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The paper establishes the conditions of numerical stability of a numerical branched con-
tinued fraction using a new method of estimating the relative errors of the computing of
approximants using a backward recurrence algorithm. Based this, the domain of numer-
ical stability of branched continued fractions, which are expansions of Horn’s confluent
hypergeometric functions H6 with real parameters, is constructed. In addition, the behav-
ior of the relative errors of computing the approximants of branched continued fraction
using the backward recurrence algorithm and the algorithm of continuants was experimen-
tally investigated. The obtained results illustrate the numerical stability of the backward
recurrence algorithm.
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1. Introduction

Continued fractions and their multidimensional generalizations – branched continued fractions are a
powerful mathematical tool for representing and approximating special functions [1–3]. In the an-
alytical theory of branched continued fractions, the branched continued fraction expansions of the
hypergeometric functions of Appell [4–8], Lauricella [9], Saran [10, 11], Horn [12–19], Gauss [20], and
generalized hypergeometric functions [21, 22] were constructed and studied. Compared to power se-
ries, in many cases these expansions converge faster and have wider regions of convergence. Also, the
advantage of using continued fractions and branched continued fractions is the property of numerical
stability, which consists in the stability of algorithms for computing their approximants to rounding
errors and ensures non-accumulation or insignificant accumulation of errors arising in the process of
computations [1, 2, 23–25].

Works [26–30] are devoted to the study of the stability of algorithms for computing approximants
of continued fractions. The problem of numerical stability of branched continued fractions, the approx-
imants of which are computed by the backward recurrence algorithm, was studied in [1, 31, 32]. Also,
in the analytical theory of branched continued fractions, the stability of numerical branched continued
fractions to perturbations of their elements is investigated. In works [33–36], estimates of the errors
of approximants of branched continued fractions, which arise when their elements are perturbed, were
obtained, and sets of resistance to perturbations were constructed. The numerical stability of contin-
ued fractions and branched continued fractions, which are expansions of some special functions, was
investigated in [8, 23, 37].

This paper investigates the numerical stability of branched continued fractions, which are expan-
sions of ratios of Horn’s confluent hypergeometric functions H6.

Consider the Horn’s confluent hypergeometric function H6 [38], which is defined as a double power
series of the form

H6(a, c; z) =

∞∑

m,n=0

(a)2m+n

(c)m+n

zm1 zn2
m!n!

, |z1| <
1

4
, |z2| < +∞,
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where a, c are complex numbers, c 6∈ {0,−1,−2, . . .}, (·)k is the Pochhammer symbol, z = (z1, z2) ∈ C
2.

Let I0 = {1, 2, 3} and for k > 1

Ik = {i(k) = (i0, i1, . . . , ik) : i0 ∈ I0, 2− [(ir−1 − 1)/2] 6 ir 6 3− [(ir−1 − 1)/2], 1 6 r 6 k}.
In the work [15], using a generalization of the classical method of constructing a Gaussian fraction,

for each i0 ∈ I0, the expansions of the following ratios

H6(a, c; z)

H6(a+ δ1i0 + δ2i0 , c+ δ2i0 + δ3i0 ; z)

into branched continued fractions

Qi0 +

3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

Pi(1)(z)

Qi(1) +
3−[(i1−1)/2]∑

i2=2−[(i1−1)/2]

Pi(2)(z)

Qi(2) + . . .

, (1)

where δji0 is the Pochhammer symbol, [·] denotes an integer part, were obtained. The elements of the
branched continued fraction (1) are determined by the formulas, for i(1) ∈ I1,

Pi(1)(z) =







−2
a+ 1

c
z1, i0 = 1, i1 = 2,

−z2
c
, i0 = 1, i1 = 3,

−(2c− a)(a+ 1)

c(c+ 1)
z1, i0 = 2, i1 = 2,

− c− a

c(c+ 1)
z2, i0 = 2, i1 = 3,

a

2c
, i0 = 3, i1 = 1,
a

2c(c + 1)
z2, i0 = 3, i1 = 2,

(2)

for i(k + 1) ∈ Ik+1, k > 1,

Pi(k+1)(z) =







−
2
(
a+ k −∑k−1

r=0 δ
3
ir
+ 1
)

c+ k −
∑k−1

r=0 δ
1
ir

z1, ik = 1, ik+1 = 2,

− z2

c+ k −∑k−1
r=0 δ

1
ir

, ik = 1, ik+1 = 3,

−
(
2c− a+ k +

∑k−1
r=0(δ

3
ir
− 2δ1ir)

)(
a+ k −∑k−1

r=0 δ
3
ir
+ 1
)

(
c+ k −∑k−1

r=0 δ
1
ir

)(
c+ k −∑k−1

r=0 δ
1
ir
+ 1
) z1, ik = 2, ik+1 = 2,

−
c− a+

∑k−1
r=0(δ

3
ir − δ1ir)

(
c+ k −∑k−1

r=0 δ
1
ir

)(
c+ k −∑k−1

r=0 δ
1
ir
+ 1
)z2, ik = 2, ik+1 = 3,

a+ k −
∑k−1

r=0 δ
3
ir

2
(
c+ k −∑k−1

r=0 δ
1
ir

) , ik = 3, ik+1 = 1,

a+ k −∑k−1
r=0 δ

3
ir

2
(
c+ k −

∑k−1
r=0 δ

1
ir

)(
c+ k + 1−

∑k−1
r=0 δ

1
ir

)z2, ik = 3, ik+1 = 2,

(3)

for i0 ∈ I0,

Qi0 = 1− a

2c
δ3i0 , (4)

and, for i(k) ∈ Ik, k > 1,

Qi(k) = 1−
a+ k −∑k−1

r=0 δ
3
ir

2
(
c+ k −

∑k−1
r=0 δ

1
ir

)δ3ik . (5)
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2. Formulas of relative errors of computing of approximants of branched continued
fraction

Let i0 be an arbitrary index in I0, Pi(k) = Pi(k)(z0), i(k) ∈ Ik, k > 1, be the values of the partial
numerators of the branched continued fraction (1) at an arbitrary fixed point z0 from its domain of
convergence (see [15]). Then

f (i0) = Qi0 +

3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

Pi(1)

Qi(1) +

3−[(i1−1)/2]
∑

i2=2−[(i1−1)/2]

Pi(2)

Qi(2) + . . .

(6)

is the value of the branched continued fraction (1) at the point z0.
Let n be an arbitrary natural number. To compute the nth approximant

f (i0)
n = Qi0 +

3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

Pi(1)

Qi(1) +

3−[(i1−1)/2]
∑

i2=2−[(i1−1)/2]

Pi(2)

Qi(2) + ...
+

3−[(in−1−1)/2]
∑

in=2−[(in−1−1)/2]

Pi(n)

Qi(n)

(7)

of the branched continued fraction (6) we will use the backward recurrence algorithm, which consists
in computing the quantities

G
(n)
i(k) = Qi(k) +

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

Pi(k+1)

G
(n)
i(k+1)

, i(k) ∈ Ik, k = n− 1, n− 2, . . . , 0,

with initial condition G
(n)
i(n) = Qi(n), i(n) ∈ In. Then f

(i0)
n = G

(n)
i0

.

Let the computation of the nth approximant (7) lead to roundoff errors

ε
(P )
i(k) =

P̂i(k) − Pi(k)

Pi(k)
, Pi(k) 6= 0, i(k) ∈ Ik, 1 6 k 6 n,

ε
(Q)
i(k) =

Q̂i(k) −Qi(k)

Qi(k)
, Qi(k) 6= 0, i(k) ∈ Ik, 0 6 k 6 n,

of elements Pi(k), Qi(k) respectively, where P̂i(k) = RN(Pi(k)), Q̂i(k) = RN(Qi(k)), where RN(·) is the

roundoff function. If x̂ = x = 0, then we assume that ε(x) = 0.

The value f̂
(i0)
n = Ĝ

(n)
i0

, where

Ĝ
(n)
i(k) = Q̂i(k) +

3−[(ik−1−1)/2]
∑

ik+1=2−[(ik−1−1)/2]

P̂i(k+1)

Ĝ
(n)
i(k+1)

, i(k) ∈ Ik, k = n− 1, n− 2, . . . , 0,

with initial condition Ĝ
(n)
i(n) = P̂i(n), is the approximate value of the nth approximant f

(i0)
n .

Definition 1. A branched continued fraction (6) is called numerical stable if for an arbitrary ε > 0
there exists δε > 0 such that for each P̂i(k) ∈ C, i(k) ∈ Ik, 1 6 k 6 n, such that

∣
∣
∣
∣
∣

P̂i(k) − Pi(k)

Pi(k)

∣
∣
∣
∣
∣
< δε, i(k) ∈ Ik, 1 6 k 6 n,

and each Q̂i(k) ∈ C, i(k) ∈ Ik, 0 6 k 6 n, such that
∣
∣
∣
∣
∣

Q̂i(k) −Qi(k)

Qi(k)

∣
∣
∣
∣
∣
< δε, i(k) ∈ Ik, 0 6 k 6 n,
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the inequality holds
∣
∣
∣
∣
∣

f̂
(i0)
n − f

(i0)
n

f
(i0)
n

∣
∣
∣
∣
∣
< ε, n > 1.

Let

ε
(G)
i(k),n =

Ĝ
(n)
i(k) −G

(n)
i(k)

G
(n)
i(k)

, i(k) ∈ Ik, 0 6 k 6 n,

be the relative errors of the quantities G
(n)
i(k), i(k) ∈ Ik, 0 6 k 6 n. We prove that for the relative errors

ε
(G)
i(k),n, i(k) ∈ Ik, 0 6 k 6 n, the formulas hold

ε
(G)
i(n),n = ε

(Q)
i(n), i(n) ∈ In,

and, for i(k) ∈ Ik, 0 6 k 6 n− 1,

ε
(G)
i(k),n =

(

1−
3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

g
(n)
i(k+1)

)

(
1 + ε

(Q)
i(k)

)
+

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

g
(n)
i(k+1)

(
1 + ε

(P )
i(k+1)

)

1 + ε
(G)
i(k+1),n

− 1, (8)

where ε
(Q)
i(k), i(k) ∈ Ik, 0 6 k 6 n, and ε

(P )
i(k), i(k) ∈ Ik, 1 6 k 6 n, are the relative errors of the elements

of nth approximant (7), and the quantities g
(n)
i(k), i(k) ∈ Ik, 1 6 k 6 n, are defined by

g
(n)
i(k) =

Pi(k)

G
(n)
i(k−1)G

(n)
i(k)

, i(k) ∈ Ik, 1 6 k 6 n.

Since for any i(n) ∈ In

G
(n)
i(n) = Qi(n), Ĝ

(n)
i(n) = Q̂i(n),

then ε
(G)
i(n),n = ε

(Q)
i(n), i(n) ∈ In. For any 0 6 k 6 n− 1 and i(k) ∈ Ik we have

ε
(G)
i(k),n =

1

G
(n)
i(k)

(

Q̂i(k) +

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

P̂i(k+1)

Ĝ
(n)
i(k+1)

)

− 1

=
1

G
(n)
i(k)

(

Qi(k)

(
1 + ε

(Q)
i(k)

)
+

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

Pi(k+1)(1 + ε
(P )
i(k+1))

G
(n)
i(k+1)(1 + ε

(G)
i(k+1),n)

)

− 1

=
Qi(k)

G
(n)
i(k)

(
1 + ε

(Q)
i(k)

)
+

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

Pi(k+1)

(
1 + ε

(P )
i(k+1)

)

G
(n)
i(k)G

(n)
i(k+1)

(
1 + ε

(G)
i(k+1),n

) − 1.

Taking into account

Qi(k)

G
(n)
i(k)

=
1

G
(n)
i(k)

(

G
(n)
i(k) −

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

Pi(k+1)

G
(n)
i(k+1)

)

= 1−
3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

Pi(k+1)

G
(n)
i(k)G

(n)
i(k+1)

= 1−
3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

g
(n)
i(k+1),

we get (8).
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Consistently using the recurrence formulas (8), we obtain the formula for the relative error of the

quantities G
(n)
i(k), i(k) ∈ Ik, 0 6 k 6 n, in the form of a branched continued fraction

ε
(G)
i(k),n =



1−
3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

g
(n)
i(k+1)



 (1 + ε
(Q)
i(k))− 1

+

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

g
(n)
i(k+1)(1 + ε

(P )
i(k+1))



1−
3−[(ik+1−1)/2]

∑

ik+2=2−[(ik+1−1)/2]

g
(n)
i(k+2)



 (1 + ε
(Q)
i(k+1)

)

+
. . .

+

+

3−[(in−1−1)/2]
∑

in=2−[(in−1−1)/2]

g
(n)
i(n)(1 + ε

(P )
i(n))

1 + ε
(Q)
i(n)

, (9)

where i(k) ∈ Ik, 0 6 k 6 n− 1, herewith ε
(G)
i(n),n = ε

(Q)
i(n), i(n) ∈ In.

Substituting k = 0 into formula (9), we obtain formula

ε
(f)
i0,n

=

∣
∣
∣
∣
∣

f̂
(i0)
n − f

(i0)
n

f
(i0)
n

∣
∣
∣
∣
∣

=

(

1−
3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

g
(n)
i(1)

)

(
1 + ε

(Q)
i0

)
− 1 (10)

+

3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

g
(n)
i(1)

(
1 + ε

(P )
i(1)

)

(

1−
3−[(i1−1)/2]
∑

i2=2−[(i1−1)/2]

g
(n)
i(2)

)

(
1 + ε

(Q)
i(1)

)
+

. . .
+

3−[(in−1−1)/2]
∑

in=2−[(in−1−1)/2]

g
(n)
i(n)

(
1 + ε

(P )
i(n)

)

1 + ε
(Q)
i(n)

for the relative error of the nth approximant (7).

3. Sufficient conditions for the numerical stability of a numerical branched continued
fraction

Let us prove two auxiliary lemmas.

Lemma 1. Let p and q be the positive real numbers. The modified approximant

Tn(ω) = q +
−p

q +

−p

q +
. . .

+

−p

q + ω
︸ ︷︷ ︸

n

(11)

of the continued fraction

q +
−p

q +

−p

q +
. . .

takes a positive value if

4p 6 q2, (12)

and one of the conditions

ω >
−q +

√

q2 − 4p

2
(13)

or

ω < −q (14)

is fulfilled.
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Proof. The finite continued fraction (11) is equal to

q

(

1 +
−p/q2

1 +

−p/q2

1 +
. . .

+

−p/q2

1 + ω/q
︸ ︷︷ ︸

n

)

. (15)

If inequality (12) holds, then the partial numerators of the continued fraction (15) can be written in
the form

p/q2 = d(1 − d),

where

d =
1−

√

1− 4p/q2

2
.

Consider the periodic continued fraction

1 +
−d(1− d)

1 +

−d(1− d)

1 +
. . . . (16)

Let n be an arbitrary natural number. Let

hn = 1 +
−d(1− d)

1 +

−d(1− d)

1 +
. . .

+

−d(1− d)

1
︸ ︷︷ ︸

n

be the nth approximant of the continued fraction (16), An, Bn be its nth numerator and nth denom-
inator, respectively. It is known (see [3, Theorem 3.2]) that the sequence of approximants {hn}∞n=1 is
monotonically decreasing and bounded from below

1 > hn > hn+1 >
1−

√

1− 4d(1− d)

2
, (17)

the continued fraction (16) converges to the value

1−
√

1− 4d(1 − d)

2
, and Bn =

n∑

i=0

di(1− d)n−i, An = Bn+1.

Then

Tn(ω) = q
An + ω

qAn−1

Bn + ω
qBn−1

= q
Bn+1 +

ω
qBn

Bn + ω
qBn−1

.

It is clear that Tn(ω) > 0, if

−ω

q
<

Bn+1

Bn
or − ω

q
>

Bn+1

Bn
.

It follows from inequalities (17) that Tn(ω) > 0, if

−ω

q
<

1−
√

1− 4d(1 − d)

2
or − ω

q
> 1,

that is, inequalities (13) or (14) hold. �

Lemma 2. Let

q0 −
−p

q +

−p

q +
. . . , p > 0, q > 0, (18)

be a periodic continued fraction whose elements satisfy the inequality (12). Then the sequence of
modified approximants

Sn(ω) = q0 −
−p

q +

−p

q +
. . .

+

−p

q + ω
︸ ︷︷ ︸

n

, n > 1, (19)

of the continued fraction (18) converges to the value:

1) q0 + (q −
√

q2 − 4p)/2, if ω 6= −(q +
√

q2 − 4p)/2 and 4p < q2;
2) q0 + (q +

√

q2 − 4p)/2, if ω = −(q +
√

q2 − 4p)/2 and 4p < q2;
3) q0 + q/2, if 4p = q2.
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1158 Hladun V. R., Dmytryshyn M. V., Kravtsiv V. V., Rusyn R. S.

Proof. Consider the transformations

t0(ω) = q0 − ω, t(ω) = −p/(q + ω). (20)

The composition

t0 ◦ t ◦ t ◦ . . . ◦ t(ω)
︸ ︷︷ ︸

n

of transformations (20) is the nth modified approximant Sn(ω) of the continuous fraction (18).
Let 4p < q2. Then the transformation t(ω) = −p/(q + ω) is a fractional-linear mapping of the

hyperbolic type with fixed points ωi = (−q + (−1)i+1
√

q2 − 4p)/2, i ∈ {1, 2}, moreover, ω1 is an
attractive point.

If ω 6= ω2, then

lim
n→∞

(q0 − Sn(ω)) = ω1.

Thus

lim
n→∞

Sn(ω) = q0 − ω1 = q0 +
q −

√

q2 − 4p

2
.

If ω = ω2, then

lim
n→∞

(q0 − Sn(ω)) = ω2.

Thus

lim
n→∞

Sn(ω) = q0 − ω2 = q0 +
q +

√

q2 − 4p

2
.

Let 4p = q2. In this case ω1 = ω2 = −q/2 and

lim
n→∞

(q0 − Sn(ω)) = −q/2.

Then

lim
n→∞

Sn(ω) = q0 + q/2

for arbitrary values ω. �

Theorem 1. Let i0 ∈ I0 and let there exist non-negative constants 0 < α < 1 and 0 < β < 1 such
that

|ε(P )
i(k)| 6 α, i(k) ∈ Ik, 1 6 k 6 n, n > 1, and |ε(Q)

i(k)| 6 β, i(k) ∈ Ik, 0 6 k 6 n, n > 1. (21)

A branched continued fraction (6) is numerically stable if there exists a positive constant η such that

3−[(ik−1−1)/2]
∑

ik=2−[(ik−1−1)/2]

|g(n)i(k)| 6
η

1 + η
, 1 6 k 6 n, n > 1, (22)

moreover, the constants α, β, η satisfy the inequality

4η(1 + η)(1 + α) 6 (1 + 2η)2(1− β)2. (23)

In addition, for the relative error of the nth approximant, the estimate

|ε(f)i0,n
| 6 1 + β + 2ηβ −

√

(1 + 2η)2(1− β)2 − 4η(1 + η)(1 + α)

2(1 + η)
, n > 1, (24)

is valid, if 4η(1 + η)(1 + α) < (1 + 2η)2(1− β)2, and

|ε(f)i0,n
| 6 β

√
1 + α+

√

α+ β(2 − β)√
1 + α+

√

α+ β(2 − β)
, n > 1, (25)

if 4η(1 + η)(1 + α) = (1 + 2η)2(1− β)2.

Proof. Let i0 ∈ I0 and n be an arbitrary natural number. Using formulas (8), we show that estimates

|ε(G)
i(n),n| 6 β, i(n) ∈ In, (26)
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and

|ε(G)
i(k),n| 6 Sn−k(ω), i(k) ∈ Ik, 0 6 k 6 n− 1, (27)

are valid for relative errors ε
(G)
i(k),n, i(k) ∈ Ik, 0 6 k 6 n, of values G

(n)
i(k), i(k) ∈ Ik, 0 6 k 6 n. Here the

approximants Sn−k(ω), i(k) ∈ Ik, 0 6 k 6 n− 1, are defined by (19), where

q0 = β − η

1 + η
(1− β), p =

η

1 + η
(1 + α), q =

1 + 2η

1 + η
(1− β), ω = − η

1 + η
(1− β).

Note that if η > 0 and inequality (23) holds, then the elements p, q of the finite continued fraction

Tn−k−1

(

− η

1 + η
(1− β)

)

= q +
−p

q +

−p

q +
. . .

+

−p

q + ω
︸ ︷︷ ︸

n−k−1

satisfy conditions (12) and (13) of Lemma 1. Then

Tn−k−1

(

− η

1 + η
(1− β)

)

> 0, 0 6 k 6 n− 2.

If k = n we have

|ε(G)
i(n),n| = |ε(Q)

i(n)| 6 β,

which proves the estimate (26).
We prove the estimate (27) by induction on k. For k = n− 1 we have

∣
∣ε

(G)
i(n−1),n

∣
∣ =

∣
∣
∣
∣
∣
∣

(

1−
3−[(in−1−1)/2]

∑

in=2−[(in−1−1)/2]

g
(n)
i(n)

)

(
1 + ε

(Q)
i(n−1)

)
+

3−[(in−1−1)/2]
∑

in=2−[(in−1−1)/2]

g
(n)
i(n)

(
1 + ε

(P )
i(n)

)

1 + ε
(G)
i(n),n

− 1

∣
∣
∣
∣
∣
∣

6

∣
∣
∣
∣
∣
∣

ε
(Q)
i(n−1) +

3−[(in−1−1)/2]
∑

in=2−[(in−1−1)/2]

g
(n)
i(n)

(
1 + ε

(P )
i(n)

1 + ε
(G)
i(n),n

−
(
1 + ε

(Q)
i(n−1)

)

)
∣
∣
∣
∣
∣
∣

6
∣
∣ε

(Q)
i(n−1)

∣
∣+

3−[(in−1−1)/2]
∑

in=2−[(in−1−1)/2]

∣
∣g

(n)
i(n)

∣
∣

(∣
∣
∣
∣
∣

1 + ε
(P )
i(n)

1 + ε
(G)
i(n),n

− 1

∣
∣
∣
∣
∣
+
∣
∣ε

(Q)
i(n−1)

∣
∣

)

6 β +
η

1 + η

(
1 + α

1− β
− 1 + β

)

= β − η

1 + η
(1− β) +

η
1+η (1 + α)

1− β
= q0 −

−p

q + ω
= S1(ω).

Assume that estimate (27) holds for k = m+ 1, 0 6 m 6 n− 2, and prove it for k = m. We have

∣
∣ε

(G)
i(m),n

∣
∣ =

∣
∣
∣
∣
∣
∣

(
1 + ε

(Q)
i(m)

)

(

1−
3−[(im−1)/2]

∑

im+1=2−[(im−1)/2]

g
(n)
i(m+1)

)

+

3−[(im−1)/2]
∑

im+1=2−[(im−1)/2]

g
(n)
i(m+1)

(
1 + ε

(P )
i(m+1)

)

1 + ε
(G)
i(m+1),n

− 1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

ε
(Q)
i(m) +

3−[(im−1)/2]
∑

im+1=2−[(im−1)/2]

g
(n)
i(m+1)

(
1 + ε

(P )
i(m+1)

1 + ε
(G)
i(m+1),n

−
(
1 + ε

(Q)
i(m)

)

)
∣
∣
∣
∣
∣
∣

6
∣
∣ε

(Q)
i(m)

∣
∣+

3−[(im−1)/2/]
∑

im+1=2−[(im−1)/2]

∣
∣g

(n)
i(m+1)

∣
∣

(∣
∣
∣
∣
∣

1 + ε
(P )
i(m+1)

1 + ε
(G)
i(m+1),n

− 1

∣
∣
∣
∣
∣
+
∣
∣ε

(Q)
i(m)

∣
∣

)

6 β +
η

1 + η

(

1 + α

1−
∣
∣ε

(G)
i(m+1),n

∣
∣
− 1 + β

)

= β − η

1 + η
(1− β) +

η
1+η (1 + α)

1−
∣
∣ε

(G)
i(m+1),n

∣
∣

6 β − η

1 + η
(1− β)−

− η
1+η (1 + α)

1+2η
1+η (1− β) +

− η
1+η (1 + α)

1+2η
1+η (1− β) +

. . .
+

− η
1+η (1 + α)

1− β
︸ ︷︷ ︸

n−m−1
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= q0 −
−p

q +

−p

q +
. . .

+

−p

q + ω
︸ ︷︷ ︸

n−m

= Sn−m(ω).

Substituting k = 0 into formula (27), we obtain formula
∣
∣ε

(f)
i0,n

∣
∣ 6 Sn(ω),

for the relative error of the nth approximant (6), where Sn(ω) is defined by (19).
For the difference between approximants Sn+1(ω) and Sn(ω), the formula

Sn+1(ω)− Sn(ω) =
pn(ω2 + qω + p)

Tn(ω)
∏n−1

k=0 T
2
k (ω)

is valid. If η > 0 and the inequality (23) holds, then conditions (12) and (13) of Lemma 1 are fulfilled.
Then

pn(ω2 + qω + p)

Tn(ω)
∏n−1

k=0 T
2
k (ω)

> 0

and sequence {Sn(ω)}∞n=1 increases monotonically. Therefore, for the relative error of the nth approx-
imant of the branched continued fraction (6), the estimate holds

∣
∣ε

(f)
i0,n

∣
∣ 6 S,

where

S = lim
n→∞

Sn(ω).

Let (1 + 2η)2(1− β)2 − 4η(1 + η)(1 + α) > 0. Since

ω 6= −q +
√

q2 − 4p

2
,

then according to Lemma 2

S = q0 +
q −

√

q2 − 4p

2
=

1 + β + 2ηβ −
√

(1 + 2η)2(1− β)2 − 4η(1 + η)(1 + α)

2(1 + η)
.

This proves the validity of the estimate (24).
Consider the function

ϕ(α, β) =
1 + β + 2ηβ −

√

(1 + 2η)2(1− β)2 − 4η(1 + η)(1 + α)

2(1 + η)
.

Since

lim
α→+0
β→+0

ϕ(α, β) = 0,

then for any ε > 0 there exists δε > 0 such that for all α > 0 and β > 0 such that
√

α2 + β2 < δε, the
inequality ϕ(α, β) < ε is valid. If α < δε/

√
2, then for each P̂i(k) ∈ C, i(k) ∈ Ik, 1 6 k 6 n, such that

∣
∣
∣
∣
∣

P̂i(k) − Pi(k)

Pi(k)

∣
∣
∣
∣
∣
6 α <

δε√
2
, i(k) ∈ Ik, 1 6 k 6 n,

and each Q̂i(k) ∈ C, i(k) ∈ Ik, 0 6 k 6 n, such that
∣
∣
∣
∣
∣

Q̂i(k) −Qi(k)

Qi(k)

∣
∣
∣
∣
∣
6 α <

δε√
2
, i(k) ∈ Ik, 0 6 k 6 n,

the inequality

|ε(f)i0,n
| 6 ϕ(α, β) < ε,

that proves the numerical stability of the branched continued fraction (6).
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Assume that (1 + 2η)2(1− β)2 − 4η(1 + η)(1 + α) = 0. Then

η =

√

(1 + α)(α + β(2− β))− α− β(2− β)

2(α + β(2 − β))

and according to Lemma 2

lim
n→∞

Sn(ω) = q0 +
q

2
= β +

1− β

2(1 + η)
=

β
√
1 + α+

√

α+ β(2− β)√
1 + α+

√

α+ β(2− β)
.

Thus, for the relative error of the computation of the nth approximant of the branched continued
fraction (6), the estimate (25) is valid and, as in the previous case, we obtain its numerical stability. �

4. The set of numerical stability of branched continued fraction expansions of ratios
of Horn’s confluent hypergeometric functions H6

Definition 2. A functional branched continued fraction (1) is called numerically stable at the point
z = z0 ∈ Ω if the numerical branched continued fraction (6) is numerically stable.

Definition 3. A set Ω is called a set of numerical stability of the branched continued fraction (1) if
it is numerically stable at every point z ∈ Ω.

The following theorem is true.

Theorem 2. Let i0 ∈ I0 and a, c be the real constants such that

a > 0, c > a+ 1 + δ1i0 . (28)

A set

Ω =
{
z ∈ R

2 : − L1 6 z1 6 0,−L2 6 z2 6 0
}
,

where L1, L2 are positive constants such that

2L2 < c+ 1, (29)

is a set of numerical stability of the branched continued fraction (1), if the relative errors of the
computation of its elements satisfy the conditions (21) and the inequality (23) holds, where

η = max

{

2L1 +
2(c+ 1)L2

c(c + 1− L2)
,
c+ 1 + L2

c+ 1− 2L2

}

.

In addition, for the relative error of its nth approximants, the estimates (24) and (25) are valid.

Proof. Let i0 ∈ I0, n be an arbitrary natural number and z be an arbitrary fixed point in Ω. If the
conditions (28), (29) are valid, then for the quantities

G
(n)
i(k), i(k) ∈ Ik, 1 6 k 6 n, and

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

∣
∣g

(n)
i(k+1)(z)

∣
∣, i(k) ∈ Ik, 1 6 k 6 n− 1,

the estimates

G
(n)
i(k)(z) > 1, i(k) ∈ Ik, 1 6 k 6 n, ik 6= 3,

G
(n)
i(k)

(z) >
c+ 1− L2

2(c+ 1)
> 0, i(k) ∈ Ik, 1 6 k 6 n, ik = 3,

3−[(ik−1)/2]
∑

ik+1=2−[(ik−1)/2]

∣
∣g

(n)
i(k+1)(z)

∣
∣ 6

η

1 + η
, i(k) ∈ Ik, 1 6 k 6 n− 1,

are valid (see, [15, Theorem 3.2]).
We prove that

3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

∣
∣g

(n)
i(1)(z)

∣
∣ <

η

1 + η
, i0 ∈ I0. (30)
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Note that the inequality (30) is equivalent to
3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

∣
∣Pi(1)(z)

∣
∣

∣
∣G

(n)
i(1)

(z)
∣
∣
6 η

(

∣
∣G

(n)
i0

(z)
∣
∣−

3−[(i0−1)/2]
∑

i1=2−[(i0−1)/2]

|Pi(1)(z)|
∣
∣G

(n)
i(1)

(z)
∣
∣

)

.

If i0 = 1, then

∣
∣G

(n)
1 (z)

∣
∣ = G

(n)
1 (z) = Q1 +

3∑

i1=2

P1,i1(z)

G
(n)
1,i1

(z)
= 1 +

2(a+ 1)|z1|
cG

(n)
1,2 (z)

+
|z2|

cG
(n)
1,3 (z)

> 1,

∣
∣G

(n)
1 (z)

∣
∣ −

3∑

i1=2

∣
∣P1,i1(z)

∣
∣

∣
∣G

(n)
1,i1

(z)
∣
∣
= Q1 = 1,

and
3∑

i1=2

|P1,i1(z)|
G

(n)
1,i1

(z)
=

2(a+ 1)|z1|
cG

(n)
1,2 (z)

+
|z2|

cG
(n)
1,3 (z)

6
2(a+ 1)L1

c
+

2(c + 1)L2

c(c+ 1− L2)

< 2L1 +
2(c+ 1)L2

c(c + 1− L2)
6 η.

Thus,
3∑

i1=2

∣
∣g

(n)
1,i1

(z)
∣
∣ <

η

1 + η
.

If i0 = 2, then

∣
∣G

(n)
2 (z)

∣
∣ = G

(n)
2 (z) = Q2 +

3∑

i1=2

P2,i1(z)

G
(n)
2,i1

(z)
= 1 +

(2c − a)(a+ 1)|z1|
c(c+ 1)G

(n)
2,2 (z)

+
(c− a)|z2|

c(c+ 1)G
(n)
2,3 (z)

> 1,

∣
∣G

(n)
2 (z)

∣
∣ −

3∑

i1=2

∣
∣P2,i1(z)

∣
∣

G
(n)
2,i1

(z)
= Q2 = 1,

and
3∑

i1=2

∣
∣P2,i1(z)

∣
∣

G
(n)
2,i1

(z)
=

(2c− a)(a+ 1)|z1|
c(c+ 1)G

(n)
2,2 (z)

+
(c− a)|z2|

c(c+ 1)G
(n)
2,3 (z)

6
(2c− a)(a+ 1)L1

c(c+ 1)
+

2(c − a)L2

c(c+ 1− L2)
< 2L1 +

2(c+ 1)L2

c(c+ 1− L2)
6 η.

Thus,
3∑

i1=2

∣
∣g

(n)
2,i1

(z)
∣
∣ <

η

1 + η
.

If i0 = 3, then

∣
∣G

(n)
3 (z)

∣
∣ = G

(n)
3 (z) = Q3 +

2∑

i1=1

P3,i1(z)

G
(n)
3,i1

(z)
= 1− a

2c
+

a

2cG
(n)
3,1 (z)

− a|z2|
2c(c + 1)G

(n)
3,2 (z)

> 1− a

2c
− a|z2|

2c(c + 1)G
(n)
3,2 (z)

>
1

2
− aL2

2c(c + 1)
>

c+ 1− L2

2(c+ 1)
,

∣
∣G

(n)
3 (z)

∣
∣−

2∑

i1=1

∣
∣P3,i1(z)

∣
∣

G
(n)
3,i1

(z)
= 1− a

2c
− a|z2|

c(c+ 1)G
(n)
3,2 (z)

> 1− a

2c
− aL2

c(c+ 1)
>

c+ 1− 2L2

2(c+ 1)
,

and
2∑

i1=1

|P3,i1(z)|
G

(n)
3,i1

(z)
=

a

2cG
(n)
3,1 (z)

+
a|z2|

2c(c + 1)G
(n)
3,2 (z)

6
a

2c
+

aL2

2c(c + 1)
<

c+ 1 + L2

2(c+ 1)
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=
c+ 1 + L2

c+ 1− 2L2

c+ 1− 2L2

2(c + 1)
6

c+ 1− 2L2

2(c + 1)
η.

Thus,
2∑

i1=1

∣
∣g

(n)
3,i1

(z)
∣
∣ <

η

1 + η
.

Finally, according to the conditions (21)–(23) of Theorem 1, for each i0 ∈ I0, the set Ω is the set
of numerical stability of the branched continued fraction (1), in addition, the estimates (24) and (25)
are valid for the relative error of its nth approximants. �

5. Numerical experiments

In the analytical theory of branched continued fractions, there are two algorithms for computing
approximants: the backward recurrence algorithm and the algorithm of continuants [1,39]. For i0 = 1,
let us investigate the errors of computing the approximants of the branched continued fraction (1) using

a (1 6 n 6 100, z = (−1.5,−1.0)) b (1 6 n 6 1000, z = (−1.5,−1.0))

c (1 6 n 6 100, z = (−10.0,−2.0)) d (1 6 n 6 1000, z = (−10.0,−2.0))

Fig. 1. Relative errors of the computing of nth approximants of (1).
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these algorithms. For computations, we will use floating-point arithmetic (IEEE 754-2019 standard)
with t = 15 accuracy and rounding mode to the nearest [25]. Figures 1a and 1b show the computation
errors of the first 100 and 1000 approximants, respectively, at the point z = (−1.5,−1.0) for the
parameters a = 1 and c = 3. Similarly, Figures 1c and 1d show the computation errors of the first
100 and 1000 approximants, respectively, at the point z = (−10.0,−2.0) for the parameters a = 1 and
c = 3.

Numerical experiments show that the backward recurrence algorithm is stability to the accumula-
tion of errors, and the maximum value of the relative error of the approximant computation does not
exceed the rounding unit u = 0.5 · 101−t, which ensures high accuracy of computations. Instead, the
errors of approximant computations using the algorithm of continuants tend to accumulate and exceed
the value of the rounding unit.

6. Conclusions

The formulas for the relative errors of calculating the approximant of the branched continued fractions
using the backward recurrence algorithm have been established. The obtained formulas are shown in
the form of branched continued fractions (10). Using the methods of the analytical theory of continued
fractions, estimates of these errors in the form of periodic continued fractions were obtained and the
conditions for numerical stability of a branched continued fractions were established. The obtained
results are used to study of the stability of the branched continued fraction expansions of the ratios
of Horn’s confluent hypergeometric functions H6 with real parameters in the region of convergence.
Further studies on the numerical stability of these expansions with complex parameters of the Horn’s
confluent hypergeometric function H6 are relevant.
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Обчислювальна стiйкiсть гiллястих ланцюгових дробових
розвинень вiдношень вироджених гiпергеометричних

функцiй Горна H6
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В роботi, використовуючи новий метод оцiнки вiдносних похибок обчислення апрок-
симант за допомогою оберненого рекурентного алгоритму, встановлено умови об-
числювальної стiйкостi числового гiллястого ланцюгового дробу. Використовуючи
їх, побудовано область обчислювальної стiйкостi гiллястих ланцюгових дробiв, якi
є розвиненнями вироджених гiпергеометричних функцiй Горна H6 з дiйсними па-
раметрами. Окрiм того, експериментально дослiджено поведiнку вiдносних похибок
обчислення апроксимант гiллястого ланцюгового дробу за допомогою оберненого ре-
курентного алгоритму та алгоритму континуант. Отриманi результати iлюструють
стiйкiсть оберненого рекурентного алгоритму.

Ключовi слова: гiллястий ланцюговий дрiб; гiпергеометрична функцiя Горна; чи-

сельна апроксимацiя; похибка заокруглення.
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