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In the current analysis, ternary hybrid nanofluid flow with heat transfer under the in-
fluence of transpiration and radiation is explored. Partial differential equations (PDEs)
of the current work are mapped by using a similarity variable to convert into ordinary
differential equations (ODEs) form. The volume fractions of the ternary hybrid nanofluid
are used in the entire calculation to achieve better results. The exact investigation of
the momentum equation produces the domain value. The impact of thermal radiation is
considered under energy equation and solved analytically with solution domain to yield
the temperature profile. Graphical representations can be used to evaluate the effects of
the factors thermal radiation, heat source or sink, and porous media. The present work is
taken into consideration for numerous industrial applications.

Keywords: ternary hybrid nanofluid; mass transpiration; porous medium; thermal radi-
ation; stretching/shrinking sheet.
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1. Introduction

Stretching sheet issues with non-viscous fluids have several implications, including the manufacturing
of glass, fibre, and plastic and rubber sheets. Researchers’ interest in sheet stretching difficulties is
demonstrated by their observation of these various applications. Sakiadis [1,2] is considered the father
of the problems with stretching sheet. Crane [3] furthered this work by simulating the flow of a fluid over
a sheet that is stretching or contracting. Numerous studies on stretching sheet issues are undertaken
with the aid of these two articles [4-8|, because of the potential for their use in many industrial
processes, examination of flows resulting from stretched surfaces through heat transfer is taken into
consideration. The quality of the material has a significant impact on how quickly it stretches in hot or
cold fluids. Maxwell [9] made the observation that improving fluid thermal conductivity can be done
by suspending a variety of materials with superior conductivity, such as solid particles. In more recent
times, Choi and Eastman [10] advanced the idea of nanofluid as a novel type of heat transfer fluid.
Recently, there has been a lot of interest in the problem of MHD nanofluid boundary layer flow
over a stretching/shrinking sheet [11-18]. Alias and Hafidzuddin [14] considered the problem of a
magnetohydrodynamic (MHD) induced Navier slip flow over a non-linear stretching/shrinking sheet
with the existence of suction. Khashi’ie N. S. et al. [15] studied the influence of suction on the flow, heat,
and mass transfer characteristics over a permeable, shrinking sheet immersed in a doubly stratified
micropolar fluid. Jalali et al. [16] studied magnetohydrodynamics (MHD) stagnation point flow in
a porous medium with velocity slip. Yahaya et al. [17] analyzed numerical solutions for the flow
of an Ag-CuO/H20 hybrid nanofluid over a stretching sheet with suction, a magnetic field, double
stratification, and multiple slip effects. Nithya and Vennila [18| considered the steady, incompressible,
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two-dimensional hydromagnetic boundary layer flow of nanofluid passing through a stretched sheet
under the influence of viscous and ohmic dissipations.

The concept of a hybrid nanofluid that contains several nanoparticles scattered in the base fluid
and is expected to provide additional significant thermophysical and rheological characteristics as well
as increasing heat transfer capabilities, has been proposed as a means of amplifying nanofluid. Both
Khan et al. [19] and Jamaludin et al. [20] investigated hybrid nanofluids in various flow scenarios.
A hybrid nanofluid algebraically decaying approach was developed by Mahabaleshwar et al. [21]. As
nanofluid technology developed, three different types of nanofluids were mixed with a base fluid to
create ternary hybrid nanofluid. According to Shakya et al. [22], the detected nanoparticles submerged
in water accelerate the heat transmission rate. Understanding the size and shape of the nanoparticles
is useful. The pioneer model, introduced by Hamilton and Crosser [23]. The properties of alumina,
copper oxide, and titanium oxide nanoparticles that carry water were studied by Kumar [24]. Abbasi et
al. [25] and Sahoo [26] have also published research on ternary hybrid nanofluid in a comparable field.
The Casson fluid, which has specific properties and is used to describe fluid behavior that deviates
from Newtonian behavior. In 1995, Casson presented this model for the flow of viscoelastic fluid. Fuel
engineers abandoned this model when describing adhesive slurries. View a few of the most current
studies by referencing [27-29].

Following analysis of the aforementioned studies, the current paper examines the flow of Casson
fluid with heat transfer while ternary hybrid nanoparticles are present. The ODEs are obtained from
PDEs with the help of similarity variables. There is proposed an example of analytical solution. The
domain and temperature profile in terms of confluent hypergeometric equation with Biot number are
obtained.

2. Mathematical model and solution

Casson fluid flow follows a steady state 2D flow A

created by a sheet that is stretching with veloc- Casson fluid flow

ity at uy. The mass transfer speed at the plate’s

surface is also v,,. For instance, v,, = 0, v, > 0, + Qe S Porous
and v, < 0 represent impermeable, suction, and ¢ e *&*. .medlum

injection examples, respectively. According to
Fig. 1, three distinct shaped nanoparticles are
injected into a fluid flow. The governing equa-
tions for the boundary layer include the equa-
tion of continuity and Navier’s Stokes equation,

o 6*.

$44bigsid

”(X,J/) = uw+ uslip -~ O_) u(xay) = Z’lw-i_ Z’lslip

... .. + 56§06 + §*§*§ = Ternary nanofluid

which can be defined as follows |34, 35]: AlLO, Single wall CNT Graphene
@ I @ —0, (1) Fig. 1. Physical model of Casson fluid flow.
or Oy
ou ou 1 Op 1 ( 1> O’u pung
Up— + V= ———— + I+ %) 55— L 2
or Oy Pinf O ping A) oy?  Kpmg @)
T T n 2T 1 . T — Ty
LT T Ky 0 04, Qo (T —Tw) (3)

- + vV— = _
oz 0y (pcp)mf oy? (pcp)tnf dy (pCp)mf
suitable boundary conditions (B. Cs.) are [30]
w(,y) = ww + ustip, v(@,y) =ve at y=0,
or
—/ﬁa—y:h(Tw—T) at y=0, (4)

u(z,y) =0, T =Ty, at y— oo,
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where u and v are the velocity components along x and y-direction, py, s is the density of the ternary
hybrid nanofluid, js is the dynamic viscosity of the ternary hybrid nanofluid, ryy is the ternary
hybrid nanofluid’s thermal conductivity, p is the pressure, K is the permeability of a porous medium
and T is the temperature of the ternary hybrid nanofluid, (pCp )y is the ternary hybrid nanofluid’s
heat capacity.

In expression (4), u,, = +az indicates velocity of a sheet, a = const. Then the velocity gap slip at
stretching sheet is given by

M

W“wv (5)

where the 1st and 2nd order slip coefficients due to velocity shearing are as
bs =2(3 =Tf*)/(3T) — (1 — f*)/ K,

s = 14+ (1~ f2)/(2K7),
where § is the mean free path of gas molecules, M = psv,, is mass flux at the wall, ps is the density
of the base fluid, I" is the accommodation coefficient, ranging from 0 to 1, K, is the Knudsen number,
and nu is mean molecular speed.
Then the resulting slip velocity can be rewritten as

2
Uslip = bség—z — 63522—;; + miax, (6)

2
Uslip = bsOUy — 50 Uyy +

where my = 4v,,/(I'D).
Here is an introduction to the stream function v and similarity variable n

T — Ty 0 0
V(z,y) = wvvaf(n), 00n) = 77—, u:a—j, vz—a—f. (7)

f(n), O(n) are the dimensionless functions, T}, is the temperature at the wall, and T, is the ambient
temperature. Using Eq. (7),

u(z,y) = axfy(n), v=—yvraf(n). (®)

The value of the heat flux, ¢,, can be calculated using Rosseland’s approximation as follows [31-33|:

* gpd
4 = —?‘,)Z* 86% (9)
The temperature 7% expand as
T =T + 4T3 (T — Too) 4+ 6T2 (T — To)* + . . .. (10)
In Eq. (10), we neglected the higher order term to get the equation as
T = —37% — 4T3 T. (11)

Equation (11) is substituted into Eq. (9), and the resulting value is
dqr  160*T3 0°T

= —. 12
oy 3k*  Oy? (12)
On substituting Egs. (7), (8) and (12) in Eq. (2) and (3) to get the following ODEs
1
(1 ; K) 1oy — 22/ + 2af o — Dalerf, = 0, (13)
(€4 + R)Oyy + Presf, + QPré =0, (14)
associated B. Cs. reduces to
Vw
f(O) = _\/m = Ve fn(o) =d+ 61f7m(0) + 52f777777(0)7 (15)

fa(20) =0, 6(c0) =0, 6,(0) = —Bi(1 - 6(0)),
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. . o - py _ 160*T3
where V, is velocity of mass transpiration, Da~! = Kora is the inverse Darcy number, R = —— >

is the radiation parameter, ¢* and k* are the Stefan—Boltzmann constant and the mean absorption
coefficient, respectively; 61 = bs6, /7~ and = —0552— are the 1st and 2nd order slips, d = (1 4+ my)

is the stretching/ shrinking parameter, Pr= ”C;P is the Prandtl number, Q = pgga is heat source/sink

parameter, Bi = %\/g is the Biot number.
Additionally, the ternary nanofluid quantities are as follows [36-38|. Let the ternary hybrid fer-
rofluid be composed of three sorts of nanoparticles, denoted by indices 1, 2, and 3.

_ Hnf _ Bio1 + Baga + B3¢

1223 ¢ |
e — f’;_ff :1—¢1—¢2—¢3+¢1psf; +¢2[§:j +¢3Zﬁ’

(pCp)t Py (p p) (p :U) (pCp)
cr = DI 1y gyt i g gy P e
P (oG, T Gy T Gy (G

_ Kimf _ Bagr + Bsda + Bsgs

s ¢ ’

where ¢ = ¢1 + ¢ + ¢3 is the overall volume fraction is the summation of the volume concentration
of three dissimilar kinds of nanoparticles.
By =M 4 {956 1 6.2¢2,
M
Knf,  Kspy T 267 =20 (Kf — Ksp, )

By = = )
Kf Kspy + 265 + @ (Kp — Kspy)

By = 222 1 {1356 4+ 904.4¢2,

Ky
Bs — Fnfy _ Fspy + 3.95¢ —3.99 (Kt — Kapy)
Ky Ksps T 3.96F + @ (Kf — Kspy)
By = — 113716 + 612,647,
Hf
Be — Fnfs _ Fsps + 4Tk — 470 (Kt — Kepy)
Ky Kepy +4.Tkf + ¢ (Kf — Kspy)

3. Analytical solution for momentum and energy equation

Let us assume the solution of Eq. (13) as follows [39,40]

_ [1 — exp(—an)]
fn) = Vc_i_doz(l—l—(ﬁoz—égoﬂ)’ (16)

On using Eq. (16) in Eq. (13) to yield the following 4th order solution
ma* +na® + 0a® 4+ pa + q = 0. (17)

1 1
m = 0y <1+K> €1, N =— <<1+K> 61(514-5282‘/0),

1
0= 0189V, — <1+K> €1 —€1Da_152, p:€2V0+z—:1Da_151,

Here

q=¢e2(1+mq)+eDa?
As a result, the skin friction Cy is as follows [41,42]

Cpy/Rey = — (1 + %) ( da . (18)

1+ 510[ — (520[2)
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Now, consider a new variable in order to solve the Eq. (14) as [43-45]

Pr
¢ = —5 exp(—an). (19)
Applying (19) to the equation (14) we get the following equation:

520 Vea(l + 01a — 52a2) +d
(e B + { (ca+ 1) — oy P (L B0 = 1)

d€3 00 QPI“
—+=—0=0. (2
+(1—|—510z—520z2)£} 0¢ + aZé 0=0. (20
The reduced B. Cs. become

ae <Z§> = Bi (1-9(%)), 6(0) = 0. (21)

Voo (1 +51a—52a2) +d 5= d
a? (14 01 — 6202) ’ (1461 — d202)’

Using new notation

A:(€4—|—R)—€3Pr<

Equation (20) can be rewritten as

829 Q Pr
652 + {A + /8835} 6

Solving Eq. (22) by using B. Cs. of Eq. (21), we obtain the following result:
e~tmBi M (b,1+ D, —Begtpeom)

(64 +R)¢

9=0. (22)

() = : (23)
(Bi+ba)M (b1 + D, —Bes ) — LEPEM (b+1,2+ D, —fzs 1% )
where
4Q Pr
b_B+\/m B Pre Vea (14610 — 6202 + d) D g A4QPr
B 2 T T B U0 e —6a2+d) ) T (e4+ R)a?’

4. Results and discussion

The current research takes into account tn f flow with heat transfer under the influence of mass transpi-
ration and thermal radiation stands for a colloidal mixture of three different particle types: graphene,
single-walled CNTs, and Al,O3. Ternary hybrid nanofluid is increases the efficiency of heat transfer.
The ODEs of the problem is obtained from the mapping the PDEs equation with similarity variables.
The solution domain is obtained from solving the momentum equation and then heat equation veri-
fied analytically to get the confluent hypergeometric equation with Biot number. The findings of the
present work can be discussed in the following ways using these graphical representations.

Figures 2 and 3 depict a verses Vi and d; for raising the values of m; respectively. We observe
the dual nature behavior that is blue solid lines indicate upper branch of solution and red solid lines
indicate the lower branch of solution. While the values of « are raising then the values of m; also
raising for upper branch of solution but the case is reversed for lower branch of solution that is raising
the values of « will decreases the values of my. It is also conducted that on increasing the values of
Ve and 41 the domain « value also increases.

Figures 4 and 7 indicate f(n) verses n for raising mi, A, 1, and dy respectively. In Figure 4 f(n)
decreases with raising m; values, also we observe the same behaviour at Figures 5 and 7 that is on
raising f(n) values decreases the values A, and d2. But this effect is reversed at Figure 6, here f(n)
raises with 6;. Impact of f,(n) on n for various values of A, Vi, 1, and d5 respectively indicated at
Figures 8-11. Figure 8 explains that raising the values of f,(n) lowers the values of A, similarly the
same impact observed at Figures 9 and 10 that is raising f,(n) lowers the values of V¢, and §;. But
this effect is reversed at Figure 11, here raising values of f,(n) raises the values of ds.
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The plots of 6(n) verses n for raising the values of @, Bi, 01, and dy respectively indicated at
Figures 12-15. In Figure 12 raising 6(n) raises the values of @, similarly the same impact observed at
Figure 13 that is 6(n) increases with increasing the values of Bi. However, this impact is reversed in
Figures 14 and 15, where 6(n) decreases as the values of d;, and Jy increase.

5. Conclusion

The study of Casson fluid flow with heat transfer in the presence of radiation and transpiration is what
the current paper is all about. The ternary nanofluid materials are immersed in the flow of a fluid to
get the better thermal efficiency of the fluid. The PDEs mapped with similarity variables to get ODEs
and then these ODEs are solved analytically. The findings of the current research are then displayed
using a graphical layout and with controlling parameters, at the end we concluded following points.

1. « increases with increasing the values of m; for upper branch of solution but this effect reversed
for lower branch of solution.
2. Increasing Vo and 67 values raises the values of a.
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3. Values of f(n) decays with raising the mj, A, and Jo values. But f(n) raises with raising the
d1value.

4. f,(n) decays with raising the A, Vi, and 6; values. But f,(n) raises with raising the 5 values.

5. O(n) raises with raising the @, and Bi values. But 6(n) decays with raising d;, and J, values.
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Teuin l'lOTpII/lHOI I'I6pVI,D,HOI HaHOpI,D,VIHVI BVIKJ'IVIKaHa TenJjiosnm

BI/II'IpOMIHI'OBaHHFIM i MacoBolto Tpchnlpau,lero B nopuctomy J'II/ICTI

uo po3Tsa I'yGTbCSI/CTVICKaETbCﬂ

Bimamaxmi A. B.Y, Ko M. 1.2, Maxa6anemsap Y. C.!, Cappic I. E.3

L Daxyavmem mamemamury, Yrisepcumem Jasarzepe,
ITisazanzompi, Jlasanzepe, Indis 577 007
2 Inemumym monoxpucmanic HAH Yxpainu,
np. Hayxu 60, 61072 Xapxis, Yrpaina
3 Daxyavmem mawunobydysannsa, Ynieepcumem 3axionoi Ammuru,
eyn. Tison ma II. Paai 250, 12244 Adinu, I'peuis

V it poboTi MOCTITKYETHCST TeUist HOTPIHHOI TiOPUIHOT HAHOPIIUHU TT0 TIOPUCTOMY JIUCTY,
IO PO3TATYETHCs / CTUCKAETHC, 3 TEIJIOOOMIHOM I1i7] BILIMBOM TPAHCIIPAIT Ta BUIPOMIHIO-
BaHHsi. BukopucroByroun 3MminHi 1101001, OCHOBHI PIBHSIHHS B 9aCTUHHUX ITOXITHAX JIJTs TTi€T
3a/1a9i IEPEeTBOPEHO y 3BUYaiiHi qudepentiitai piBasanas. st orpumanHst OibIIT KOPEKT-
HUX PEe3YJIbTATIB y OOYUCIECHHIX BUKOPUCTOBYBAJUCS O0’€MHI YACTKM MOTPiftHOI ribpu/I-
HOI HaHOpiaAMHU. SHANIEHO TOYHMI AHAJITUIHNUI PO3B 30K PIBHSIHHS PyXy Ta BU3HAYEHO
0o0JtacTh #Oro icHyBaHHs. BIJIMB TEIIOBOrO BUIPOMIHIOBAHHS PO3IVIANAETHCSI B MeXKax
DIBHSIHHSI €HepPril Ta PO3B’SI3y€ThCs AHAJITUYIHO /I OTPUMAHHS TEeMIEPATYPHOTro mpodi-
ao. [logani y Burisiai rpadikiB pe3ysbTaTu BUKOPUCTOBYIOThCH JJjIs aHAJI3y (HDaKTOPIiB
BILIMBY TEIJIOBOIO BUIIPOMIHIOBAHHS, JIZKEPEJIa U1 CTOKY TEILIa Ta IOPUCTOCTI CEPETOBHIIL.
Orpumani y poboTi pe3yIbTaTi MOXKYTh 3HAWTH MIMPOKE 3aCTOCYBAHHS B PI3HUX TaJIy3sX
ITPOMUCJIOBOCTI.

Knw4osi cnoa: nompitina 2i6pudha HaHOPIOUNHG; MACO8A MPAHCNIPAYLL; NOPUCTE Ce-
Pedosuwe; MENnA08e BUNDOMINIOBAHHA; DOSTMALYCAHHA/ CIMUCHEHHA AUCTNA.
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