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In this work, we propose a mathematical model for describing the change in the ion
density of the near-surface ionic layers of a semi-infinite metal. Through averaging over the
subsystem of conduction electrons, we obtain in the adiabatic approximation an effective
Hamiltonian of the ionic subsystem of a semi-infinite metal, which models the effect of
the “metal-vacuum” separation surface on the structure of the near-surface ionic layers.
We calculate the free energy of such a model and, by its minimization, obtain an equation
for finding the displacements &, of the ionic layer m. We show that in the absence of an
inhomogeneous distribution of the electronic subsystem &, = 0.

Keywords: semi-infinite metals; mathematical modeling; lattice ionic structure.
2010 MSC: 82D20, 82D35, 82B05 DOI: 10.23939/mmc2023.03.988

1. Introduction

The rapid development of nanotechnologies (especially in the last decade) led to a sharp increase in
research aimed both at the search for new nanomaterials for nanosystems and at experimental work
focused on clarifying the influence of the dimensions of nanosystems on their physical and mechanical
properties [1].

It led to an increase in the number of works aimed at constructing and investigating mathematical
models that allow adequate description of the obtained experimental results. These models, in turn,
must take into account one essential feature of nanosystems (metallic nanofilms, graphene-like 2D
structures, etc.). Since the geometric dimensions of such nanosystems are proportional to the de Broglie
wavelength [1] of electrons, the physical and mechanical properties strongly depend on the size of the
nanostructure and differ sharply from those found in bulk structures, especially in the near-surface
regions (the so-called “size effects”) [2,3].

The special attention of researchers today is directed to the study of mechanical characteristics of
nanosystems accounting for the size effect [4].

In the work [5], the authors present one of the approaches to describing the mechanical characteris-
tics (the Young’s modulus, Poisson’s ratios, etc.) of nanosystems, which is based on the ideas of local
mass perturbation related to the method of surface formation. Such, generally speaking, hypothetical
idea is associated with an attempt (see [5]) to describe dimensional effects within the framework of a
continuum approach, in which the discreteness of the ionic subsystem of a nanostructure is neglected.
It is quite clear that for nanostructures with dimensions of the order of 10 — 100 nm, the discreteness of
the ionic subsystem is important, because the geometric dimensions of the nanosystem are proportional
to the parameter d of the lattice structure [6].

Work [7] proposes an approach to describing nanoscale (especially metallic) structures that takes
into account the discreteness of the ionic subsystem. With such a description, the problem of the
existence of a “near-surface mass defect” [5| disappears, and the change in the density of the ionic
subsystem in the near-surface region is due to a physically justified change in the volume of the unit
cell (that is, a change in the parameter d of the lattice structure), which is the main element of a
discrete ionic subsystem.
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In this work, we propose and investigate a model of a semi-infinite metallic system using the
quantum-statistical model of metallic nanostructures proposed in [7-9].

We obtain an effective Hamiltonian of the discrete ionic subsystem and then use it to calculate the
change in the volume of a unit cell. This change, in turn, leads to a change in the ion density in the
near-surface layer.

2. Mathematical model for describing the lattice ionic subsystem of a semi-infinite
metal

We consider a semi-infinite metallic system consisting of N positively charged ions with a charge Z|e|
(e is the electron charge) and NZ conduction electrons. The ions are placed in the nodes R,, =
(X }n),in),Xén)), n=1,N, XZ-(") are the Cartesian coordinates (i = 1,3) of the Cartesian coordinate
system (X7, X9, X3), the axis OXj3 of which is directed perpendicular to the flat “metal-vacuum”
separation surface with the equation X3 = zy. The lattice structure of ions is periodic with a period
d = (di,ds) in planes parallel to the separation plane. The conduction electrons have coordinates
T, = (aji,yi,zi), 1= 1,NZ.
The Hamiltonian of such a model is as follows [7]:
H = H, + H; + Vg,

where
FL2 NZ

H, = (1)
¢ 2m 27;1 |r; — rj]
is the Hamiltonian of the interacting subsystem of conduction electrons (h = h/(27), h is the Planck

constant, m is the electron mass, A is the Laplace operator);

N N
P2 1 (Ze)?
Hi=) g Yy 2
e 2M *3 o | By — R (2)

is the Hamiltonian of the ionic subsystem, which will be considered classical (P, is the ion momentum

and M is its mass);
NZ N

Vei = Z Z w - 'rz
i=1 n=1
is the term describing the interaction of ionic and electronic subsystems.
In equation (2) P? = (P,, P,), Vn, P? < +o0, (-,-) is the scalar product.
Asin [7], let us transform (1), highlighting in it the term that describes the behavior of the electronic

subsystem in the field of a homogeneous positive jellium with the density

2eN
piel(R) = pjen(2) = po0(—a — z), po = -

The parameter a, which ensures the electroneutrality of the model, as shown in [8], is equal
3T 2m
L H

=S PSR
 is the chemical potential of the electronic subsystem. We have (see [7]):
NZ N
H:Hjell—FZZWe(!Rn—Tz’\)+ﬁii, (3)
where . 1 o pieil (R) pjen (R')
Hﬁ:Hi—i/VdeR/ L |R—Jle%’| , (4)
Vi~ i) = w Ry v+ [ ar“BE

and Hjeyj, the expression for which is given in [8,9], is the Hamiltonian of the electronic subsystem in
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the field of homogeneous jellium. V' = SL is the volume of the system, S is the surface area (S — +00),
and L is the region of change in the normal to the surface z coordinate of the electron (z € [—é, é],
L — +00). Representation of the Hamiltonian H in the form (3) allows, using the “reference system”
method [10], to calculate (in the adiabatic approximation [11]) the thermodynamic potential

Q= —% InSpexp{—G(H — uNZ2)}

for the proposed model of a semi-infinite metal.
Choosing as the “reference system” the system of electrons in the field of positive jellium, for the
thermodynamic potential {2 we obtain [7]

Q = Qjen + Qie + i, (5)
where Qi is the thermodynamic potential of the semi-infinite jellium (7], and
1
Qic = —Elnexp{—ﬁ(dE(l) +§E® +...)}, (6)

where 6E®) = §E® (Ry,...,R,) is the energy of the electronic subsystem of a semi-infinite metal of
the ith order in the potential V.. Limiting in (6) to energies 6E(1) and §E) (the approximation of
paired ion—ion interactions), from (4), (5) and (6) we obtain the effective Hamiltonian of the ionic
subsystem of a semi-infinite metal:

where according to [7]

and dwg(q) is defined by the relationship
1 . .
=7 Z dwy(q) exp {—z(q, R") - zk;Xg} ) (7)

R= (Rl X3), Rl = (X1, X5), and

N
Su(@) = v S exp { —ia, RY) — ikXs)
n=1

is the geometric structure factor of the ionic subsystem of a semi-infinite metal. The term

N
1
LY (R Ry =y e 30 Sl b, (@) by (@) Sia (@) My (). (9
n#n/=1 q1,92 k1,k2

The correlation functions m§j>(q) and Dﬁ,(j)k2 (g1, g2) are defined in [7].
For the considered model of a semi-infinite metal (the model is periodic in a plane parallel to the
separation plane) (7) and (8) are simplified. Namely [7]:

L
(1) ) 2 ikz
M, (q) =115 6q,0 B dze"*n(z), (9)
-3

and

2 SIN(N -1
mi(ﬂ),kz(qhqz) = 22%

-2
—1 55Q1+Q2,0/
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L L
dzei(k1+k2)zn(z) —i2525q1,05qz,0/2 dz ’ dzo ei(klzl+k222)n(z1)n(zQ). (10)
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In (9) and (10)
NZ

n(z) = 7F1(z)

is the electron density distribution function in the jellium model, F5(71,72) and Fj(z) are, respectively,
the binary and unary Bogolyubov distribution functions of the semi-infinite jellium [7|, g0 is the
Kronecker delta [11], 7 is the imaginary unit.

Now we can finally write the effective Hamiltonian of the ionic subsystem as follows:

N N
= Z Z ®5(Ry, Ry) (11)
n—l n;én’ 1
where
L
2

P1(Ry) :/_ dzéw(q-O]z—X3 )) (2),

2
n(z) = %Fl(z) is the electron density for the jellium model, and

1 [ -
(R, Rur) = o /0 aJo(a. ")V (|5, X)) da. (12)

In (12) V(q|X§n),X§n,)) is defined as [7]:
V(q‘X?()n)ngn )) = Z2V(q’X3n) - X3" ))
B [ B (n) n)
a7 / i dz; / i dzs 5w(q]X3 - 21) Ma(q, —q|z1, 22) (5w( —q|X5" — 22),
-3 -3

Jo(q, R!l) is the Bessel function of zero order [12], RIl = |RII|.
2 (m) _ y(n")
21e e_q|X3 -X; ‘
q

For further calculations, the pseudopotential of electron—ion interaction is modeled by the Gursky—
Krasko pseudopotential [13], for which

alz 1 1+a+ z

dw(qlz) = 2mer, a2 5 + (gr )3 exp {—U 1+ (qrc)2} )
re LH@re)® (14 (gre)?)? "

a, r. are the parameters of the Gursky—Krasko pseudopotential [13].

v(qlX{"” - x§") = -

3. Equation for displacement of the lattice ionic subsystem

In semi-infinite metallic systems, a negatively charged layer of electrons with a thickness of (1+2)d is
formed above the metal surface (d is the lattice period of an ideal metal) [7,14]. The interaction of the
ionic lattice subsystem of a metal with such a layer leads to displacements &, of ions’ positions relative
to their positions RO in the ideal metal. These displacements must minimize the free energy F of the
semi-infinite metal, i.e. &, should be sought from the condition

gradg F'= V. F =0, (13)
where &, = R,, — R?L.
The free energy

F=—"tInSpe?*, (14)
where H is the Hamiltonian of the ionic subsystem (see the formula (11)) of a semi-infinite metal, and

/ dP > [

{Rn}

dP =dP;...dP,, and {R,} is the set of all values of R,,.
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Let us use the model Hamiltonian H (11) as H and write it as follows:
H = Ho + Hi,

where Hy is the Hamiltonian of an ideal ionic subsystem (for it R, = RY), and H; = H — Hy. Let us
transform the expression (14) or the free energy F' as follows:
Sp e BH — Sp{e_BHOe_BHl} — {Sp e—BHo} . <e—BH1>,
where
Sp e—BHo—BH1
— Sy
This is possible because [Hp, Hi] = 0 ([b, ¢] is the commutator [11]) due to the classical description of
the ionic subsystem. Therefore

(e =

F = Fy+ Fi,
where Fy = —7 1 InSpe A0 is the free energy of the ionic subsystem of an ideal metal, and
Fi=—p"1In <e‘ﬁH1>.
Since Fy does not depend on & (according to the definition of Hy), the equation (13) for finding the
displacements &, will be as follows
Vb = 0. (15)
Henceforth, we will assume that the displacements &, are small (|€,| < d, d is the lattice period of an

ideal metal [6]). Let us expand the term F} into a power series of &, (limiting contributions not higher
than the second order of &,,) and give F} like this:

F =7+ F,
where
N N
=Y (gn, <v6 [@(Rn) + ) ®(R,, Ry ] >>
n=1 n/=1
| N ) N N
+3 D (€ AL) + D) (&n, DEw). (16)
n=1 n=1n/=1
Here R
A= ((Ve, Ve 21(Ry)]p) ), (17)
and R
D =((Ve, Ve D2(Ru, Rur)ly)) (18)
and & = &,/
Similarly, for F» we have:
8 By -
Fa = 5( (Hi-Hy) — (Hy =3 Z: <Em <Vg [@1(Rn) +nZ:_1¢2(Rnan’)]0>)

N
‘<§n7<V5 [¢1<Rn>+ Zezﬁz(Rn,Rnf)] >> (19)
n’=1 0

The index “0” in (16)—(19) means that the corresponding gradients are calculated at the points RO.
Substituting (16)—(19) into (15) and taking into account the symmetry of the A and D matrices,
we obtain the following equation for finding &,,:

N N
<V§ [d’il(Rm) + Z gz52(‘Rma‘Rn’) > + B <£m7 <V§ [(pl(Rm) + Z ¢2(RmaRn’)] >>
n 0 n/=1 0

=1
N
+ A& + Y 2DEy = 0. (20)
n/=1
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The sum of A+ D gives the known in modeling of the lattice ionic subsystem dynamic matrix [15],
which is positively defined. This provides a minimum of the free energy F for the values of &, that
are solutions of (20).

We should note that in the case of n(z) = ¥ (Fi(z) = 1) the expression for &;(R,) = 0, and
therefore using the conditions of local equilibrium [13] (V¢ 25:1 P9(R,, Ry)|, = 0), we get that
equation (20) has only a trivial solution: &, = 0. This allows us to state that it is the inhomogeneity
of the electron density n(z) that leads to the displacement of the near-surface ionic layers, and thus to
the change in the ion density near the surface. Indeed, in the case when &, # 0, finding the solutions
of the equation (20) and substituting them into the expression for the free energy Fj, we can calculate
the diagonal elements of the stress tensor ¢ [16], and from the condition

AV
SpO' = 7

(taking into account the boundary condition Zizl oine = P, 1 =1,2,3, where nj are the components
of the normal vector to the surface, and P; are the components of the force vector acting from the side
of the electron layer) we can find the change AV of the volume, and thereby calculate the change in
the density of the ionic system in the near-surface region.

4. Conclusions

In this work, we propose a mathematical model for describing the change in the density of the ionic
subsystem in the near-surface region of a semi-infinite metal.

Through averaging over the electronic subsystem, we obtain an effective Hamiltonian of the discrete
ionic subsystem, which we use to calculate the free energy of the lattice ion structure of a semi-infinite
metal in the quadratic approximation of the ion displacement.

By minimizing the free energy, we obtain the equation for ions’ displacements in the near-surface
region and show that this equation has a trivial solution for a homogeneous distribution of the electronic
subsystem.
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MaTEMaTVI‘-IHe MO,D,eJ'II'OBaHHFI 3MIHUN ryCtrmHn npunosepxHeBux
IOHHUX u.|ap|B B HaI'IIBO6Me)KeHVIX METaJ'IaX
PiBHsAHHS ans 3MILLI,eHb IOHHUX LLIapIB

Kocrpo6iit I1. I1., Mapkosuu B. M., Puxa 1. A.

Hauionarvrut ynisepcumem “/Iveiscora nosimexnira”,

eyn. C. Bandepu, 12, 79013, Jlveis, Yrpaina

VY 1iit poboTi 3aMpPOITOHOBAHO MATEMATHIHY MOJIE/Ib ONMUCY 3MiHM iOHHOI T'YCTHHU MPUTIO-
BEPXHEBUX 1OHHUX IIAPIB HAITIBOOMEXKEHOrO MeTajy. depe3 ycepeaHeHHs IO IIiIcucTeMi
€JIEKTPOHIB MPOBITHOCTI OTPUMAHO B ajiabaTuaHOMY HaOJMKEHHI epEeKTUBHUN raMijib-
TOHIaH 10HHOT MiICUCTEMH HAIIIBOOMEKEHOTO METAaJTy, SKIil MOJIEJIIOE BILJINB MOBEPXHI MO~
JIy “Meras-BakyyM’ Ha CTPYKTYpY IpHUIOBepXHEBUX mapis ioHiB. [IpoBemeno pospaxyHok
BiJIBHOI €Hepril TaKOl MOJIesIi 1 MIJIAXOM 11 MiHIMI3aIlil OTpUMAHO PIBHAHHS JIJIS 3HAXO/I2KEH-
Hsl 3MimeHb &, ioHHOTO Imapy m. I[lokazaHo, 10 y BUIIAJKY BiJICYTHOCTI HEOIHOPIIHOIO
PO3IOIiIY eJeKTPOHHOI mijcucremu &, = 0.

Keywords: Hanigobmestceni mMemant, Mamemamuwhe mo0eato8ants, J'DamKrosa ionha
cmpyKmypa.
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