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Abstract.
1
 The study simulated heat transfer in alumina-

water nanofluid in a natural convection flow and Ray-

leigh-Benard configuration considering the Brownian 

motions and fractal structure of the nanofluids. The simu-

lations were based on a two-dimensional, Eulerian-

Eulerian method. Many simulations have been performed 

to examine the effect of aspect ratio, heat flux, and param-

eters related to the structure of the nanoclusters including 

size, fractal dimension, and volume fraction on the natural 

convective heat transfer coefficient. The comparison be-

tween the simulation results and the experimental data of 

heat transfer coefficient indicates a good agreement. The 

simulation results indicated that the enhancement of as-

pect ratio, heat flux, and fractal dimension increases the 

heat transfer coefficient. On the other hand, the reduction 

of nanoclusters and nanoparticle size decreased this coef-

ficient. Moreover, the simulation results showed that in 

high heat transfer fluxes, the heat transfer coefficient first 

increases by increasing the nanoparticles solid volume 

fraction and then decreases. However, heat transfer coef-

ficient decreased steadily with the increase in the nanopar-

ticles solid volume fraction in low heat transfer fluxes. 

The results suggested that using the nanoparticles Brown-

ian motion mechanism along with their fractal structure 

can be well-applied in natural-convection heat transfer 

modelling of nanofluids. 

 

Keywords: nanofluid, alumina-water, nanoclusters, frac-

tal dimension, natural convective heat transfer coefficient. 

1. Introduction 

Cooling and heating systems play a critical role in 

most of the most essential systems in different industries 

and heat transfer fluids. Technological developments have 

brought about to a new kind of heat transfer fluid, known 
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as nanofluid, with superior performance over its conven-

tional counterparts. Nanofluids are suspended mixture of 

solid nanoparticles in a base fluid. The usual nanoparticles 

used for this are carbon nanotubes, metals, and metal 

oxides with the usual base fluids as water, ethanol, eth-

ylene glycol, and industrial oils.
1
 The steady increase in 

the applications of nanofluids in heat transfer systems, 

engine oils, lubricants, etc., has attracted the researchers to 

these fluids. Studies show that compared to the conven-

tional fluids and suspensions with larger dimensions, 

nanofluids have higher heat transfer coefficients and sus-

pension stability.
2
 

As a heat transfer mechanism, natural convection 

has been used in different applications, although contra-

dictory results have been obtained from numerical studies 

and experimental investigations in using nanofluids natu-

ral convective flow. Some of the seminal studies in this 

regard have been done by Kouloulias et al.,
1
 Hadad et al.,

3
 

and Ma et al.
4
 Their results show that adding nanoparti-

cles to the fluids increases natural convective heat trans-

fer, whereas Meng and Li,
5
 Kouloulias et al.,

1
 and Ilyas et 

al.
6
 show that nanoparticles reduce natural heat transfer. 

Many parameters are involved in natural convec-

tive heat transfer, some of which are Brownian motions, 

thermal conductivity, sedimentation and dispersion of 

nanoparticles, nanoparticle structure, and formation of 

nanoclusters because of the nanoparticle aggregation.
7
 

Sheikhzadeh et al.
8
 examined the mixed convection of 

alumina water nanofluids in the cavity in a numerical 

study. Their model showed that using thermal conductivi-

ty and viscosity leads to different Nusselt numbers. 

Ehteram et al.,
9
 Ghasemi and Aminsadat,

10
 Aminfar and 

Haghgoo,
11

 and Haddad et al.
12

 examined the effect of 

Brownian motion of nanoparticles on natural heat transfer, 

showing that Brownian motion is a key mechanism in 

increasing the natural heat transfer of nanofluids. 

Furthermore, different researchers have conducted 

some studies showing that besides the Brownian motions, 

nanoclustering of nanoparticles affects heat transfer in 

nanofluids.
13-16

 Their studies show different results. Hong 

and Kim,
13

 and Shalkevich et al.
14

 suggested the positive 

effect of nanoclustering on heat conduction, whereas 

Hong et al.,
15

 and Wu et al.
16

 stated that the enlargement 
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of nanoclusters decreases heat conduction. These differ-

ences may be due to the non-simultaneous consideration 

of the Brownian motion of nanoparticles and their cluster 

structure. 

Various researchers have studied the motion of par-

ticles in a fluid. Eulerian-Eulerian and Eulerian-

Lagrangian models are generally used. Sadeghi et al.
17

 are 

used the Eulerian-Eulerian model to investigate the effect 

of nanoparticles on laminar force convection heat transfer. 

Artyukhor and Sklabinsky
18

 also used the Eulerian-

Lagrange model to study the hydrodynamics of particles 

the workspace of the vortex granulator. Nagursky et al.
19

 

and Kindzera et al.
20

 also investigated the heat transfer 

between the particle and the continuous fluid. 

The study is conducted to examine the role of 

Brownian motions, size and cluster structure of nanoparti-

cles in enhancement of nanofluids heat transfer. Moreo-

ver, the purpose was to study the effect of configuration 

length, heat flux, solid volume fraction and size of nano-

particles on natural convective heat transfer of alumina-

water nanofluid in a Rayligh-Benard configuration using a 

two-phase Eulerian-Eulerian model. 

2. The Geometry and Governed 

Equations 

We numerically examined heat transfer by alumi-

na-water nanofluid in a Rayleigh-Benard configuration in 

steady state conditions. The geometry used in the study is 

identical to the geometry of an experimental study previ-

ously done by Kouloulias et al.
1
 The geometry is a cube 

container with a heater on the base, a cooler on the top, 

and insulated side walls. Fig. 1 shows a schematic of the 

geometry used. The length of each side is considered 

10 cm. The cube contains alumina-water nanofluid with 

0.0003, 0.0006, and 0.0012 solid volume fractions and 

19531.3, 23437.5, and 27343.8 (W/m
2
) heat fluxes. 

In this investigation, water is the continuous phase 

and alumina nanoparticles as nanoclusters are considered 

the dispersed phase. The governing equations are pro-

posed based on the finite volume method and with the 

assumption of laminar and two-dimensional flow in heat 

transfer mechanism. 

2.1. The Governed Equations  

and Numerical Methods 

Continuity equation is as follows: 

                      (1) 

Here, t,  are time, local velocity, density 

and local volume fraction of  phase, respectively (  

phase can be nanocluster phase c or water phase l). 

 
 

Fig. 1. Schematic diagram of the studied configuration 

 

Momentum equation is: 

 

                         (2) 

Here, ,  , and  are volume fraction, den-

sity, local velocity and dynamic viscosity of the phase, 

respectively.
21

 

In Eq. (2), is the drag force. This force can be 

defined using the following equation. 

          (3) 

In this equation,  is the drag coefficient calculat-

ed using a Schiller-Naumann's model.
22

 is the 

Buoyancy force in Eq. (2). Boussinesq model is used for 

density variations. This force is defined by the following 

equation:
16

 

      (4) 

Here, , , , , g are thermal expansivity 

and temperature of  phase, reference temperature, refer-

ence density and gravitational acceleration, respectively. 

In Eq. (2), originates from the Brownian mo-

tions of nanoclusters in a nanocluster phase. This force 

can be defined through following equations:
23

 

             (5) 

Here, ∆t, υ, Tc, , kB, dnc, ρnc, ρl are the time step, 

kinematic viscosity of water, nanoclusters temperature, 

standard normal distribution Boltzmann constant, nanoclus-

ter diameters, nanoclusters and water density, respectively. 

Heat transfer equation for obtaining temperature 

distribution of nanoclusters and water are as follows: 

          (6) 
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Here, e , k , T  are internal energy, thermal con-

ductivity and temperature of  phase, respectively.  is 

the heat flux between two phases of nanoclusters and 

water. This flux is calculated from the equation presented 

by Ranz-Marshal
16

 which is: 

                    (7) 

 

 

Here, , , , and  are average velocity of 

nanoclusters in the container, dynamic viscosity, heat 

capacity, and thermal conductivity of water, respectively. 

Nanoclusters have fractal structure, which is the 

reason for the differences between their solid volume 

fraction and density with nanoparticles that constitute 

them. Solid volume fraction of nanocluster is calculated 

from the following equation:
24

 

             (8) 

             (9) 

Here, Rg, Rp, rp, rnpc, D32, and df are nanocluster ra-

dius, nanoparticle radius, solid volume fraction of nano-

particles, solid volume fraction of nanoparticles in each 

nanocluster, average diameter of nanoclusters and fractal 

dimension, respectively. 

Nanoparticle density is calculated from the follow-

ing equation: 

 

                          (10) 

Here, rnpc and ρp are solid volume fraction of nano-

particles in each nanocluster and nanoparticle density, 

respectively. 

Heat capacity of nanocluster (Cnc) is calculated 

from the following equation.
17

 

                 (11) 

Cp in this equation is the nanoparticle heat capacity. 

Heat conduction (Knc) of each nanocluster is calcu-

lated from the following equation:
25

 

           (12) 

 

 

Here, Kp, Cp, ρp are nanoparticles heat conductivity, 

heat capacity and density, respectively. 

Following equations are used for comparison of the 

simulation results with the experimental data: 

                                     (13) 

                       (14) 

Here, q, Th, and Tc are convective heat flux, tem-

perature of the hot wall and temperature of the cold wall, 

respectively. 

Percentage of error is calculated using the follow-

ing equation. In this equation, hsim and hexp are simulated 

and experimental conductive heat transfer coefficients, 

respectively. 

                (15) 

Aspect ratio (ratio of the height to the length of the 

container) is calculated from the following equation: 

                                   (16) 

H and L are the height and the length of the con-

tainer, respectively. 

The governing equations of heat and momentum 

were solved based on finite element numerical method in 

ANSYS CFX 15 commercial software. The boundary 

conditions of no-slip, adiabatic, constant heat flux and 

isotherm for the walls were considered according to 

Fig. 1. The independence of the grid with different num-

bers of 8100, 9025, 10000, and 11025 elements was ex-

amined to calculate the heat transfer coefficient. These 

calculations show that increasing the number of elements 

to more than 10,000 does not lead to a large change in the 

heat transfer coefficient. Therefore, the number of ele-

ments was considered 10,000. Fig. 2 shows the computa-

tional grid with the quad elements used in this study. In 

this figure, the grid near the walls has become refine due 

to the increase in velocity and temperature gradients. The 

convergence criterion in the calculations was to reduce the 

momentum, continuity and energy residual diagrams to 

less than 10-4. 

 

 
 

Fig 2. Computational grid 
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3. Results and Discussion 

The study used the two-phase Eulerian-Eulerian 

model to examine the effect of Brownian motions on 

natural convective heat transfer in alumina-water nanoflu-

id. Heat transfer coefficients were calculated in different 

conditions with the effects of various parameters like the 

aspect ratio (height to length ratio of the container), heat 

flux, nanoclusters sizes and fractal dimensions, solid vol-

ume fraction of nanoparticles and the size of nanoparticles 

examined. 

Nusselt number was compared with experimental 

data in Kouloulias et al.
1
 in Fig. 3 for solid volume frac-

tions of 0.0003, 0.0006, and 0.0012 to evaluate the results 

of numerical solution. The figure shows a good agreement 

between the results of the present study and the experi-

mental data with maximum relative errors 5.8 %. Moreo-

ver, the figure shows the difference between the simula-

tion results where the experimental data increase with the 

increase in Riley number. The Riley range is 

, showing a natural heat transfer 

in the study. 

 

 
 

Fig 3. Comparison of Nusselt number of the study with experimental data of Ref. 1  

(experimental data (circles), simulation results( black line)) 

 

Fig. 4 shows the effect of aspect ratio on natural 

convective heat transfer. Convective heat transfer coeffi-

cient is plotted for different aspect ratio in this figure. 

Solid volume fraction and heat flux are 0.12 (Vol  %) and 

q"=19531.3 (W/m
2
), respectively. According to this fig-

ure, convective heat transfer coefficient increases with the 

increase in the aspect ratio. Indeed, the difference between 

the cold and warm fluid density causes this convection 

and increases the heat transfer. 

Fig. 5 shows the effect of heat flux on the convective 

heat transfer of water-alumina nanofluid. Convective heat 

transfer coefficient is plotted for different heat fluxes in a 

solid volume fraction of 0.12 vol.  % in this figure. It shows 

that convective heat transfer coefficient increases with the 

increase in the heat flux. When heat flux increases, more 

heat energy transfers to the surface resulting in an increase 

in a surface temperature. This temperature enhancement 

causes an increase in the temperature gradient which, in 

turn, increases the heat transfer coefficient. On the other 

hand, the enhancement of the surface temperature can de-

crease the density of the adjacent fluid further that leads to a 

higher natural convective flow in the fluid. 

Fig. 6 shows the fluid temperature contour at dif-

ferent heat fluxes. As is seen, the values of the fluid tem-

perature increase when the thermal flux increases from 

1953.3 to 35161.7 (W/m
2
). This increase in temperature 

shows that the Brown motion varies the temperature gra-

dient near the wall and leads to an increase in the heat 

transfer coefficient. 
Generally, nanoparticles collision occurs because 

of the Brownian motions and results in formation of 
nanoclusters. Size and structure of nanoclusters can affect 
the heat transfer. Fig. 7 shows the effect of nanocluster 
size on convective heat transfer coefficient. The figure 
clearly indicates that convective heat transfer coefficient 
decreases with the increase in nanoclusters size. Based on 
the simulation results for 0.03, 0.06, and 0.12 vol.  % 
nanoparticle concentrations, convective heat transfer coef-
ficient decreases by 31 %, 33 %, and 35 % when 
nanocluster size varies from 50 nm to 200 nm. The reason 
is the reduction in Brownian motions due to the enhance-
ment in nanoclusters size and sedimentation. 

Fig. 8 shows the fluid velocity profile during the 
clustering process. Considering this figure, one can con-
clude that when nanocluster size increases from 50 nm to 
200 nm, fluid velocity decreases. In fact, when nanoclus-
ter size increases, microconvections of nanoparticles re-
sulting from the Brownian motion decrease that results in 
the reduction of heat transfer. 

Fig. 9 shows the effect of nanocluster structure 

(fractal dimension ) on the convective heat transfer 

coefficient of water-alumina nanofluid. Convective heat 

transfer coefficient is plotted for different fractal dimen-

sions in this figure. Furthermore, nanoparticle solid vol-

ume fractions of 0.03 %, 0.06 %, and 0.12 % are plotted 
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for nanoparticles with 150 nm size. According to the fig-

ure, convective heat transfer coefficient increases with the 

increase in the fractal dimension. Eqs. (9) and (10) imply 

that nanocluster density decreases with increase in the 

fractal dimension. On the other hand, based on the Eq. (5), 

nanoclusters Brownian motions increase with the decrease 

in the nanoclusters density. Therefore, the enhancement of 

the fractal dimension increases microconvections caused 

by the Brownian motions and increases the convective 

heat transfer coefficient. 

Fig. 10 shows the effect of nanoparticles solid 

volume fraction on the convective heat transfer coeffi-

cient in various heat fluxes. Heat fluxes q" = 19531.3, 

23437.5, and 27343.8 (W/m
2
) are considered in this 

figure. Enhancement of nanoparticle solid volume frac-

tion has two effects on nanofluids. It increases the over-

all density of the fluid which results in the reduction of 

natural convection in the fluid, which in turn can de-

crease the heat transfer coefficient. On the other hand, 

the enhancement of nanoparticle solid volume fraction 

increases the number of nanoparticles, which results in 

an increase in Brownian motion that in turn increases the 

heat transfer coefficient. Therefore, variations in solid 

volume fraction have two opposite effects on the natural 

convective heat transfer coefficient. This figure shows 

that in higher heat fluxes, the heat transfer coefficient 

initially increases with the increase in the solid volume 

fraction and then decreases, but in lower heat fluxes, this 

coefficient decreases with the increase in the solid vol-

ume fraction of nanoparticles. 
 

 
 

 

Fig 4. The effect of aspect ratio on the convective heat transfer 

coefficient in the nanoparticle solid volume fraction of 0.12 % 

 

 

Fig 5.  The effect of heat flux on convective heat transfer 

coefficient in 0.12 % solid volume fraction of nanoparticles 

 

 
 

 

Fig 6. The effect of heat flux on the temperature profile 0.12 % 

solid volume fraction of nanoparticles 

 

 

Fig 7. Effect of nanocluster size on the convective heat transfer 

coefficient in various nanoparticle solid volume fractions 
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Fig 8. Fluid velocity profile during the clustering process in the solid volume fraction of 0.12 %  

nanocluster sizes (a) 50 nm, (b): 70 nm, (c): 100 nm, (d): 120 nm, (e): 150 nm, (f): 200 nm 

 

  
 

Fig 9. The effect of convective heat transfer coefficient  

on various nanoparticle solid volume fractions 

 

Fig 10. The effect of nanoparticles solid volume fraction on the 

convective heat transfer coefficient in various heat fluxes 
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Fig. 10 shows that in high heat fluxes, the negative 

effect of increase in fluid density decreases because of the 

enhancement of solid volume fraction and the role of the 

Brownian motion is more significant when natural con-

vection is high in the fluid. 

Fig. 11 shows the effect of nanoparticle size on 

natural convective heat transfer. Convective heat transfer 

coefficient is plotted versus different alumina nanoparticle 

sizes. Nanoparticles solid volume fraction and heat flux 

are 0.12 vol.  % and q" =19531.3 W/m
2
, respectively. 

According to this figure, the convective heat transfer coef-

ficient and Brownian motion increase as nanoparticle size 

decreases. Furthermore, smaller nanoparticles are more 

resistant to sedimentation and this increases the heat trans-

fer. The results show that the considered Brownian mech-

anism for increasing the heat transfer in this study is ad-

visable. 
 

 
 

Fig 11. The effect of nanoparticle size  

on the convective heat transfer coefficient in 0.12 %  

nanoparticle solid volume fraction 

4. Conclusions 

The study investigated the natural convection heat 

transfer by the water-alumina nanofluid in a Rayleigh-

Benard configuration considering the Brownian motions 

and fractal structure of nanoparticles using computational 

fluid dynamics. It was a two-dimensional, two-phase Eu-

lerian-Eulerian simulation in a steady-state and laminar 

condition. In this simulation, the convection heat transfer 

coefficient was calculated and compared to the experi-

mental data. The results showed that the simulated con-

vective heat transfer coefficients are in line with the ex-

perimental data. Furthermore, as the aspect ratio (the ratio 

of the height to the length of the container) increases, so 

does the convection heat transfer ratio. The natural con-

vective heat transfer coefficient in the configuration in-

creases with the increase in the heat flux. Additionally, the 

convective heat transfer coefficient in water-alumina 

nanofluid is a function of the nanoparticle and nanocluster 

sizes, fractal structure, and solid volume fraction, which 

increases with the decrease in nanoparticle and nanoclus-

ter sizes and increase in the fractal dimension. In low heat 

fluxes, natural convective heat transfer decreases with the 

increase in the solid volume fraction of nanoparticles in 

nanofluid, decreasing the convective heat transfer coeffi-

cient. The increase in the solid volume fraction of nano-

particles in the higher heat fluxes initially increases and 

then decreases the heat transfer coefficient. These show 

that the Brownian mechanism and fractal structure con-

sidered for nanoparticles in the modeling of heat transfer 

in nanofluids are advisable. 
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ВПЛИВ БРОУНІВСЬКОГО РУХУ ТА 

ФРАКТАЛЬНОЇ СТРУКТУРИ НАНОЧАСТИНОК 

НА ПРИРОДНУ КОНВЕКЦІЮ 

 
Анотація. У дослідженні модельовано теплопередачу в 

нанорідині оксид алюмінію-вода в природному конвекційному 

потоці та конфігурації Релея-Бенара з урахуванням бро-

унівських рухів і фрактальної структури нанорідин. Моделю-

вання базувалися на двовимірному методі Ейлера-Ейлера. 

Проведено численні моделювання для дослідження впливу ас-

пектного відношення, теплового потоку та параметрів, 

пов’язаних зі структурою нанокластерів, включаючи розмір, 

фрактальну розмірність та об’ємну частку, на коефіцієнт 

природної конвекційної теплопередачі. Порівняння результатів 

моделювання з експериментальними даними коефіцієнта теп-

лопередачі свідчить про те, що вони добре узгоджуються. 

Результати моделювання показали, що збільшення аспектного 

відношення, теплового потоку та фрактальної розмірності 

підвищує коефіцієнт теплопередачі. З іншого боку, зменшення 

нанокластерів і розміру наночастинок знижує цей коефіцієнт. 

Крім того, результати моделювання показали, що у потоках 

високої теплопередачі коефіцієнт теплопередачі спочатку 

збільшується через збільшення об’ємної частки твердих нано-

частинок, а потім зменшується. Проте коефіцієнт тепловід-

дачі неухильно зменшувався зі збільшенням об’ємної частки 

твердих наночастинок у потоках низької теплопередачі. Ре-

зультати свідчать про те, що використання механізму бро-

унівського руху наночастинок разом із їхньою фрактальною 

структурою може бути успішно застосоване в моделюванні 

природної конвекційної теплопередачі нанорідин. 
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