0 > 0. Let c > 0 be small enough such that ‖u‖ 6 c and ‖v‖ 6 c. We have
∣

∣[u, φ] − [v, ψ]
∣

∣

2,ω
6 2c0c

2‖u− v‖ 6 c1‖u− v‖

with 0 < c1 = 2c0c
2 < 1 and there exists 0 < α < 1 so

∣

∣F1(u, φ)− F1(v, ψ)
∣

∣

2,ω
6

∣

∣[φ+ F0, u]− [ψ + F0, v]
∣

∣

2,ω
+

∣

∣d0(x)g0(ut)− d0(x)g0(vt)
∣

∣

2,ω

6
∣

∣[φ, u] − [ψ, v]
∣

∣

2,ω
+

∣

∣[F0, u− v]
∣

∣

2,ω
+ α

∣

∣ut − vt
∣

∣

2,ω

6
(

2c0c
2 + 4‖F0‖3+ε,ω

)

‖u− v‖+ α|ut − vt|2,ω.

If we choose

‖F0‖3+ε,ω <
1

4
and 0 < c <

√

1− 4‖F0‖3+ε,ω

2c0
,

then

0 < c2 = max
(

2c0c
2 + 4‖F0‖3+ε,ω, α

)

< 1,

and
∣

∣F1(u, φ)− F1(v, ψ)
∣

∣

2,ω
6 c2

(

‖u− v‖+ |ut − vt|2,ω
)

,

so we conclude the proof. �

Proposition 3. Assume that for p ∈ L2([0, T ], L2(ω)), θ0 ∈ H1
0 (ω) and (u0, u

1) ∈ H2
0 (ω) ×H1

0 (ω).
The following problem:

(S1)















utt +∆2u+ µ∆θ = p in ω × [0, T ],
kθt − η∆θ = µ∆ut in ω × [0, T ],
u = ∂νu = θ = 0 on Γ× [0, T ],
(u)

∣

∣

t=0
= u0, (ut)

∣

∣

t=0
= u1, (θ)

∣

∣

t=0
= θ0 in ω

has one and only one solution (u, θ) ∈ L2([0, T ],H2
0 (ω)×H1

0 (ω)) and ut ∈ L2([0, T ],H1
0 (ω)) satisfying

that

‖u‖∗ + k|θ|22,ω + 2η

∫ t

0

|∇θ|22,ω 6 eT
(

‖u0‖
2 + |u1|22,ω + k|θ0|

2
2,ω +

∫ T

0

|p|22,ω

)

. (5)

Proof. For establishing the existence and uniqueness solution of the problem under consideration, we
will study the problem (S1) by considering the n-order approximate solution and use the variational
problem, see [4]. �

3. The main results

For establishing the uniqueness solution to the problem (P), we use the following iterative approach.
Let n > 2 and let 0 6= u1 ∈ H2

0 (ω) be given.

(Pn)























(un)tt +∆2un = G(un−1, φn−1) in ω × [0, T ],
∆2φn−1 = −[un−1, un−1] in ω × [0, T ],
un = ∂νun = 0 on Γ× [0, T ],
(un)

∣

∣

t=0
= u0, ((un)t)

∣

∣

t=0
= u1 in ω,

φn−1 = ∂νφn−1 = 0 on Γ× [0, T ],

where

G(u, φ) = F1(u, φ) + p,

and F1 is defined by (4).
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Theorem 4. For p ∈ L2(ω), (u0, u
1) ∈ H2

0 (ω)×H1
0 (ω) and the following quantities:

‖F0‖3+ε,ω and |p|2,ω, ‖u0‖
2 + |u1|22,ω

are small with d0(·)g0(·) is a contracting operator. The problem (P) has one and only one weak solution

(u, φ) in L2([0, T ],H2
0 (ω)×H2

0 (ω)), ut ∈ L2([0, T ],H1
0 (ω)) and utt ∈ L2([0, T ], L2(ω)).

Proof. We divide the proof into three steps.
Step 1: Let us consider the problem (Pn), where 0 6= u1 does not depend on t.
Throughout this proof we use the next notation defined by (2).
According to Proposition 2 and Theorem 1, there exists a constant c0 > 0.
Now, for ‖F0‖3+ε,ω <

1

4
, we can choose c := c(‖F0‖3+ε,ω, c0, T ) > 0 such that

0 < 4c0c
2 < 1, 0 < c <

√

1− 4‖F0‖3+ε,ω

2c0
and ‖u1‖ < c < 1.

By mathematical induction on n > 1, we will prove that the following two inequalities:

‖u‖∗ = ‖un‖
2 + |(un)t|

2
2,ω 6 ‖u1‖

2 and ‖φn‖ 6 ‖u1‖

hold for all n > 1 and any 0 6 t 6 T .
For n = 1,

‖u1‖∗ = ‖u1‖
2 + |(u1)t|

2
2,ω = ‖u1‖

2

since u1 does not depend on t. Otherwise, for φ1 being the solution of the problem ∆2φ1 = −[u1, u1],
Theorem 1 ensures that there exists c0 > 0 such that

‖φ1‖ 6 c0
∣

∣[u1, u1]
∣

∣

1,ω
,

using the proof of Proposition 2 with ‖u1‖ < c and 0 < 4c0c < 1, we can deduce that

‖φ1‖ 6 4c0‖u1‖
2
6 4c0c‖u1‖ 6 ‖u1‖.

The desired inequalities are true for n = 1.
Suppose that for k = 2, . . . , n and 0 6 t 6 T , we have

‖uk‖∗ 6 ‖u1‖
2 and ‖φk‖ 6 ‖u1‖.

According to Proposition 2 and Theorem 1,

‖φn‖ 6 c0|[un, un]|1,ω 6 4c0‖un‖
2 6 4c0c‖un‖ 6 ‖un‖.

Since un+1 is a solution of (Pn+1), Proposition 3 with k = µ = η = 0, Proposition 2 and Theorem 1
imply that there exists 0 < c2 = 2c0c

2 + 4‖F0‖4,ω < 1 such that

‖un+1‖∗ 6 eT
(

‖u0‖
2 + |u1|22,ω +

∫ T

0

|G(un, φn)|
2
2,ω

)

6 eT
(

‖u0‖
2 + |u1|22,ω + 2

∫ T

0

(

|F1(un, φn)|
2
2,ω + |p|22,ω

)

)

,

it follows that

‖un+1‖∗ 6 eT
(

‖u0‖
2 + |u1|22,ω + 2

∫ T

0

c22(‖un‖
2 + |(un)t|

2
2,ω) + 2T |p|22,ω

)

6 eT
(

‖u0‖
2 + |u1|22,ω + 2

∫ T

0

c22(‖un‖
2 + |(un)t|

2
2,ω) + 2T |p|22,ω

)

6 eT
(

‖u0‖
2 + |u1|22,ω + 2

∫ T

0

c22(‖un‖
2 + |(un)t|

2
2,ω) + 2T |p|22,ω

)

6 eT
(

‖u0‖
2 + |u1|22,ω + 4Tc22‖u

1‖2 + 2T |p|22,ω
)

.

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 816–824 (2023)



820 El-Aqqad B., Oudaani J., El Mouatasim A.

If we choose c > 0 sufficiently small, then 0 < c1 < 1 and 0 < c3 := 4eT c22 < 1, we have

‖un+1‖∗ 6 eT (‖u0‖
2 + |u1|22,ω + 2T |p|22,ω) + c3‖u1‖

2,

now we can choose

‖u0‖
2 + |u1|22,ω + 2T |p|22,ω 6

(1− c3)

eT
‖u1‖

2.

It follows that

‖un+1‖∗ 6 eT (‖u0‖
2 + |u1|22,ω + 2T |p|22,ω) + c3‖u1‖

2,

6 eT
(1− c3)

eT
‖u1‖

2 + c3‖u1‖
2 = ‖u1‖

2.

Further,

‖φn+1‖ 6 c0
∣

∣[un+1, un+1]
∣

∣

1,ω
,

with ‖u1‖ < c and 0 < 4c0c < 1, immediately yields

‖φn+1‖ 6 4c0‖un+1‖
2 6 4c0‖u1‖

2 6 4c0c‖u1‖ 6 ‖u1‖.

Summarizing, we have proved that, for all n > 1 and any ∀0 6 t 6 T ,

‖un‖∗ 6 ‖u1‖
2 and ‖φn‖ 6 ‖u1‖.

Step 2: For n > 2, let (un, φn) be a solution of the problem (Pn).
For 2 6 m 6 n, then it is easy to see that un − um is a solution of the following problem, with φn

is a uniqueness solution to the problem ∆2φn = −[un, un],






(un − um)tt +∆2(un − um) = G(un−1, φn−1)−G(um−1, φm−1) in ω × [0, T ],
un − um = ∂ν(un − um) = 0 on Γ× [0, T ],
(un − um)

∣

∣

t=0
= ((un)t − (um)t)

∣

∣

t=0
= 0 in ω.

According to Proposition 2 and Theorem 1 we deduce, for all 0 6 t 6 T ,

‖φn−1 − φm−1‖ 6 8c0c‖un−1 − um−1‖.

Using Proposition 3 with k = µ = η = 0 and Proposition 2, again we have, with 0 < c3 = TeT c22 < 1,

‖un − um‖∗ 6 eT
∫ T

0

∣

∣G(un−1, φn−1)−G(um−1, φm−1)
∣

∣

2

2,ω

6 eT
∫ T

0

c22
(

‖un−1 − um−1‖
2 + |(un−1)t − (um−1)t|

2
2,ω

)

.

It follows that

‖un − um‖∗ 6 eT c22

∫ T

0

‖un−1 − um−1‖∗

6 (eT c22)
m−2

∫ T

0

. . .

∫ T

0

(

‖un−m+2 − u1‖∗
)

6 (c3)
m−2

n−m+1
∑

k=0

(eT c22)
k

∫ T

0

. . .

∫ T

0

‖u2 − u1‖∗

6 (c3)
m−2

n−m+1
∑

k=0

(eT c22)
k

∫ T

0

. . .

∫ T

0

(

‖u2‖∗ + ‖u1‖∗
)

6 (c3)
m−2

n−m+1
∑

k=0

(c3)
k
(

2‖u1‖
2
)

.
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And
∫ T

0

‖un − um‖2∗ 6 T (c3)
m−2

n−m+1
∑

k=0

(c3)
k
(

2‖u1‖
2
)

.

And so we have

‖φn − φm‖ 6 8c0c‖un − um‖.

Then, the sequence (un, φn)n>2 is Cauchy sequence in L2([0, T ], (H2
0 (ω))

2). It follows that (un, φn)
converges to (u, φ) in L2([0, T ], (H2

0 (ω))
2) and (un)t converges to ut in L2([0, T ], L2(ω)).

By Proposition 2 G(un−1, φn−1) converges to G(u, φ) in L2([0, T ], L2(ω)).
Due to Theorem 3, (un, (un)t) ∈ C([0, T ],H2

0 (ω) × H1
0 (ω)) with (un)

∣

∣

t=0
= u0, ((un)t)

∣

∣

t=0
= u1,

which implies that (u)
∣

∣

t=0
= u0, ((u)t)

∣

∣

t=0
= u1.

By the assumption (u0, u
1) ∈ H2

0 (ω) × H1
0 (ω), un ∈ C([0, T ],H2

0 (ω)), (un)n>2 converges to u in
L2([0, T ],H2

0 (ω)).
Let v ∈ L2

(

[0, T ],H2
0 (ω)

)

be such that vt ∈ L2
(

[0, T ], L2(ω)
)

, vtt + ∆2v ∈ L2
(

[0, T ],H−2(ω)
)

,
v(x1, x2, T ) = 0 and vt(x1, x2, T ) = 0.

Since un is a solution of (Pn), by virtue of the transposition theorem, see [3, 5], we deduce that
∫ T

0

∫

ω

un(vtt +∆2v) =

∫ T

0

∫

ω

G(un−1, φn−1)v +

∫

ω

u1v(0) −

∫

ω

u0vt(0).

We have un converges to u in L2([0, T ],H2
0 (ω)), then

∫ T

0

∫

ω

un(vtt +∆2v) converges to

∫ T

0

∫

ω

u(vtt +∆2v),

and using Proposition 2 and
∫ T

0

∫

ω

G(un−1, φn−1) =

∫ T

0

∫

ω

F1(un−1, φn−1) + p,

we deduce that
∫ T

0

∫

ω

G(un−1, φn−1)v converges to

∫ T

0

∫

ω

G(u, φ)v,

and so
∫ T

0

∫

ω

u(vtt +∆2v) =

∫ T

0

∫

ω

G(u, φ)v +

∫

ω

u1v(0) −

∫

ω

u0vt(0).

By the transposition theorem, we obtained that u is a solution of the problem (P).
In summary, we have proved that (u, φ) is a solution of the thermoelastic von Karman evolution.
Step 3: We now prove the uniqueness. Assume that there exist two solutions (u1, φ1) and (u2, φ2)

in L2([0, T ], (H2
0 (ω))

2 ×H1
0 (ω)).

For some c > 0 being sufficiently small and according to step 1, we have that

‖u1‖ 6 c, and ‖u2‖ 6 c.

This implies that u1 − u2 and (φ1 − φ2) satisfies the following problem:

(P3)























(u1 − u2)tt +∆2(u1 − u2) = G(u1, φ1)−G(u2, φ2) in ω × [0, T ],
∆2(φ1 − φ2) = −[u1, u1] + [u2, u2] in ω × [0, T ],
u1 − u2 = ∂ν(u

1 − u2) = φ1 − φ2 = ∂ν(φ
1 − φ2) = 0 on Γ× [0, T ],

u1(x1, x2, 0)− u2(x1, x2, 0) = 0 in ω

(u1)t(x1, x2, 0) − (u2)t(x1, x2, 0) = 0 in ω,

which means that (u1 − u2, φ1 − φ2) is a solution of the problem (P3).
Proposition 2 with k = µ = η = 0, Proposition 3 and Theorem 1 ensure that there exists 0 < c2 < 1

such that
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‖u1 − u2‖∗ 6 eT
∫ T

0

∣

∣F1(u
1, φ1)− F1(u

2, φ2)
∣

∣

2

2,ω

6 eT
∫ T

0

c21
(

‖u1 − u2‖2 + |u1t − u2t |
2
2,ω

)

6 eT c22

∫ T

0

‖u1 − u2‖∗.

Since the constant c > 0 is small and thus 0 < c3 = TeT c22 < 1, it follows that
∫ T

0

‖u1 − u2‖∗ 6 c3

∫ T

0

‖u1 − u2‖∗,

which, with 0 < c3 < 1, immediately yields ∀0 ≺ t ≺ T u1 = u2 in ω and φ1 = φ2 in ω.
After the variational problem of (P) and (Pn), we have for all v ∈ L2([0, T ],H2

0 (ω))
∫ T

0

∫

ω

((un)tt − utt)v +

∫ T

0

∫

ω

∆(un − u)v −

∫ T

0

∫

ω

(F1(un−1, φn−1)− F1(u, φ))v = 0. (6)

Now, we can pass with the limit n −→ +∞ in (6) we find that

(un)tt ⇀ utt weakly in L2
(

[0, T ], L2(ω)
)

,

then utt ∈ L2([0, T ], L2(ω)).
We conclude that the dynamic von Karman equation with viscous damping, without rotational

inertia, has one and only one weak solution (u, φ) in L2
(

[0, T ], (H2
0 (ω))

2
)

.
The proof of the theorem is completed. �

4. Numerical application

Let ω be defined by

ω =]0, 1[×]0, 1[⊂ R
2

and T > 0. In order to solve numerically the problem (P), we introduce an uniform mesh of width h.
Let ωh be the set of all mesh points inside ω with the internal points

xi = ih, yj = jh, i, j = 1, . . . , N − 1, h =
1

N + 1
, ∆t =

1

T
.

Let ωh be the set of boundary mesh points and uh be the finite-difference approximation of u.
For approaching the weak unique solution of the dynamic nonlinear plate coupled, we then use the

following discrete model of von Karman evolution developed by Bilbao and Pereira in [4, 6, 7]:

(∗)



























δ2t u
n
ij + d0(xij)g0(δtu

n
ij) + ∆2

hu
n
ij = [unij v

n
ij + Fij ] + pij in ωh,

∆2
hv

n
ij = −[unij u

n
ij] in ωh,

u0ij = (ϕ0)ij, δtu
0
ij = (ϕ1)ij , in ωh,

unij = vnij = 0 on ωh,

∂νu
n
ij = ∂νv

n
ij = 0 on ωh

with the following discrete differential operators:

δ2t u
n
ij =

un+1

ij − 2unij + un−1

ij

(∆t)2
, δtu

n
ij =

un+1

ij − unij

∆t
,

∆2
hu

n
ij = h−4

[

uij−2 + uij+2 + ui−2j + ui+2j − 8(uij−1 + uij+1 + ui−1j + ui+1j)

+ 2(ui−1j−1 + ui−1j+1 + ui+1j−1 + ui+1j+1)− 20uij
]

,

δ2xu
n
ij =

uni+1j − 2unij + uni−1j

(h)2
, δ2yu

n
ij =

unij+1
− 2unij + unij−1

(h)2
,

δ2xyu
n
ij =

uni+1j+1 − uni+1j−1 − uni−1j+1 + uni−1j−1

(2h)2
,
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[

unij , v
n
ij

]

= δ2xu
n
ijδ

2
yv

n
ij − 2δ2xyu

n
ijδ

2
xyv

n
ij + δ2yu

n
ijδ

2
xv

n
ij.

We have transformed the above problem to the numerical resolution in two steps itemized as follows.
First step: We use the numerical procedure of 13-point formula of finite difference developed by

Gubta in [8] for illustrating the weak solution of the following biharmonic problem:






∆2v = f1 in ω,

v = g1 on Γ,
∂νv = g2 on Γ.

Second step: According to the first and second steps, we use the discrete model of von Karman
evolution (∗) for illustrating the unique solution of the structural interaction model coupled with the
dynamic von Karman evolution.

4.1. Non-coupled approach

In [8], Gubta presented a numerical analysis of finite-difference method for solving the biharmonic
equation. Such method is known as the non-coupled method of 13-point formula of finite difference.

Proposition 4 (Ref. [8]). The 13-point approximation of the biharmonic equation for approaching
the unique solution v of the problem (P) is defined by

(1)

{

Lhvij = h−4 [vij−2 + vij+2 + vi−2j + vi+2j − 8(vij−1 + vij+1 + vi−1j + vi+1j)
+2(vi−1j−1 + vi−1j+1 + vi+1j−1 + vi+1j+1)− 20vij ] = f1(xi, yj)

for i, j = 1, 2, . . . , N − 1, where we set vij = v(xi, yj).

Remark 1. When the mesh point (xi, yj) is adjacent to the boundary ωh, then the undefined values
of vh are conventionally calculated by the following approximation of ∂νv:

vi−2,j =
1

2
vi+1,j − vij +

3

2
vi−1,j − h(∂xv)i−1,j ,

vi,j−2 =
1

2
vi,j+1 − vij +

3

2
vi,j−1 − h(∂yv)i,j−1,

vi+2,j =
1

2
vi+1,j − vij +

3

2
vi−1,j − h(∂xv)i+1,j ,

vi,j+2 =
1

2
vi,j+1 − vij +

3

2
vi,j−1 − h(∂yv)i,j+1.

4.2. Example

Let the analytical body force and lateral forces:

F0(x, y) = ye−x2−y2 , ϕ0 = 1510−6x2y2(x− y − 1)2(y − 1)2e−x2−y2 ,

p(x, y) = 0.01x(x − y)e−x2−y2 , ϕ1 = 1510−6(sin(πx) sin(πy))2,

d0(x)g0(ut) = 10−3e−x2−y2ut.

Fig. 1. Displacement of plate,
t1 = 0.2 s and t7 = 60 s.

Fig. 2. The Airy stress function,
t1 = 0.2 s and t6 = 60 s.
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5. Conclusion

The dynamic von Karman equations about a flexible phenomenon of small displacement play an inter-
esting place in nonlinear oscillation of elastic plate. When the plaque is acted with an active damping.
In this paper, we describe an iterative method for establishing the existence and the uniqueness of the
weak solution for the von Karman equations plate. The original idea of this technique is based on the
construction of a sequence-solution which approximates in a certain sense the solution of our initial
problem. Our approach is in fact a good tool, simple and is practical, for illustrating the solution of
our problem in the numerical point of view.
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Динамiчнi рiвняння фон Кармана з в’язким загасанням

Ель-Аккад Б.1, Удаанi Дж.2, Ель Муатасiм А.2

1Коледж Iдлсан–Уарзазат, Марокко
2Факультет математики та менеджменту, Унiверситет Iбну Зор,

Полiдисциплiнарний факультет, поштовий iндекс 638, Уарзазат, Марокко

У цiй статтi цiкавимося динамiчними рiвняннями фон Кармана в поєднаннi з в’язким
демпфуванням i без обертальних сил, (α = 0) [Chueshov I., Lasiecka I. (2010)], ця за-
дача описує явище вигину та гнучкостi малих нелiнiйних коливань вертикального
змiщення пружних пластин. Наша фундаментальна мета полягає в тому, щоб вста-
новити iснування та єдинiсть слабкого рiшення для так званої глобальної енергiї за
припущення F0 ∈ H3+ε(ω). Накiнець, для iлюстрацiї теоретичних результатiв вико-
ристано метод скiнченних рiзниць.

Ключовi слова: рiвняння фон Кармана; нелiнiйнi пластини; в’язке демпфування;

iнерцiя обертання; незв’язаний метод; метод скiнченних рiзниць.
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