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Abstract. Purpose. A mathematical model to determine the two-dimensional thermoelastic
state in a semi-infinite solid weakened by an internal crack under conditions of local heating is
examined. Heat flux due to frictional heating on the local area of the body causes changes in
temperature and stresses in the body, which significantly affects its strength, as it can lead to crack
growth and local destruction. Therefore, the study of the problem of frictional heat is of practical
interest. This paper proposes to investigate the stress-deformed state in the vicinity of the crack tip,
depending on the crack placement.

Methodology. The methods for studying the two-dimensional thermoelastic state of a body with
cracks as stress concentrators are based on the method of complex variable function. Reducing the
problem of stationary heat conduction and thermoelasticity to singular integral equations (SIE) of the
first kind, the numerical solution by the method of mechanical quadrature was obtained.

Findings. In this paper, we present graphical dependencies of stress intensity factors (SIF) at
the crack tip on the angle orientation of the crack as well as forms of the intensity distribution of the
local heat flux. The obtained results will be used later to determine the critical value of the intensity
of the local heat flux from equations of limit equilibrium at which crack growth and the local
destruction of the body occur.

Originality. The scientific novelty lies in the fact that the solutions to two-dimensional problems
of heat conduction and thermoelasticity for a half-plane containing a crack due to local heating by a
heat flux were obtained. This would make it possible to obtain a comparative analysis of the intensity
of thermal stresses around the top of the crack, depending on the form of distribution of the intensity
of the heat flow on the surface of the body.

Practical value. The practical value is the ability to extend our knowledge of the real situation
in the thermoelastic elements of engineering structures with the crack that operate under conditions of
heat stress (frictional heat) in various industries, particularly in mechanical engineering. The results
of specific values of SIF at the crack tip in graphs may be useful in the development of sustainable
modes of structural elements in terms of preventing the growth of cracks.

Keywords: crack, heat flux, heat condition, thermoelasticity, stress intensity factor, singular
integral equation.
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Review of Modern Information Sources on the Subject of the Paper

Previously, cases of a half-space with one internal [7, 8] or edge cut [9], as well as corresponding
problems for a periodic system of such cracks [10, 11] were considered. It was assumed that the heating of
the half-space by the heat flow takes place on a section of its surface that is finite in width. The intensity of
heat flow distribution was constant, and uniform over the entire heating arca. This case of thermal load
distribution corresponds to the complex modes of operation of friction nodes when the pressure on the
contact area is equalized. However, most often in engineering calculations, an elliptical (Hertzian) pressure
distribution, and the corresponding heat flow intensity are used [1]. Additional consideration of the
microgeometry of bodies corresponds to the quasi-Hertzian (for example, parabolic) contact pressure
distribution or a combination of Hertzian and oscillating distributions [12]. Therefore, it is important to
analyze and compare the results of the calculations of the stress intensity coefficients near the tips of the
internal crack, which correspond to the local heating of the surface of a semi-infinite body by a heat flow
that has a different form of the intensity distribution.

The problem of thermal conductivity
The temperature T (x, y) of the half-space with a crack is written as the sum of the temperature
1; (x, y) of the half-space without a crack and the temperature disturbed due to the presence of a crack
T"(xy): T(xy)=T,(xy)+T (xy). The stationary temperature of the half-space without a crack

1; (x, y) from the heating of the arca |x'| <a of'the surface y'=0 by the heat flux g is determined from the

relation [7]

%(x,y):—%jq((; )lnd(x—(; )2+y2d(; +C, (1)

T
—c

I <oc,

y| <0, C is an arbitrary constant, }is the thermal conductivity coefficient.
The perturbed temperature 7" (x, y) can be found from the solution of the singular integral equation
(SIE) [7] concerning the unknown function y' (ll)

nlﬂ ! +L(r1,xl)}y'(f1)df1 =I'(x).

h—X

x| <, )
where
L(t.3) = Re[ expio )/ (¢, - .
G, =texp(io)—ih, m, =xexp(io)—ih;

~ or, (x,y) aor, (x,y) or, (x,y)
&)

F(x)= =sina —Ccosa (3)

»n=0 »n=0 »n=0

Integral equation (2) for the arbitrary right-hand side has a unique solution under the additional

condition of temperature 7" (x, y) continuity while by passing the crack contour in the form

[v'(4)dn =0, (4)
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The problem of thermoelasticity
A stationary temperature field 7, (x, y) , in the absence of internal heat sources, does not cause stress
in a single-connected half-space without a crack. Then we will find the stresses initiated by the perturbed
temperature 7" (x, y) . The singular integral equation of the corresponding problem of thermoelasticity with

respect to the unknown function Q(ll) has the form [7]

1
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O@t)=g'(t)+2iBy (l)/(l+ X) , B,=o,E,y=3-4pn. (6)

where g'(ll) is the derivative of the unknown jump of displacements when crossing the crack line; o, , £,
n are coefficient of linear thermal expansion, Young's modulus, and Poisson's ratio, respectively.

The unambiguity of movements while bypassing the contour of the crack is ensured by the

fulfillment of the condition Ig’ (#,))dt, =0 which, taking into account equality (6), will take the form
L

2iB’
1+

jQ(tl )dtl == j[1y ,(tl )dtl . (7

Equation (5) has a unique solution under condition (7).

Algorithm for solving the thermoelasticity problem: first, we find a function y '(ll) from the system
of singular integral equations of the thermal conductivity problem (2), (4) and substitute it into the system
of equations of the thermoelasticity problem (5), (7) to determine the function Q(ll) . Then we calculate the

stress intensity factors K, K, , which are real numbers characterizing the stress-strain state around the crack

tips, according to the formula [7]

K: —iK; = i}iigll1/2n [,mi|O(r,). (8)

Here, the indices «—» refer to the beginning of the crack (7, =/, ), and «+» toitsend (1, =/ ).
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Different types of heat flow intensity distribution
The temperature 7;, (x, y) in the half-space without a crack, which is heated by the local heat flux of

intensity q(x) , 1s written in the form (1). In the general case of heat flow intensity q(x) , for integration in

relation (1), a technique based on the use of piecewise-constant approximation can be used [13]
=2 4(1)6.(1). )
i=1

where

) 1
L S L R ti:(i—ﬁjét,izo,l,...,n; 5=
2 0,r€[t,,.1,]. 2

Taking into account the approximation (9), equality (1) can be written in the form

__Zq Ilnma’t-ﬁ-c

After integrating in relation (10) and determining the partial derivatives of the temperature 7 (x, y) , We

<o, y<0. (10)

obtain expressions for substituting them into the right-hand side of the thermal conductivity equation (2)

arT, (x, 1 & . A
LS LSy [ 1y
#=0 L= (x_[i—l) +y
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where x=xcosa, y=xsina—h.
Taking into account the linear dependence of the intensity of the frictional heat flow q(x) on the

contact pressure, we have
2

q(x):qos[l—z—zj , —a<x<a, (12)

where ¢, is the maximum value of the heat flow intensity. Here parameter 0<x <25 depends on the

cleanliness of the surface treatment of the body, the multiplier € is determined from the condition of equality
in the considered distributions of the total amount of heat spent on heating the half-space. Then from equality
(12) for « =0, e =1 we will get a uniform distribution of heat flow intensity, for k =0,5; e =4/n we will

get an elliptical (Hertzian) distribution, for k =1;& =1,5 parabolic heat flow distribution. In the latter case,
exact expressions for partial derivatives of temperature 7, (x, y) are also obtained

aTo(x’y) __135QO x2_y2—g21n(x—a)2+y2+
ox - A 2 (x+g)2+y2
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3. An increase in the unevenness of the heat flow intensity distribution (increasing parameter k in
formula (12) causes a slight increase in both normal (Fig. 4) and tangential (Fig. 5) stresses at the crack tips.
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